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1 Introduction and Preliminaries

Ideals in topological spaces have been considered since 1930.This topic has won its importance by
Vaidyanathaswamy [13]. Jankovi¢ and Hamlett investigated further properties of ideal topological space [7].
Recently, in [3] Hatir et al. have introduced and studied d—local function in ideal topological space. In this
paper, we have obtained decompositions of continuity using d— local functions in ideal topological spaces.

Throughout this paper, spaces (X, 7) and (Y, T) (or simply X and Y), always mean topological spaces on
which no separation axiom is assumed. For a subset A of a topological space (X, T), CI(A) and Int(A) will
denote the closure and interior of A in (X, T), respectively.

A subset A of a topological space (X, T) is said to be regular open (resp. regular closed) [12] if A =
Int(CI(A)) (resp. A = CI(Int(A))). A is called § — open [12] if for each xe A, there exists a regular open set
G such that x € G C A. The complement of a 6 — open set is called 6 — closed. A point x € X is called a
0 — cluster point of A if Int(CI(U)) N A # ¢ for each open set V containing x. The set of all § — cluster points
of A is called the 6 — closure of A and is denoted by 6CI(A). The § — interior of A is the union of all regular
open sets of X contained in A and it is denoted by dInt(A). Ais 6 —open if 6Int(A) = A. 6 — open sets forms
a topology T°. 7° is the same as the collection of all § — open sets of (X, T) and is denoted by 5O(X).

An ideal on a topological space (X, T) is a nonempty collection of subsets of X which is satisfies (i) A €
Iand B C A implies B € I, (ii)) A € I and B € I implies AUB € I. An ideal topological space is a
topological space (X, T) with an ideal I on X and if P(X) is the set of all subsets of X, a set operator (.)"
P(X) — P(X) called a local function [7, 8] of A with respect to T and I is defined as follows: for A C X,
A (L) ={xeX:UNA¢I forevery U € T(x)} where 7(x) = {U € T7:x € U}, simply write A* instead
of A*(I, T). For every ideal topological space, there exists a topology 7*(I) or briefly T*, finer than 7, generated
by B(I,7) = {U—-W:U € tand W € I}, but in general B(I, T) is not always a topology [7]. Also CI*(A) =
AU A* defines a Kuratowski closure operator for 7 (I). If A € 7%, Int*(A) = A and Int*(A) will denote the
T* interior of A. If I is an ideal on X then (X, 7, ) is called an ideal topological space.

*Corresponding author.
E-mail address: hatirl0@yahoo.com



E. Hatir / On Some Decompositions of Continuity via §—Local Function in Ideal Topological Spaces 509

Recently, Hatir et al. [3] introduced 6 — local function in ideal topological spaces in the following manner.
Let (X,7,I) be an ideal topological space and A be a subset of X. Then
A% (I,T)={x € X:UNA¢I forevery U € 50(X, x)} is called the § — local function of I on X with respect
to I and T. We denote simply A% for A% (I,). Furthermore, CI°(A) = AU A% defines a Kuratowski
closure operator for T (I). We will denote 1% the topology generated by CI%, that is,
1% = {U C X: CI%(X — U) = X — U}. Therefore, the topology t°* finer than 7° and also the topology T*
finer than 77+

Lemma 1.1. [3] Let (X, T, I) be an ideal topological space and A, B subsets of X. Then
1)If A C B, then CI°(A) C CI°(B)
2) CI*(ANB) C CI%(A)NCI%*(B)
3)IfU € ©°, then UN CI% (A) C CI%(UN A)
4) CI* (U;(A;) = Ui(CI*(Ay))
5)If1 C J, then CII% (A) C CI'%(A), (] is ideal)

First we shall recall some definitions used in the sequel.

Definition 1.1. A subset A of an ideal topological space (X, T, 1) is said to be
1) o — I —open [4]if A C Int(Cl*(Int(A))),
2) pre — I —open [2] if A C Int(CI*(A)),
3) B—1—open[4lif AC Cl(Int(Cl*(A))),
4) 6* — o — open [6] if A C Int(CI% (Int*(A))),
5) 6 —a* —open [6] if A C Int(6CI(Int*(A))).

