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Abstract

The aim of present paper is to define a pair of k—Saigo fractional integral and derivative operators
involving generalized k-hypergeometric function. The Saigo-k generalized fractional operators involving
k-hypergeometric function in the kernel are applied to the generalized k-Mittag-Leffler function and
evaluate the formula

(a, k), (B, k)
2F1k ;
(7. k)

using the integral representation for k-hypergeometric function.
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Tp(y — )Tk (y — B)
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1 Introduction

The fractional k-calculus is the k-extension of the classical fractional calculus. The theory of k-calculus
operators in recent past have been applied in different and numerous investigations.

Several authors that were dedicated to study such operators and since Diaz et al. [2H4] defined the
k-gamma function and the k-symbol. Very recently, Rehman et al. [18] studied the properties of k-beta
function. Musbeen and Rehman [14] discuss extension of k-gamma and Pochhamer k-symbol. Musbeen
and Habibullah [15] defined k-fractional integration and gave an its application. Musbeen and Habibullah
[16] also introduced an integral representation of some generalized confluent k-hypergeometic functions
mFmx and k-hypergeometric functions ,,1F, x by using the properties of Pochhammer k- symbols, k-
gamma and k-beta functions.

In this paper we evaluate the Saigo k-fractional integral operators and derivatives involving
generalized k-hypergeometric function on the k-new generalized Mittag-Leffler function introduced by
us [6].

2 Definitions and Preliminaries

In this section, we state some known results and some important definitions which will be used in the
sequel.
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Definition 2.1. Generalized k-Gamma function Ty (x) defined as [3]

lim n'k" (nk)t !
Tp(x) = &2 , k>0xecC

(x)n,k

where (x),, i is the k-Pochhamer symbol and is given by

(X)px =x(x+k)(x+2k) - (x+ (n—1)k),
xeCkeRneNT.

For Re(x) > 0 and k > 0, then I'y(x) defined as the integral
Ty (x )—kk—lr / Pl e,
and Tj(x +k) = xTp(x).
This give rise to k-beta function defined by
/ (1 -k, x>0,y > 0.

They have also provided some useful and applicable relations

Be(x,y) = (x y) and  By(x,y) — XI®)

Kk Ti(x+y)’
(x)n,k = W
(k9 = L@y,
-0t = Y @l
n=0 :

Definition 2.2. k-hypergeometric function Fy. define by the series as [15]

F((B,k); (v, k);x) = i} (‘ir)l:);', k€ RT,B,7€C, Re(B) >0, Re(y) > 0.

Its integral representation can be determined as follows

. . — rk(’)/) /1 Efl . ﬂ,] xt
lFl((,B/k)r(’Y/k)/x) - kfk(ﬁ)Fk(’y—ﬁ) 0 23 (1 t) k e*tdt.
And if Re(7y) > Re(B) >0,k >0,m >1,m € Z* and |x| < 1, then
0,00, (500, (5550, (P2 k)

m+1Fm,k ;X

(3R, (50, (”k)

_ Te(7) LSO o )
_krk(ﬁ)rk(v—ﬁ)/ot (1—t)F Y1 —kxt)* dt.

And if Re(y) > Re(B) > 0 and |x| < 1, then

SFy(0,0), (B, K); (7,K); ) == =K )/l - )"F (1 - kat) T

kT (B)Ti(y — B
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Definition 2.3. The generalized k-wright function p‘I”;(x) defined by [8] for k € R*;x € C,a;,b; € C,a;, Bj €
R(aj, Bj #0;i=1,2,---,p;j=1,2,--- ,q) and (a; + a;n), (bj + Bjn) € C\kZ~

p
(i, )1, 00 1—[1 Ti(a; +am) (x)"
k k . _ 1=
p¥e(x) =p¥s x| =) ; . (2.14)
(b, Bi)1,q =0 Hl Ty (bj + Bjn)
]:
where Tk (+) denote the k- gamma function and satisfies the condition
9 ﬁ p o
Z T 2 = >t (2.15)

