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Abstract

In this paper, we have proved the existence of unique common fixed point of four contractive maps on
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1 Introduction

The notion of cone metric space is initiated by Huang and Zhang [3] and also they discussed some properties
of the convergence of sequences and proved the fixed point theorems of a contraction mapping for cone metric
spaces; Any mapping T of a complete cone metric space X into itself that satisfies, for some 0 < k < 1, the
inequality d(Tx, Ty) < kd(x,y),Vx,y € X has a unique fixed point. Some fixed theorems in cone Banach space
are proved by Karapinar[5].

In this paper, we investigate the common fixed point theorems with the assumption of weakly compatible

and coincidence point of four maps on an upper semi continuous contractive modulus in cone Banach space
Definition 1.1. Let E be the real Banach space. A subset P of E is called a cone if and only if:
i. P is closed, non empty and P # 0
ii. ax + by € P forall x,y € P and non negative real numbers a, b
iii. PN (—P) = {0}.

Given a cone P C E, we define a partial ordering < with respect to P by x < yif and only if y — x € P. We
will write x < y to indicate that x < y but x # y, while x, y will stand for y — x € intP, where intP denotes the
interior of P. The cone P is called normal if there is a number K > 0 such that 0 < x < y implies ||x|| < K||y||
for all x,y € E. The least positive number satisfying the above is called the normal constant.
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Example 1.1. [12] Let K > 1. be given. Consider the real vector space with
E={ax+b:abeRxe[l— %,1]}
with supremum norm and the cone
P={ax+b:a>0,b<0}
in E. The cone P is reqular and so normal.
Definition 1.2. Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies
i. d(x,y) >0, and d(x,y) = 0ifand only if x =y Vx,y € X,

ii. d(x,y) =d(y,x), Vx,y € X,

iii. d(x,y) <d(x,z)+d(z,y), Vx,y,z € X,
Then (X, d) is called a cone metric space (CMS).

Example 1.2. Let E = R?
P={(xy):xy =0}
X =Randd: X x X — E such that
d(x,y) = (Ix =yl alx —yl)

where & > 0 is a constant. Then (X, d) is a cone metric space.
Definition 1.3. [5] Let X be a vector space over R. Suppose the mapping ||.||c : X — E satisfies

i. ||x|lc > 0forall x € X,

ii. ||x|lc = 0ifand only if x =0,

iii. ||x +ylle < [lxllc + [[yllc forall x,y € X,

iv. ||kx||c = |k|||x||c for all k € R and for all x € X, then ||.||c is called a cone norm on X, and the pair (X, ||.||c) is

called a cone normed space (CNS).

Remark 1.1. Each Cone normed space is Cone metric space with metric defined by
d(x,y) =[x —ylle
Example 1.3. Let X = R%, P = {(x,y) : x > 0,y > 0} C R?>and ||(x,y)|lc = (a|x|,bly|),a > 0,b > 0. Then

(X, ||.l¢) is @ cone normed space over R*

Definition 1.4. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X. Then {x,},>0 converges to x
whenever for every ¢ € E with 0 < E, there is a natural number N € N such that ||x, — x| < ¢ foralln > N. It is

denoted by limy, 00 Xy, = X OF Xy — X

Definition 1.5. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X. {x,}n>0 is a Cauchy sequence
whenever for every ¢ € E with 0 < c, there is a natural number N € N, such that ||x, — Xpm||c < cforalln,m > N

Definition 1.6. Let (X, ||.||c) bea CNS, x € X and {xy, },>0 be a sequence in X. (X, ||.||c) is a complete cone normed

space if every Cauchy sequence is convergent. Complete cone normed spaces will be called cone Banach spaces.

Lemma 1.1. [5] Let (X, ||.||c) be a CNS, P be a normal cone with normal constant K, and {x, } be a sequence in X.
Then

i. the sequence {xy} converges to x if and only if || x, — x|| — 0as n — oo,
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ii. the sequence {x,} is Cauchy if and only if ||x, — Xm||c = 0as n,m — oo,
iti. the sequence {x,} converges to x and the sequence {y, } converges toy, then ||x, — ynullc = ||x — y||c.

Definition 1.7. Let f and g be two self maps defined on a set X maps f and g are said to be commuting of fgx = gfx
forallx € X

Definition 1.8. Let f and g be two self maps defined on a set X maps f and g are said to be weakly compatible if they
commute at coincidence points. that is if fx = gx forall x € X then fgx = gfx

Definition 1.9. Let f and g be two self maps on set X. If fx = gx, for some x € X then x is called coincidence point of
fand g

Lemma 1.2. Let f and g be weakly compatible self mapping of a set X. If f and g have a unique point of coincidence,
that is w = fx = gx then w is the unique common fixed point of f and g.