Definition 1.2. A subset A of a topological space (X, T) is said to be

1) a — open [10] if A C Int(Cl(Int(A))),

2) pre —open [9] if A C Int(CI(A)),

3) B—open[1lif A C Cl(Int(CI(A))),

4) 6 — pre —open [11] if A C Int(5CI(A)),

5)6 — B —open [5]if A C Cl(Int(6CI(A))).

Definition 1.3. Let f : (X,7,I) — (Y,0) be a function. If for each V € o, f “Y(V) isa a — I — open (resp.
pre — I —open, B — 1 — open, 6" —a — open, 6 — a™ — open), then f is said to be « — I — continuous [4] (resp.
pre — I — continuous [2], p — I — continuous [4)], 6* — a — continuous [6l], 6 — a* — continuous [6]).

Definition 1.4. Let f : (X,7) — (Y, o) be a function. If foreach V € 7, f ~1(V) is an a — open (resp. pre — open,
B —open, 6 — pre —open, 6 — 5 — open), then f is said to be o — continuous [10] (resp. pre — continuous [9],
B — continuous [1ll, 6 — pre — continuous [11l], & — B — continuous [5]).

2 §* — pre — opensetand §* — B — open set
We give the following generalized open sets to obtain new decompositions of continuity.

Definition 2.5. A subset A of an ideal topological space (X, T, 1) is said to be
1) 6% — pre — open if A C Int(CI%* (A)),
2)* — p—open if A C CI(Int(CI*(A))).

Proposition 2.1. 1) Every « — I — open set is 6* — « — open,
2) Every 6* — o — open set is 6 — o™ — open,
3) Every 6 — o™ — open set is 6 — pre — open,
4) Every 6* — o — open set is 6* — pre — open,
5) Every 6* — pre — open set is 6 — pre — open,
6) Every 6* — pre — open set is 6* — B — open,
7. Every 6* — B — open set is 6 — p — open.

Proof. Straightforward from the definitions of the topologies *, T° and % and [6]. O
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Remark 2.1. None of them in the proposition 1 is reversible as shown by examples below. Also a — open set and
0" —a — open [6l, pre — open set and 6* — pre — open, p — open set and 6* — B — open are independent notions.

Example 2.1. Let X = {a,b,c,d}, v = {¢, X, {a},{b,d},{a,c}, {a,bd}} and I = {¢,{a}}. Then " =
{¢,X,{a},{c},{b,d}, {ac}, {abd}, {bcd}}and t° = {¢,X,{bd}, {a,c}}. Take A= {b,c,d}. Therefore, A
isa 0* — pre — open set and 6* — B — open set, but neither pre — open nor B — open and not pre — I — open set.

Example 2.2. Let X = {a,b,c,d,e}, T = {¢,X,{a},{c},{a,c}, {a,b}, {a,b,c}}and I = {¢,{a}}. Then v° =
{¢,X,{c},{a,b},{a,b,c}}. Take A = {a,c,d}. Therefore, since Int(CI°(A)) = {a,c} and Int(CI(A)) = X, A
is pre — open set and « — open set, § — pre — open set and also 0* — B — open set, but neither 6* — pre — open nor
6" —wa — open.

Example 2.3. Let X = {a,b,c,d, e}, T = {¢,X,{a},{c,e},{a,c e}, {a,b}, {a,b,ce}}and I = {¢,{e}} Then
™ = {¢,X,{c,e},{a,b},{a,b,ce}}. Tuke A= {a,e}. Therefore, A is B — open set and also & — B — open set, but
not 6* — B — open since {a, e} ¢ Cl(Int(Cl°(A))) = {a,b,d}.

Proposition 2.2. The arbitrary union of §* — pre — open sets (6* — p — open sets) are 6* — pre — open set (6* — p —
open set).

Proof. Let A; be 6* — pre — open sets for every i. Then, A; C Int(Cl%(A;)) for every i. Hence, U;A; C
Ui(Int(CI%(A;))) C Int(Cl%(U;A;)) by Lemma 4). Consequently, U;A; is 6* — pre — open set. For 6* —
B — open set, the proof is similar. O

Remark 2.2. The intersection of two 6* — pre — open sets (6* — B — open sets) need not be a 6* — pre — open set
(6" — B — open set) as in the following example.