Definition 2.4. The k-new generalized Mittag-Leffler function Ek B p (x) defined by [6] for k € R, a,B,7,6 €
C,Re(a) > 0,,Re(B) > 0,Re(y) > 0,Re(6) >0,p,g >0andq < Re(tx) +p

(o) xl’l
EVOT ( Vank . 216
car (¥ = L7 wn+ﬁ)( o (216)

3 Generalized k-Saigo Fractional Calculus operators

In this section we define the left and right-sided Saigo k-fractional calculus operators. Let o, 3,7 €
C,K > 0,x € RT, then the generalized k-fractional integration and differentiation operators associated
with the k-Gauss hypergeometric function are defined as follows:

—a—

NG = gy [ = 08 e (a5 B, (=0 01— ) ) F0)
(Re(a) > 0,k > 0), 3.1)
aﬁv 1 * -1 : . x :
AN = gy [ =08 2 (05 ), (b0 = ) ) F)
(Re(a) >0,k > 0). 3.2)

Here »F; x((«, k), (B, k); (77, k); x) is the k-Gauss hypergeometric function defined by [16] for x € C,|x| <
1,Re(y) > Re(B) > 0

ke x"
2Fiel(, k), (B,K); =L i","; (33)
n=0 n k1
The corresponding fractional differential operators have their respective forms as
d\", —atn—p- -
(DyPY ) (x) = <dx) (I Py (x); - Re(w) > 0,k > 0;1 = [Re(a) + 1] (34)
atp

(DS+,kf)(x) = ((jx) m /Ox(x — t)—%+n—1
(x)2F1k <(—1x —B,k), (—y —a+nk); (—a+mn,k); (1 - :c)>f(t>dt;

(Dpi/iﬂf)(X) - ( - ;x) (I:ynﬁﬁin/aﬂf) (x); Re(a) >0,k > 0;n = [Re(a) +1] (3.5)
O8N0 = (- &) e [ -0

()aFui (== BR) (o= 3 R0 (o k51 = ) ) (00
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where x > 0, € C,Re(a) > 0,k > 0 and [Re(w)] is the integer part of Re(«).
For K — 1, the operators (3.1) to (3.5) reduce to Saigo’s [19] fractional integer and differentiation

operators. If we set f = —a, operators (3.1) to (3.5) reduce to k-Riemann-Liouville operators as follows:
Iy ¢ ") () = (I, 1) (x), (3:6)
(I F) (x) = (I 4 f) (x), (3.7)
(Do f)(x) = (Dgy i f) (%), (3.8)
(DY 7 f)(x) = (DL 1 f) (x). (3.9)

4 Main Result

In this section, we find out the main result.

Theorem 4.1.
b (a, k), (B, K) | r—a—p) @1
’ Tk Ti(y = a)Tk(y = B)
(7, k)
Proof. From equation (2.13), we have the following result
(a, k), (k)
Tk(7) Lp_ 1=p _ —a
F 1= k /tkll—t r (1 — xt) T dt.
2Fix e
(7,k)
Put x = 1in equation (4.1), we obtain the following
(@ k), (B k) 1 Y
2Fy = L) / -
’ kT (B)Tk (v — B) Jo
(7,k)
On applying the definition of k-beta function, we get the required result
(a, k), (B, k)
T (7)
F ;L = K Be(B,y —a —
2 e R
(7,k)
L @RER T nna—a-p)
w F T Ty =)y = B)’
(7,k)
O
Lemma4.1. Leta,B,7,p € C,Re(a) > 0,k € RT(0, 00)
(a) If Re(p) > max[0, Re(B — )], then
Wb 1y v g LK@ Tk(p—B+7) e by
Itk x)=) k x k. 4.2
ottt 0 = LK G~ BTl et ) 42
(b) If Re(p) > max[Re(—pB), Re(—7)], then
(If’i’ryt_%)(x) — 2 k" rk(p + :B)rk(p + 'Y) x#_ (4.3)

= Ti(e)Tk(p+a+pB+7)
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. L_q.
Proof. (a): Taking f(x) = tk~!in (3.1), we get

p a p
(L) = ’ffkw /o (= ahiy <(“ +B,k), (=7, k); (a, k); (1 — i)> HE .

