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Abstract

A total product cordial labeling of a graph G is a function f : V — {0,1}. For each xy, assign the
label f(x)f(y), f is called total product cordial labeling of G if it satisfies the condition that |0(0) +e7(0) —
vf(1) —ef(1)| < 1 where v¢(i) and ef(i) denote the set of vertices and edges which are labeled with i = 0,1,
respectively. A graph with a total product cordial labeling defined on it is called total product cordial.

In this paper, we determined the total product cordial labeling of the cartesian product of P, x Cy;, Ciy x Cy
and the generalized Petersen graph P(m, n).
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1 Introduction

All graphs considered are finite, simple and undirected. The graph has vertex set V = V(G) and edge set
E = E(G) and we lete = |E| and v = |V|. A general reference for graph theoretic notions is in [5].

The classic paper of B-valuations by Rosa in 1967 [3] laid the foundations for several graph labeling
methods. For a simple graph of order |V| and size |E|, Ibrahim Cahit [1] introduced a weaker version of -
valuation or graceful labeling in 1987 and called it cordial labeling. The following notions of product cordial
labeling was introduced in 2004 [3].

For a simple graph G = (V,E) and a function f : V — {0,1}, assign the label f(x)f(y) for each edge
xy. This function f is called a product cordial labeling if |07(0) — vs(1)| < 1 and [ef(0) —ef(1)| < 1 where
vf(i) and ef (i) denote the number of vertices and edges labeled with i = 0, 1. Motivated by this definition, M.
Sundaram, R. Ponraj and S. Somasundaram introduce a new type of graph labeling known as total product
cordial labeling and investigate the total product cordial behavior of some standard graphs.

A function f is called a total product cordial labeling of G if it satisfies the condition that |v¢(0) + ef(0) —
vf(1) —ef(1)| < 1. A graph with a total product cordial labeling defined on it is called total product cordial.

2 Preliminaries

Definition 2.1. Let G = (V,E) be a simple graph and f : V. — {0,1} be a map. For each edge xy, assign the label
f(x)f(y), f is called a total product cordial labeling of G if it satisfies the condition that |vf(0) +es(0) —vf(1) —
er(1)| < 1 where v¢(i) and ef(i) denote the set of vertices and edges which are labeled with i = 0,1 respectively. A
graph with a total product cordial labeling defined on it is called total product cordial.
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Definition 2.2. A Cartesian product, denoted by G x H, of two graphs G and H, is the graph with vertex V(G x H) =
V(G) x V(H) and the edge set E(G x H) satisfying the following conditions (uy, u)(v1,v2) € E(G x H) if and only
if either uy = vy and upv, € E(H) or uy = vp and uyv1 € E(G).

Definition 2.3. The generalized Petersen graph P(m,n), m > 3and1 <n < VZJ , consists of an outer m-cycle

uQUy ... Uy—1, a set of m spokes u;v;, 0 < i < m — 1, and m inner edges v;v;, with indices taken modulo m.
Theorem 2.4. [4] C,, is total product cordial if n # 4.

Remark 2.5. [4] The cycle C, is not total product cordial.

3 Total Product Cordial Graphs

This section presents some results of total product cordial labeling on some graphs.
Theorem 3.6. The graph P, x Cj, is total product cordial graph for all m and n except when m = 1 and n = 4.

Proof. Let V(P x Cy) = {v(;j|1 <i < m,1 < j < n}. The order and size of the graph P, x C, are mn and
2mn — n, respectively. Consider the following cases:
Case 1: m and #n are even.
Subcase 1: m is even and n = 4
Define the function f : V(P,, x C4) — {0,1} by:

0, 1<i<m,j=4 or
fog) = iiseven,j =3

1, otherwise.

In view of the above labeling, we have v(0) = 3 and v (1) = 3. On the other hand, the edges of Py, x Cy
with labels zero are the following:

fgpvimy) =0  1<i<m—1,j=34
f0ivij1) =0 1<i<m,j=3 or
1<i<m,iiseven,j=2
f(oi1)oi4) =0, 1<i<m.

