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Abstract

In this paper, we introduce and investigate a new subclass of the function class X of bi-univalent functions
defined in the open unit disk. Furthermore, we find estimates on the coefficients |a;| and |a3| for functions in

this new subclass.
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1 Introduction and Definitions

Let A denote the class of analytic functions in the unit disc
U={z:zeCand |z| <1}
that have the form

flz)=z+ ianz". (1.1)
n=2

Further, by S we shall denote the class of all functions in A which are univalent in U.
The Koebe one-quarter theorem [5] states that the image of U under every function f from S contains a

disk of radius }I' Thus every such univalent function has an inverse f~! which satisfies

fHf2) =2, (zeU)
and :
F(rt@) =w, (1ol <nln) 00 =),
where
fﬁl(w) =w —nuw’+ (201%—613)103— <5a%—5a2a3+a4) wra .

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.

If the functions f and g are analytic in U, then f is said to be subordinate to g, written as

flz)<g(z), (zelU)
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if there exists a Schwarz function w (z), analytic in U, with
w(0)=0and |w(z)]<1l, (zel)

such that
fz)=gw(z)) (zelU).

Let X denote the class of bi-univalent functions defined in the unit disc U. For a brief history and
interesting examples in the class %, (see [14]). The research into % was started by Lewin ([10]). It focused on
problems connected with coefficients and obtained the bound for the second coefficient. Several authors
have subsequently studied similar problems in this direction (see [4], [12]). Recently, Srivastava et al. [14]
introduced and investigated subclasses of the bi-univalent functions and obtained bounds for the initial
coefficients; it was followed by such works as those by Frasin and Aouf [6] and others (see, for example, [1],
(31, (@], [11], [15]).

Not much is known about the bounds on the general coefficient |a,| for n > 4. In the literature, there are
only a few works determining the general coefficient bounds |a;,| for the analytic bi-univalent functions ([2],
[7], [8]). The coefficient estimate problem for each of |a,| (n € N\ {1,2}; N = {1,2,3,...}) is still an open
problem.

Motivated by the earlier work of Sakaguchi [13] on the class of starlike functions with respect to symmetric

/
points denoted by S consisting of functions f € A satisfy the condition Re (f(zjf—(;()—z)> >0, (zelU) we

introduce a new subclass of the function class 2. of bi-univalent functions, and find estimates on the coefficients

|az| and |asz| for functions in this new subclass.

2 Coefficient Estimates

In the following, let ¢ be an analytic function with positive real part in U, with ¢ (0) = 1 and ¢’ (0) > 0.
Also, let ¢ (U) be starlike with respect to 1 and symmetric with respect to the real axis. Thus, ¢ has the Taylor

series expansion

¢(z) =1+ Byz+Byz> + B3z’ +--- (B >0). 2.2)
Suppose that u (z) and v (w) are analytic in the unit disk U with u (0) = v (0) =0, |u (z)| < 1, |[v(w)| < 1,and
suppose that
u(z) =biz+ Y bp2", v(w)=cw+ Y cw" (Jz] <1,|w| <1). (2.3)
n=2 n=2

It is well known that

| <1, |bo| <1—1|01)?, |c1]| <1, |eo] < 1—]e1]?. (2.4)

Next, the equations (2.2) and lead to

¢ (1(z)) =1+ Bibyz + (B1b2 + B2b%) 24, |z <1 (2.5)

and
¢ (v(w)) =1+ Bicw+ (Blcz + BzC%) w A+, lw| < 1. (2.6)

Definition 2.1. A function f € X is said to be in the class Sy, (¢, s, t) , if the following subordination hold

(s — B)zf (2)
FG2) -~ flz) ~ 9@
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and
(s — Hwg' (w)
g (sw) — g(tw)

where g (w) = f‘1 (w), s, t € Cwiths #t, |t| <1.