We invoke k-Gauss hypergeometric series [16] and on changing the order of integration and summation,

we have
—a—B o
"CIS’Y x K 0‘+IB nk )n,k /x &_q t\n,e_q
tk — )k (1— =)tk dt.
( 0+,k ) krk(DC 7;) kn' 0 (x ) ( x)
On setting t = xu, we get
1B £1 Tﬁ_ =~ “+ﬁ nk )nk ! [T |
PN = g e /O(l—u)k uk—1du.

On evaluating the inner integral by k-beta function and using relation (2.3) and (2.7), we have

= 1i (&4 B i (=i Tk(p)
= (et p)uan!  Ti(a+p)

b T (0) 0 . 1
1#4_@ ngok 2F1k (((x + B, k), (=7, k); (« + p, k); k)' (4.4)

Finally use theorem (4.1) and rearrange terms, expression (4.4) yields

B8 " p)lo—k+v) by
tk k x .
(o’ EO e st

proof (b): Taking f(x) = £7 in (3.2), we get

1

(IR @) = i [0 xﬁlt“kﬁza,k((a +B,), (=7,0); (w0, ); (1= jf))tk”dt.

On applying k-Gauss hypergeometric series [16] and on changing the order of integration and summation,
and

- ”“"5 K=k [ w_q, =0 x\" -p
Iocﬁ’y - n, n, / . &1, 1% x .
() krk ;120 Jn ! x (F—x)Et )R
Putt = 7, we have
; 00 1
(Itxlg')’tk) kr 0‘ Z tX"’,B nkn' )nk/ (17u)%+n—1u#—1du‘
k — k 0

On evaluating the inner integral by k-beta function and using relation (2.3) and (2.7), we have

i ‘X"—ﬁ nk )nk rk(P+ﬁ)
n=0 “+5+P)nk”' rk(lX"‘,B‘f'P)
—p—B

d 1
- rk(i;’ip 3 Kafi (a4 1), (<70 B p R )

Finally use theorem (4.1) and rearrange terms, expression (4.5) yields

B, > Ti(o+7) o8
R0 = LK onrEs ErEn il
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5 Left side Saigo k-Fractional Integration of the generalized k-Mittag-

Leffler function

In this section we have discussed the left-sided Siago k-fractional integration formula of the
generalized k-Mittag-Leffler function.

Theorem 5.1. Let «,B,7,0,6,& € Cand k € R be such that Re(a) > 0,Re(p+vy—pB) > 0,p,9 > 0,9 <
Re(v) + p. Also, let c € Rand v > 0. If condition (2.15) is satisfied and I, f . be the left sided operator of the
generalized k-fractional integration associated with k-Gauss hypergeometric function, then there holds the following

relationship
o4 (o +v—B,v),(8,qk), (k k)
(27 608 Jath)) ) (o) = 2T et | e
k
(o= Bv), (p+a+,v), (¢ pk)
Proof. Applying (2.16) and (4.2) in the left-side of (5.1), we have
w,B, £ _116,G, v
(127 (e ferh)) ) o
By L1 - (‘ank(d%)n )
=1 t
o (! L e o)
- (J)ancn a,B,y UL
= ' BT () (x
n;)rk(V”‘FP)(@)pn,k ok ( )(x)
_ ety Tlpt o= B4 vmD(6 4 gkmT(OTe(1 +n) (ckxk )"
=TT (G + prk)Ti(p + o+ +vn)Ti (o — B+vn) n! =
On using I'(n + 1) = k™ "T'y(nk + k), we get required result
B (0 +7—=Bv) (3,9k), (k k)
(17 08 et ) ) = = s exd
‘ (0= B,v), (o +a+7,0), (8, pk)
O

Remark 5.1. If we put k = 1 in equation (5.1), we arrive at the result [6, p.140, Eq.2.1].
Remark 5.2. Ifweset p = q =k = ¢ = 1 in our formula (5.1), we get the result [1, p.116, Eq.3.1].