2 Main Result

Theorem 2.1. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = ||x||c. Suppose that the mappings P,Q, S
and T are four self maps of (X, ||.||c) such that T(X) C P(X) and S(X) C Q(X) and satisfying

1Ty — Sxle < al[Px — Qyllc + b{[|Px = Sx|[c + |Qy — Tyllc} + ¢{[[Px — Tyllc + [IQy — Sx[c.}  (21)

forall x,y € X, wherea,b,c > 0and a+ 2b+ 2c < 1. suppose that the pairs { P, S} and {Q, T} are weakly compatible,
then P, Q, S and T have a unique common fixed point.

Proof. Suppose X is an arbitrary initial point of X and define the sequence {y,} in X such that
Yon = Sx2n = QX1

Yon1 = Txoyq1 = Pxpuyo
By (2.1) implies that

[y2n+1 = Yonlle = I Tx2n41 — Sxonllc
< al[Pxon — Qxans1lle + b{[|Px2n — Sxonlle + [[Qxan — Txan1llc}
+ c{l|Px2n — Txgut1llc + [|Qx2011 — Sxanllc}
< allyan—1—yanlle + b{lly2n—1 — y2nllc + llvan — y2us1llc}
+ c{lly2n—1 —vantillc + ly2n — yanllc}
< ally2n—1—yanllc + b{llyan—1 = yanllc + llyan — y2ns1llc}
+ cllyan-1 = yanslle

<(a+b+co)llyan-1—yanlle + (b +)lly2n — y2ns1llc
y2ns1 = anlle < 2 g — o |
Yon+1 = Yonlle = 1-(b+o) Yon — Yan-1llc
lVon+1 — Yonlle < hlly2n — Yan—1llc

where It = {36 < 1foralln € N

ly2n — yonsille < hllyan—1 —yanllc

< |ly2n—-2 — Yan-1le

<h" Yyo— e
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Forallm > n

Yn = Ymlle < 1yn = Yuralle + Ynst — Yasalle + - + |Ym—1 — ym|lc
< (W R ) lyo — e
SH'(A+h+R 4+ H") lyo — e

n

< lyo -l
_1_h]/0 Yille

= ||Yn — Ymllc < 0asn,m — oo.
Hence {y, } is a Cauchy sequence.

There exists a point [ in (X, ||.||c) such that

lim {y,} =1, lim Sy = lim Qoyy1 = land lim Txp,q = lim Pxpyip =1

that is,
lim Sy, = lim Qo 41 = lim Txppqq = lim Pxy,qp = x°
Since T(X) C P(X), there exists a point z in X Such that x* = Pz then by (1)
15z = x"[lc < 1Sz = Txon-1llc + [ Tx2n—1 — x*[|c
< al[Pz — Qxop—1lle + b{[|Pz — Sz|c + [|Qx2n—1 — Tx2n-1lc}
+c{[Pz = Txgn-1lle + |Qx20-1 = Sz|c} + [| Tx2n—1 — x*c

Taking the limit as n — oo

152 — x*[|e < aflx®™ —x"[c + b{[lx" — x¥[lc + [[x* — Sz}
+o{llx" = xFfle + [lx* = Szl } + flx* — x|
<04+ b{||Jx" = Sz|c +0} + {0+ ||x* — Sz|c} + 0+ (b+c)||x* — Sz||¢

Which is a contraction since a + 2b 4+ 2¢ < 1.
therefore Sz = Pz = x*

Since S(X) € Q(X) there exists a point w € X such that x* = Qu.
by (1)
Sz = x*[lc < [|Sz — Tw]|.
< a||Pz — Qullc + b{||Pz — Sz||c + |Qw — Tw||c} + c{||Pz — Twl|c + || Qw — Sw]|c}
<allx® — e +b{llx" = x¥lc + [|x" = Twllc} + e{l|lx* — Twlle + [|x* — x¥[|c}
<0+ +b{0+ ||x* — Tw||¢} + c{||x* — Tw]||. + 0}
" = Twlle < (0 +c)|x" — Twl|c

which is a contradiction since a +2b + 2¢ < 1.
therefore Tw = Qw = x*

Thus Sz = Pz = Tw = Qw = x*

Since P and S are weakly compatible maps,
Then SP(z) = PS(2)

Sx* = Px*
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To prove that x* is a fixed point of S
Suppose Sx* # x* then by
15x* — x*[le < [|Sx* — Tx"|c
< a||Px* — Qwl|c + b{||Px* — Sx*|| + ||Qw — Tw||c }+
+ c{|[Px* = Tw|lc + [|Qw — Sx7||c}
< a||Sx* — x*||c + b{||Sx* — Sx™ || + ||x* — x"|| }+
+o{lISx" = xle + [[x" — Sx™|c}
< al|Sx* — x*||c + b{0+ 0} + 2¢||Sx™ — x|,
||ISx* — x*||c < (a4 2c)||Sx™ — x*|¢
Which is a contradiction, Since a + 2b + 2¢ < 1.