Example 2.4. Let X = {a,b,c,d}, v = {¢,X,{a},{a,c},{a,d}, {a,c,d}}and I = {¢,{b}}.Then T° = {¢, X}
and " = 1. Take A = {b,c} and B = {a, b} are 6* — pre — open set and 6* — p — open set , but ANB = {b} is
neither 6* — pre — open set nor §* — B — open set since Cl(Int(CI%({b}))) = ¢.

Corollary 2.1. [3] Let (X, T, I) be an ideal topological space and A C X.
1)If A C A%, then 6CI(A) = CI%(A)
2)If 1 = {¢}, then 6CI(A) = CI%(A).

Proposition 2.3. Let (X, 7, 1) be an ideal topological space and A C X. If A C A% (If I = {¢}), then
1) 6 — pre — open set and 5* — pre — open set are equivalent
2) 6 — B — open set and 6* — B — open set are equivalent.

Proof. By Corollary if A C X, then it 6CI(A) = CI%(A). Thus we get the result. O

Proposition 2.4. Let (X, T, I) be an ideal topological space and A, B C X. Then the following statements hold:
1)If A € 70 and B is §* — pre — open set, then A N B is §* — pre — open set,
2)If A € T and B is " — B — open set, then AN B is §* — B — open set.

Proof. 1) Let A € T° and B is 6* — pre — open set. Then,

ANB C 8Int(A) N Int(CI° (B)) = 6Int(5Int(A)) N Int(CI% (B))
C Int(5Int(A) N Int(CI%(B))) = Int(5Int(A) N CI%(B))
C Int(CI*(ANB)) (by Lemma[L.})
The proof of (2) are same with the proof of (1). O

Proposition 2.5. Let I and | be any two ideals on a topological space (X, T) with I C ]. If a subset A of X is
0% — pre — (J)open set (6* — B — (])open set), then it is 6* — pre — (I)open set (6* — B — (I)open set).

Proof. Follows from directly Lemma [I.1(5). O

The above discussions are summarized in the following diagram.
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Diagram 1
T — «alO - —= PIO -——  BIO
N | N\ | N

| a0 —— = PO — = BO

1 | } | " |

0*aO — —  J0*PO —— =  6"pO |

N AN { N
ot —— — oPO - = 60O

By aIO,(resp. PIO, BIO, «O, PO, BO, 6*a0O, 6*PO, 6*BO, éa*O, PO, B0O) in diagram, we denote the
family of all « — I — open sets (resp. pre — I —open, p — I — open, « — open, pre — open, B — open, 6* — x — open,
0% — pre —open, §* — B — open, 6 — a* — open, 6 — pre — open, 5 — p — open) of a space (X, 7) and (X, 7, I).

Definition 2.6. A subset A of an ideal topological space (X, T, I) is called
1) A5* —t —set if Int(A) = Int(CI*(A)),
2) A§* — B —set if Int(A) = Cl(Int(CI°(A))),
3) A b —a* —set [6] if Int(A) = Int(6Cl(Int*(A))),
4) A &* —a —set [6] if Int(A) = Int(CI%(Int*(A))).

Proposition 2.6. Let A be a subset of an ideal topological space (X, T, I). The following properties hold:
1). Every 6* —t — set is 6* — a — set,
2) Every 6* — B —setis 0" —t — set,
3) Every 6 —a* — set is 6* — a — set [6]].

Proof. Straightforward from the definitions of the topologies ¥ and % and [6]. O

Remark 2.3. None of them in Proposition[2.5]is reversible as shown by examples below. Also the notions of 6* — t — set
and 6 — a* — set are independent notions [6].

Example 2.5. Let X = {a,b,c,d,e}, T = {$, X, {a},{c}, {a,c}, {a b}, {ab,c}} and I = {¢,{c}}. Then
™ = {¢,X,{c},{a,b},{a,b,c}}and v* = {¢,X,{a},{c},{a,c},{a,b},{a,b,c}, {a,b,d,e}} Take A= {b,c}.
Therefore A is 6* — o — set and 6 — a* — set, but not 6 — B — set and not 0* — t — set since
CI(Int(CI% ({b,c}))) = X # Int({b,c}) and
{c} = Int({b,c}) = Int(CI% (Int*({b,c}))) = Int(6Cl(Int*({b,c}))) = {c}.