6 Right side Saigo k-Fractional Integration of the generalized k-
Mittag-Leffler function

In this section we have discussed the right-sided Siago k-fractional integration formula of the
generalized k-Mittag-Leffler function.

Theorem 6.1. Let «,B,7,p0,6,¢ € Cand k € R be such that Re(a) > 0, Re(a + p) > max[—Re(B), —Re(7)]
with condition Re(B) # Re(y),v > 0,p,q > 0,9 < Re(v) + p. Also, let c € R,v € R,v > 0 and Ii’i’v be
the right sided operator of the generalized k-fractional integration associated with k-Gauss hypergeometric fun,ction,
then there holds the formula:

( aﬁ'y( igzp[ t%}))(x)

- x%ﬁﬂrk(@) ot (a+B+p,v), (a+v+pv),(54qk), (kk) - o

T (o) ' '
(a+p,v), 2+ B+p+7,v), (G pk), (p,v)
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Proof. Applying (2.16) and (4.3) in the left-side of (6.1), we have
d, _v
<w7(t Ekfzp[ct k}))(x)

(e § ey

n=0 1—‘k(w/l +P) (‘:)pnk

qn kC” w8,y —(vnta+p)
= I t % X
Z 0 Ik V”+P)(§)pn,k i )(x)

_ e g Tuadpd prvmTilatp o 4 vm(6 o+ ghm)T(OT(1 + 1) (ckx k)"
L TL(O)Tk( + prk)Tx(p + vm)Tk(a + 0+ vm)Tx (2 + p+p+ytvm) nl

On using I'(n + 1) = k™ "T'x(nk + k), we get required result
,B, A, o _v
<I“§V(t ; Ekjg,p[ct k]))(x)
—a—B— 7 7 7 7 5! k 4 klk
e (@+p+p,v), (a+7+p,v) (5 qk), (k k)
I'(9)

(a+p,v), 2+ B+p+7,v), (S prk), (o,v)

Remark 6.1. If we put k = 1 in equation (6.1), we can obtain the result [6, p.141, Eq.2.3].
Remark 6.2. Ifweset p =q =k =¢ =1in(6.1), we get the result [1, p.117, Eq.4.1].
Lemma 6.2. Leta,B,7,p0 € C,n = [Re(a)] +1,k € R*(0,0)

(a) If Re(p) > max[0, Re(—a — B — )], then

f, __D@Tlp+pryta) e,
(Do+¥f Dix) = Telp + V)Tc(p + B n— k) L

(b) If Re(p) > max[Re(—a — ), Re(B — nk + n)], then

By, L Ti(p—B—n+nk)Ti(p+a+7y) —etpen_
D‘Xﬁvt F x) = -k x & n
(D2 ) Ti(e)Tk(o — B+ 1)

Proof. (a): Taking f(x) = ti~1in (3.4) and using (4.2), we get

d\" - 0
ORI = () Tt

(6.2)

6.3)

_ i": ZLr(e)Te(o+B+a+7) (d) pipin_
= Trle+B+m)Ik(p+v)\d
:i W@ Tk(p+B+a+) T(E ,li =) I
#=0 (p+ﬁ+n)Fk(p+7)r(P )
Applying (2.3) in above equation, we get
wBy o _ D(o)Tk(p+B+r+a)  ewpen
IDAARY: .
(ByLxtH() = Do+ Mo+ B+n—nk)"
proof (b): Taking f(x) = t~% in (3.5) and using (4.3), we get
Bv -t d \" —atn—p-naty, o
(Doi:i'yt k)(X): <dx> [I,,l}i n,—p—n,u V4 k}(x)
_ iknrk(P—ﬁ—”)rk(PJrﬂéJr’r) <_ d>”xp+kﬁ+n
=0 Te(p)Tk(p — B+ 7) dx
) - k
_ Z(_l)nknrk(P_ﬁ_”)rk(9+“+7) (2B g,

TPTklo—p+7)  p(cerprmmek)”

2
Il
S
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On using (2.3), we have

o0 p—p—m\1 p+ﬁ+n

Te(o)Tk(p — B+ 7) r(M)