< ¢ (w)

Theorem 2.1. Let f given by be in the class Sy, (¢, s,t) . Then
Bi1vBy

|ﬂ2| < (2.7)
\/ (3—2s—2t+st) B3 — (2—s—1)?By|+|2—s—t|* By
and )
Bl . ‘2 —S5— i’|
; B <
|3 —s2— 12 —st|’ if Bis< |3 — 52 — 12 — st|
|(3—25—2t+st)B}—(2—s—t)*By | By +[3—s2—12—st|B}
a3 < |3—s2—12—st|[|(3—25—2t+st) B} —(2—s—t) By |+[2—s—t[*B;] " (2:8)
, 2—s—t]?
B
if 1>|3—52—t2—st‘|
Proof. Let f € Sy (¢,s,t). Then, there are analytic functions u, v : U — U given by such that
(s —t)zf' (2)
s =¢(u(z (29
CEERRAN
" (s — g’ ()
s —t)wg' (w
2R ) — (v (w (2.10)
xGw) - gty ~ P00
where ¢ (w) = f~1 (w) . Since
(s —Hzf'(z) _
f(sz) = f(tz)
1+(2—s—t)az+ [(3—52—t2—st) az — (25+2t—52—t2—25t) a%} 224
and
(s — Huwg' (w)
8 (sw) — g(tw)
1-Q2—-s—taw+ |[(6—s* =t —25s—2t)a — (3—s2—t2 —st)az|w?+---,
2
it follows from 2.5), (2.6), and (2.10) that
(2 — 85— i’) ap; — Blblr (211)
(3 —s? -2 st) as — (25 +2t— s> — 2 — 2st) a% = B1b, + sz%, (2.12)
and
—(2—s—t)ay = Bycy, (2.13)
(6 22 g 2t) a3 — (3 22 st) a3 = Bicy + Boc%. (2.14)

From (2.11) and (2.13) we obtain
1 = *bl. (2.15)
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By adding to (2.12), further computations using .11 to lead to

[2 (3—2s—2t+st)B2—2(2—s— t)sz} B =B (bh+c). (2.16)
and (2.16), together with (2.4), we find that

‘(3 — 25— 2t+st)B2— (2—5— 1) 32‘ ol < B (1 oaf?) 2.17)

which gives us the desired estimate on |a,| as asserted in (2.7).
Next, in order to find the bound on |a3|, by subtracting (2.14) from (2.12), we obtain

2(3—52—t2—st) a3—2(3—52—t2—st) a2 = By (b — 3) + By (b%—c{) . (2.18)
Then, in view of and , we have
‘B—SZ—tz—st’Bl lag| < H3—52—t2—st’B1 - |2—s—t|} |az|? + B2.
Notice that (2.7), we get the desired estimate on |a3| as asserted in (2.8). O

Corollary 1. If we let

1+2z\" 2.2
$(z) = 1T, =142az+2az"+.. (0<a<1),

then inequalities and become

20

las| <

\/‘2(3—25—2t+st)—(2—s—t)2 a+2—s—tf

and
2u . |2 —s—t?
; if 0<a<
|3 —s2 — 2 —st| f ~ 2352 —t2—st|

2[|2(3—2s—2t+st)— (2—s—1)*|+2|3—s2—12—st||a?

93] < [3—s2—2—st|[|2(3—2s—2t+st)— (2—s— ) [a+ 2—s—t"]”
. 2 —s—t?
<a<1l
if 2|3 —52—12—st| t=
Corollary 2. If we let
1+(1-2
¢(z) = % =14+2(1—-a)z4+2(1—a)z+--- (0<a<1),

then inequalities and become

o] < 2(1—w)

\/’2(3—25—2t+st)(1—a)—(2—s—t)2 F2—s—tf

and
2(1—a) o 2[3-s2—2—st|—[2—s—t]?
|3 —s2 — 12 —st|’ if 2[3-s2—12—st]

<a<l1

las| < 2[|2(3—25—2t+st) (1—a) —(2—s—t)?|+2[3—s—2—st| (1—a) | (1—a) .
|3—s2—12—st|[[2(3—25—2t+st) (1—a)— (2—s—t)* | +]2—s—t[*] ~

. 2|3—s2—12—st|—|2—s—t?
if 0<a< | 2|3—s2—12—st|
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