In this example if we take A = {c,d} , we obtain that A is 6* — t — set, but not 6* — p — set since Int({c,d}) #
Cl(Int(CI°*({c,d}))) = {c,d,e} and Int({c,d}) = Int(CI°({c,d})) = {c}.

Example 2.6. Let X = {a,b,c,d}, T = {¢, X, {a},{d},{b,d}, {a,d}, {a,b,d}} and

1= {¢ {a},{b},{d},{a,b},{a,d},{bd}, {a,b,d}}. Then v = {¢,X, {a},{b,d},{a,b,d}}and 5 = p(X).
if we take A = {b,c}, then A is 6" —t — set and 6* — a — set, but not 6 — a* — set since
Int({b,c}) = Int(CI%({b,c})) = ¢ and Int({b,c}) = ¢ # Int(6Cl(Int*({b,c}))) = {b,d}.

Definition 2.7. Let (X, t,I) be an ideal topological space. A subset A in X is said to be a 6* — By — set (resp.
0" — Bg — set, 6* — By — set [6], 6 — Ba™ — set [6]) if there is a U € T and a 6* — t — set (resp. 0" — B — set,
0 —a* —set, 0* —a—set) Vin Xsuchthat A=UNV.

Proposition 2.7. For a subset A of a space (X, T, 1), the following properties hold:
1) Every 6* —t — set is 0* — By — set,
2) Every 6* — B — set is 6* — Bg — set,
3) Every 6 — o™ — set is 6 — Ba™ —set [6],
4) Every 6* —a — set is 6* — By — set [I6]],
5) Every open set is 0* — By — set (resp. 6" — Bg — set, — Ba* — set, 6" — By — set).

Proof. Since A = ANXand X € 7, we get 1-4, also if A € T, we get 5. O

Remark 2.4. None of them in Proposition 2.6|is reversible as shown by example below and [I6]].
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Example 2.7. Let X = {a,b,c,d,e}, T = {¢,X,{a},{c},{a,c},{a,b},{ab,c}}and I = {¢,{c}} and T° =
{¢, X, {c} {a, b}, {a,b,c}}. Ifwetake A = {a}, then A is 5" — By — set (6" — Bp — set), but not 6* —t — set
(6* — B — set) since {a} € Tand {a} = {a} N X also Int(CI° ({a})) = {a,b} # Int({a}). In this example, {c,d}
is 0" — By — set and 5" — Bg — set, but {c,d} ¢ T.

By Proposition[2.5, we have the following diagram

Diagram 2
(5*—B/3—set — 0*—By—set — 0" — B, —set
f
0 — Ba™ — set

Theorem 2.1. Let A be a subset of an ideal topological space (X, T, I). Then the following statements are equivalent:
1) A is open,
2) Ais &* — pre — open and 0* — By — set,
3) Ais 6" — B — open and 6* — By — set,
4) Ais * —a — open and 6* — B, — set [6],
5) Aisd —a* —open and 6 — Ba™* — set [6]].

Proof. (1)==-(2). This is obvious from diagrams 1-2 and Proposition 2.6|(5).
(2)==(1). Since A is a 6" — B; — set, we have A = U NV, where U is an open set and Int(V) =
Int(CI°(V)). By the hypothesis, A is also 6* — pre — open, and we have

A C Int(CI%(A)) = Int(CI*(UNV)) C Int(CI% (U) N CI°** (V)
= Int(CI° (U)) N Int(CI%(V)) = Int(CI%(U)) N Int(V).

Hence

A=UNV=UNV)NU cC (Int(CI°(U)) N Int(V))NU
= (Int(CI°*(U)) nU) N Int(V) = UN Int(V).

Notice A = UNV D UN Int(V). Therefore, we obtain A = U N Int(V).
(1) <= (3). The proof is same with (1) <= (2). O

3 Decompositions of continuity

Definition 3.8. Let f : (X,t,I) — (Y,0) be a function. If for each V € o, f 1(V) is a 6* — pre — open set
(6" — B — open set), then fis said to be 0* — pre — continuous (6* — B — continuous).

Definition 3.9. Let f : (X, 7,I) — (Y,0) be a function. If for each V € o, f “Y(V) is a 6* — B; — set (resp.
o — Bg — set, 0% — By — set, 6 — Ba™ — set), then f is said to be 6* — By — continuous (resp. 6* — Bg — continuous,
0* — By — continuous [6], 6 — Ba™ — continuous [6]]).