The reflection formula for gamma function see [5]

r(‘“i‘”)r(l_(f’—i—no_ — (6.5)

and

e
1"(1_( —B- n+nk ) ( —p— n+nk> (1_(pﬂkn+nk))

pﬁkn+nk) T

7T

( —n+nk)sm<

sin [ =" ) rcosnr
0 — ,B—n—i—nk k
7T
-~ (p 5 an) sin (p_f_">ncosn7r
=k \ & ITy(p— B —n+nk) , (6.6)

7T

using (6.5) and (6.6) in (6.4), we obtain required result

0

(D‘i’iﬁt_?)(x) _ Th(p—B—n+nk)[(p+a+) e

Ti(o)Tk(p — B+ 7)

—n

7 Left and right side Saigo k-Fractional Differentiation of the
generalized k-Mittag-Leffler function

In this section we have discussed the left and right sided Siago k-fractional differentiation formula of
the generalized k-Mittag-Leffler function.

Theorem 7.1. Let a,B,7,0,6,¢ € Cand k € R" be such that Re(a) > 0,Re(o+B+7) > 0,v > 0,p,q >
0,9 < Re(v)+p,c € Rand Dg f lj be the left sided operator of the generalized k-fractional differentiation then
there holds the formula:

(D887 (512 o) ) o)

0B _q (p+B+v+av)(64qk), (kk)
= 7”(5)3‘1@ Sl (7.1)

Ik ()
(o+7v), (p+Bv+1—k),(E pk)
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Proof. Applying (2.16) and (6.2) in the left-side of (7.1), we have

B %,1 d (‘an,k(Ct%)n
=0 (7 L @) @

_ - (5)qn,kcn o By
o Z rk(VTI+P)(€)pn,k (DOJFIZt 1)( )

LK@ § 0 Telpot ot at oyt vn)l4(6 + gh)l(1+ )
Te(@ + prk)Ti(p + 7+ vn)Ti(o + B+ vn +n — nk)n!”

On applying I'(n + 1) = k™"T'x(nk + k), we get required result

(0627 (0 EL5 et 7)) @

(0+B+7v+av), (6 4qk), (kk)
= 3‘Y]§ sk lex a

(o+7v), (p+Bv+1-k),(E pk)

Remark 7.1. If we put k = 1 in equation (7.1), we get the result [6, p.142, Eq.2.4].
Remark 7.2. Ifwe put p = q =k = ¢ = 1 in our formula (7.1), we get the result [1, p.119, Eq.5.1].

Theorem 7.2. Let «,B,7,p,6,& € Cand k € R™ be such that Re(a) > 0,Re(p) > max[Re(a + B) +n —
Re(y)],v>0,p,9 >0,9 < Re(v)+ pandc € R,Re(a + B — ) +n # 0, (where n = [Re(a) + 1]) and D'i”i’y
be the right sided operator of the generalized k-fractional differentiation then there holds the formula:

( DB (15 Eifgp[ctz]»(x)

tpop (p—a—pv—1+4k), (o +7v),(64k), (kK
L V(9 vk
= riw)zl‘}'él JkTlex Tk (7.2)
k
(0,v), (o = v)(o+7—a—B,v), (¢ pk)
Proof. Applying (2.16) and (6.3) in the left-side of (7.2), we have
Db SEq [y 7 uc/S oo (8)gny(ct k)"
(o R el o) oo = 02 (B i s )
> qn, kcn By, — (vntp—a)
D't k X).
; Vn+p)(§)pn,k( —k )( )
Implying the simplification process used for providing preceding theorems, we obtain
d, —v
(D7 B o) ) (0
(p—a—pv—1+k), (o+7v), (6 4k), (kK
= 7(6) k -1, =vl=k
- Fk(&) 41F4 ; k cX k
), (o = v)(p+7—a—pv), (¢ pk
O

Remark 7.3. On taking k = 1 in equation (7.2), we can produce the result [6, p.143, Eq.(2.5)].

Remark 7.4. on setting p = q = k = ¢ = 1 in equation (7.2), we obtained the result [1, p.120, Eq.(6.1)].
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