Sx* = x*

Hence Sx* = Px* = x* Similarly, Q and T are weakly compatible maps then TQw = QTw, thatis Tx* =
Qx*

To prove that x* is a fixed point of T.
Suppose Tx* # x* by
[T = x*fle < [[Sx* = Tx*
< afPx” = Q" + b{[[Px" — Sx™|[c + [[Qx" = Tx*|[c}+
+ efIPx* — Tx*lc + [|Qx" — Sx™|}
< allx® = Ta*fle + b{[]x" — x¥lc + [ Tx" = Tx"[|c}+
+edlle® = Tatfle + 172" — %[}
< a||Tx" —x*||c + b{0+ 0} + 2¢||Tx* — x*||
[Tx* — x*||c < (a+2c)||Tx" — x*|c
which is a contradiction since a 4+ 2b 4 2¢ < 1.

Tx* = x*.

Hence. Tx* = Qx* = x*

Thus Sx* = Px* = Tx* = Qx* = x*

That is, x* is a common fixed point of P, Q,S and T
To prove that the uniqueness of x*

Suppose that x* and y*, x* # y* are common fixed points of P, Q, S and T respectively, by we have,

% —y*[lc < [ISx* — Ty* .
< a|[Px* = Qy*|lc + b{[|Px* — Sx™||c + [|Qy* — Ty"||c}+
+ cfl[Px* — Ty*[[c + |Qy" — Sx*[|c}
<alx* =y lle + b{llx* = x*le +ly" —y*lle} +c{llx™ =y lle + v —x"[lc}
<alx* =y lle + b{0+ 0} +c{llx™ —y"[lc + ly" — x¥[|c}
< (a+20)[]x* =yl

which is a contradiction. Since a + 2b + 2¢ < 1.

therefore x* = y*.

Hence x* is the unique common fixed point of P, Q, S and T respectively. O
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Corollary 2.1. Let (X, ||.||c) be a Cone Banach space with the norm d(x,0) = ||x||c.. Suppose that the mappings P, S
and T are three self maps of (X, ||.||c) such that T(X) C P(X) and S(X) C P(X) and satisfying

|Sx = Ty|lc < al|Px —Py||c+b{||Px— Syllc + |[Px — Ty||c } + c{|[Px — Tyl|c + [Py — Sx||c }

forall x,y € X, wherea,b,c > 0and a+2b+ 2c < 1. suppose that the pairs {P,S} and { P, T} are weakly compatible,

then P, S and T have a unique common fixed point.
Proof. The proof of the corollary immediate by taking P = Q in the above theorem (2.1). O

Definition 2.10. A function ® : [0,00) — [0,00) is said to be contractive modulus if ® : [0,00) — [0,00) and
D(t) < tfort>0

Definition 2.11. A real valued function ® defined on X C R is said to be upper semi continuous if lgr1 sup D(t,) <
n—oo
D(t), for every sequence {t,} € X witht, — tasn — oo.

Remark 2.2. It is clear that every continuous function is upper semi continuous but converse may not true.

Theorem 2.2. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = ||x||c.. Suppose that the mappings P, Q, S
and T are four self maps of (X, ||.||c) such that T(X) C P(X) and S(X) C Q(X) satisfying

1Sx — Tyl < ®(A(x,y)), 22

where ® is an upper semi continuous contractive modulus and

1
A(x,y) = max{|[Px — Qyllc, [|Px — Sxlc, [[Qy = Ty le, 5[ Px = Tyllc + [ Qy — Sx[|c} }-
The pair {S, P} and {T, Q} are weakly compatible. Then P, Q, S and T have a unique common fixed point.