By Diagrams 1-2, we have the following proposition.

Proposition 3.8. 1) A 6* — Bg — continuous function is 0* — By — continuous,

2) A §* — By — continuous function is 6* — B, — continuous,

3) A 6 — Ba*— continuous function is §* — B, — continuous,

4) A §* — o — continuous function is 6* — pre — continuous,

5) A §* — pre — continuous function is 6* — B — continuous,

6) A 6* — w — continuous function is § — a* — continuous,

7) A § — a* — continuous function is 5 — pre — continuous,

8) A 6* — pre — continuous function is 5 — pre — continuous.

By Theorem 2.1 we have the following main theorem.



E. Hatir / On Some Decompositions of Continuity via §—Local Function in Ideal Topological Spaces 513

Theorem 3.2. For a function f : (X,7,1) — (Y, 0), the following properties are equivalent:
1) f is continuous,
2) fis 6" — pre — continuous and §* — By — continuous,
3) fis 6* — B — continuous and 5" — Bg — continuous.

Remark 3.5. 1) 6* — pre — continuous and 6* — By — continuous are independent of each other,
2) 6* — B — continuous and 6* — Bg — continuous are independent of each other.

Example 3.8. Let X =Y = {a,b,c,d,e}, 11 = {¢, X, {a},{c},{ac}, {a b}, {abc}}, I={¢p {a}} and then
0 ={¢,X,{c},{a,b},{a,b,c}}andalsor, = {¢,Y,{a,b}}. Defineafunction f : (X,1y,1) — (Y, 12) as follows:
fla)=f(c)=a,f(b) =c, f(d) =Db, f(e) = d. Then f is 5* — B; — continuous, but not §* — pre — continuous since
f1({a,b}) = {a,c,d} and {a,c} = Int{a,c,d} = Int(Cl°({a,c,d})) = {a,c}, thus {a,c,d} is 6* — By — set,
but not * — pre — open.

Example 3.9. Let X = Y = {a,b,c,d}, 1 = {¢, X, {a},{c}, {a,c}, {a,d} {acd}}, I = {¢ {b}} and then
0 ={¢,X}, T = tandalsotn = {¢,Y, {b}}. Define an identity function f : (X, 1, 1) — (Y, 72). Then f is §* —
Bg — continuous, but not §* — p — continuous, since f ~1({b}) = {b} and Int({b}) = ¢ = CI(Int(CI’>({b}))),
thus {b} is 6* — Bg — set, but not 6* — B — open set.

Example 3.10. Let X = Y = {a,b,c,d,e}, 1 = {¢, X, {a},{c}, {a,c},{a b}, {abc}}, I = {¢,{a}} and
then T = {¢,X,{c},{a,b},{a,b,c}} and v} = {¢, X, {a},{c},{a,c}, {a,b}, {a,bc}, {abde}} Let n =
{¢,Y,{a,b}}. Define a function f : (X, 11,I) — (Y, 12) as follows: f(a) = ¢, f(b) =a, f(c) = b, f(d) =d,
f(e) = d. Then f is 6* — pre — continuous, but not §* — By — continuous f ~1({a,b}) = {b,c} and {c} =
Int({b,c}) # Int(CI%({b,c})) = X, thus {b,c} is 6* — pre — open, but not §* — By — set. In this example, if we
take same function, Then f is 6* — B — continuous, but not 6* — Bg — continuous since f “1({a,b}) = {b,c} and

{c} = Int({b,c}) # Cl(Int(CI%({b,c}))) = X.

Corollary 3.2. Fora function f : (X, T) — (Y, 0), the following properties are equivalent:
1) f is continuous,
2) fis 6 — pre — continuous and 6 — B — continuous [4].
3) f is pre — continuous and B — continuous [2]].

Corollary 3.3. For a function f : (X, 7,1) — (Y, 0), the following properties are equivalent:
1) f is continuous,
2. fisa — I — continuous and Cy — continuous [4],
3. fis pre — I — continuous and B — I — continuous [2],
4. fis 6* —a — continuous and 6* — B, — continuous [6l],
5. fis & —a* — continuous and 6 — Ba* — continuous [6]].
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