Proof. Let us take x is an arbitrary point of X and define a sequence {3, } in X such that
Yon = Sxon = QX2u41

Yont1 = Txon1 = PXopgo
By (2.2) implies that

ly2n — Yons1lle = [1Sx2n — Tx2n41lc
< CD()‘(XZn/ x2n+1))
< A(X2n, X2n41)

= max{||Px2n — QX241 Hc/ ||Px2n - Sx2n||c/ HQxZnJrl —Txop41 ||c/
1
Py 2n — 2n+1|lc 2n+1 — 2nllc
2{||Px Txonq1lle + [|Qx Sxonllc}}
= max{||Tx2,—1 — Sx2ullc, | TX2n—-1 — Sx2n|c, || S¥2n — TX2n41|les
1
E{HTxanl — Tx2us1lle + [|Sx2n — Sxaullc}}
= max{||Tx2,—1 — Sx2ullc, | TX2n—-1 — Sx2n]lc, ||S¥2n — TX2n41|les
1
§||Tx2n—1 — Tx2p41]|c}
1
= max{|[y2n —yan-1lle. [y2n = yans1lles 5 1Y2n—1 = y2nsallc}

< max{|ly2n — You-1lles [|v2n — yons1llc}
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Since @ is an contractive modulus, A(x2, — X2,,41) = ||[V2n — Y2n+1]|c is not possible. Thus,

20 — Yons1lle < @(lly2n—1 — Yanllc) 23)

Since @ is an upper semi continuous, contractive modulus. Equation (2.3) implies that the sequence { ||y2,+1 —
Y2nllc} is monotonic decreasing and continuous. There exists a real number, say r > 0 such that
Jim {|y2n1 = yaulle =7,

as n — oo equation (2.3) =
r < ®o(r)

which is only possible if ¥ = 0 because & is a contractive modulus. Thus

lim ly2n+1 — Yanllc = 0.

Claim: {y,,} is a Cauchy sequence.
Suppose {12, } is not a Cauchy sequence.

Then there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;q
[Ym; —ynlle =€ and |y, —yu_llc <e (24)

e < lym = ynlle < Yo = Yy e+ 1Yy — vl
therefore  lim ||y, —yn,|c =€
1—00

now
€ < lymiy = Yniylle < MNymiy = Ymglle + Nym; — yni s lle
by taking limit i — oo we get,
}Eﬁ‘o [Ymi oy —Ynille =€

from and (2.4)
€< ||ymi - y”iHC = stmi - Tx”iHC < q)(A(xmi’x”i))

where implies
€ < (A (xm;, xn;)) (2.5)

AQxtmy, xn;) = max{ || Pxm; — Qxn, |, [1Pxm; — Sxm; ||, |1Qxn; — Txn, e,
1P, — T e+ Qi — S )}
= max{||Txm, ; — Sxn;_ ;e | TXm; ; — Sxm||es [|Sxn; y — Txu; ||,
ST, — T e+ 153, , — S )}
= max{||ym;_y — Yni 1 les 1ymi s — Ymilles Nymi s — ynille,
Sy, =yl + g, =y o)}

Taking limit as i — co, we get
. 1
lim A(xp,, xn,) = max{e, 0,0, 5 (¢,€)}
—00 2

Lim A(x;, xp,) = €
1—00

Therefore from (2.5) we have, € < ®(e)

This is a contraction because € > 0 and @ is contractive modulus.
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Therefore {y, } is Cauchy sequence in X
There exits a point z in X such that lim vy, =z
n—oo
Thus,
lim Sxp, = lim Qxpp41 =2z and
n—oo n—oo
lim Tx = lim Px =z
n—oo 2n+1 n—o0 21’l+2
(i.e) lim Sx2n = lim Qx2n+1 = lim Tx2n+1 = lim PX2n+2 =2z
n—oo n—oo n—oo n—oo

T(X) C P(X), there exists a point u € X such that z = Pu

[Su =zl < [|Su— Txngalle + | Tx2n 1 — 2|l
< CD()‘(urXZn-H)) + ||Tx2n+1 - ZHC
where
Au, x24+1) = max{||Pu — Qx2p41||c, [|Pu — Sulle, [|Qx2n41 — Tx2n41]lcs
1
E(HP” — Txpy1llc + |Qx2041 — Sullc) }

= max{[|z = Sxanlc, ||z = Sulle, [|Sx2n — Txan41lle,
1
5 Ulz = Txanpalle + [|Sx20 — Sulle) }-
Now taking the limit as n — oo we have,

1
A, x2n41) = max{l|z —Sullc, ||z — Sulle, || Su — Tulle, 5 (1|2 — Tullc + ||z = Sullc)}

1
= max{|lz = Sulle, ||z = Sulle, [|Su = zlle, 5 (llz = zlle + ||z — Sulle)}

= |lz = Sullc

Thus

1Su = zlle < ®([|Su —z|lc) + ||z — 2.
= @([|Su—z])
If Su # z then ||Su — z||, > 0 and hence as @ is contracive modulus
D(||Su — z||¢) < ||Su — z||. Which is a contradiction, Su = zso, Pu = Su =z
So u is a coincidence point if P and S. The pair of maps S and P are weakly compatible SPu = PSu that is
Sz = Pz.
S(X) € Q(X), there exists a point v € X such that z = Qu.

Then we have
|z — Tollc = [|Su — To||c

< O(AM(u,0))

< A(u,v)

= max{||Pu — Quc, || Pu — Sull¢, |Qv — To|,
1
5 (IPu = Tolle + Qo — Sullc)}

= max{||z -z, |z — zll¢, [z — Tol|,
1
sUlz=Tolle +lz = z[lc)}

= |lz = Tol|c
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Thus ||z — To||. < ®(||z — To||¢).
If Ty € z then ||z — Tv||. > 0 and hence as @ is contractive modulus

@(|lz = Tollc) < ||z = Tol|c

Therefore ||z — Tv||c < ||z — Tv||c

which is a contradiction. Therefore Tv = Qv = z

So, v is a coincidence point of Q and T.

Since the pair of maps Q and T are weakly compatible, QTv = TQuv
(i.e) Qz =Txz.

Now show that z is a fixed point of S.

We have

Iz — 2|l = 152 — Tollc
< ®(A(z,0))
< A(z,0)

1
max{||Pz — Qollc, [|Pz — Sz|lc, [| Qv — Tlle, 5 (|[Pz — Tolle + [[Qv — Sz|lc) }

1
max{||Sz —z|, [|Sz = Szlle, |z = zlle, 5 (52 = 2lc + ||z = Sz]|c) }

152 =zl

Thus ||Sz — z|c < ©(]|Sz — z||c)-

If Sz # z then ||Sz — z||. > 0 and hence as ® is contractive modulus ®(||Sz — z||¢) < ||Sz — z]|¢
which is a contradiction. There exits Sz = z. Hence Sz = Pz =z

Show that z is a fixed point of T.

We have

Iz = Tz[lc = [|Sz = Tz
< @(A(z2))
< A(z,2)
1
= max{[|Pz — Qz|lc, [Pz = Sz|lc, |Qz — Tzlc, 5 (1 Pz = Tz[|c + [|Qz — Sz|c) }

1
= max{[|z = Tzlle, ||z = zlle, || Tz = Tzlle, 5 (]2 = Tzllc + [Tz — z]|c)}

= llz =Tz

Thus ||z — Tz||c < ®(||z — Tzl|¢).

If z # Tz then ||z — Tz||c > 0 and hence as ® is contractive modulus
O(llz = Tzlc) < llz =Tz

which is a contradiction. Hence z = Tz.
Therefore Tz = Qz = z.

Therefore Sz = Pz = Tz = Qz = z.

That is z is common fixed point of P, Q, S and T.
Uniqueness

Suppose, z and w is (z # w) are common fixed point of P, Q,S and T.
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we have

lz —wllc = [|Sz — Tw||c
< O(A(z,w))
< Az, w)

1
= max{[|Pz — Qulc, [|Pz = Sz[|¢, | Qu — Twlle, 5 (| Pz — Tw]|c + [|Quw — Sz[|) }
1
= max{l|z —wll¢, [z = zlle, lw — wle, 5 (llz = wlle + [Jw —z[[c)}
= [z —wle

Thus, ||z — w||. < P(||z — w]|c)

Since z # w, then ||z — w|| > 0 and hence as @ is contractive modulus.
O(llz —wlle) < Iz = wlle

therefore ||z —w||c < ||z —w||c

which is a contradiction,

therefore z =w

Thus z is the unique common fixed point of P, Q,S and T. O

Corollary 2.2. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = ||x||c. Suppose that the mappings P, S
and T are three self maps of (X, |.||c) such that T(X) C P(X) and S(X) C P(X) satisfying

1Sx — Tylle < ®(A(x,y)), (26)
where ® is an upper semi continuous contractive modulus and
1
A(x,y) = max{||Px — Pyllc, [|Px = Sx|lc, [Py = Tylle, 5 {lI Px — Tylle + [Py — Sx[lc}}-

The pair {S, P} and {T, P} are weakly compatible. Then P,S and T have a unique common fixed point.

Proof. The proof of the corollary immediate by taking P = Q in the above theorem (2.2). O
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