In view of the above labeling, we have e¢(0) = =4 and er(1) = Im=4,

Hence, [vf(0) +e7(0) —v¢(1) —ef(l)‘ = |6m —2— (6m —2)| = 0. Thus, the graph P, x C4 is total
product cordial.

Subase 2: m and n are even, (n > 4)
Define the function f : V(P, x C,) — {0,1} by:

0, 1<i<mi+2<j<n or
floiy) = iiseven,j= 45 +1

1, otherwise.

In view of the above labeling, we have v;(0) = " and v;(1) = 245, On the other hand, the edges of
Py, x C, with labels zero are the following:

n

fipoiny) =0, 1<i<m-—1,5+1<j<n

N

) n .
f(v(i,j)v(i,jJrl)):O/ 1§1§7ﬂ,§+1 <j<n—-1 or

iiseven, j =

N =

f(U(i,l)U(i,n)) =0, 1<i<m.
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In view of the above labeling, we have e¢(0) = Zmnonim and e r(1) = Zmnonm,

Hence, ‘vf( ) +ep(0) —vp(1) —ef(1 ’ 3'”” 4 WT_”’ = 0. Thus, the graph P, x C, is total product
cordial if m and n is even, n > 4
Case 2: miseven, (m > 2) and n is odd, (n > 3).

Define the function f : V(P,, x C,) — {0,1} by:
0, 1§i§m,”T+3 <j<n—-1 or

iiseven,j =" or

1<i<%,j=n

1, otherwise.

f(U(i,j)) =

In view of the above labeling, we have v;(0) = "= and vf(1) = ™45, On the other hand, the edges of
Py, x C, with labels zero are the following:

fi i) =0, 1<i<m
1<i<™ i

Sis o, j=mn

n+1

m

n+1

<j<n—-1 or

f(U(i,j)U(i,j+1)) = 0, 1 S i S S ] S n—1 or
n—1

iiseven,lgigm,j:T

m .
f(?f(i,l)v(i,n)) =0, 5 +1<i<m.
In view of the above labeling, we have ef(O) = W—gi“ and e f(l) - W—gi—m—l
Hence, ’vf(O) +e7(0) —vp(1) — ef(l)’ = ’3’”"5”“ —dmon=ll — 1. Thus, the graph P, x C, is total

product cordial if m is even, m > 2 and n is odd, n > 3.
Case 3: m and n are odd, (n > 3).
Subcase 1: If m = 1 and #n is odd, (n > 3), the the graph P; x C, = C,, which is total product cordial by

Theorem 2.4]

Subcase 2: If m = 3 and n > 3, define the function f : V(P; x C,) — {0,1} by

0, i=1,j=1 or
i=1j=mn or
i=22<j<n—1

1, otherwise.

f(v(i,j)) =

In view of the above labeling, we have v¢(0) = n and v¢(1) = 2n. On the other hand, the edges of P; x Cy,
with labels zero are the following:
f(?)(i’]‘>v(l‘+1’]‘)) = 0, i=1 , 1 < ] <n or
i=2,2<j<n-1
fipvijy) =0, i=1,j=1 or
i=1,j=n—-1 or
i=2,1<j<n-1
foayoin) =0,  i=1
In view of the above labeling, we have e¢(0) = 3n and ef(1) = 2n.
Hence, |07(0) +e£(0) —vf(1) — ef(l)’ = |[4n — 4n| = 0. Thus, the graph P5 x Cj, is total product cordial
forn > 3.
Subcase 3: If m and n are odd, (m,n > 5), define the function f : V(P x C,;) — {0,1} by
0, 2<i<™l1<j<n
floa) = { ’

1, otherwise.
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In view of the above labeling, we have v;(0) = "% and v(1) = ™5™ On the other hand, the edges of
Py, x C, with labels zero are the following:

f(0ijois) =0, 1<i< o 1<j<n
. _om+1 .
fGpoen) =0, 2<i<——,1<j<n-1
m+1

f61)2360) =0, 2<i< —

In view of the above labeling, we have e¢(0) = mn and e¢(1) = mn — n.
Hence, ’vf(O) +er(0) — (1) — ef(l)‘ = |3mg=n _ 3mizn| — (. Thus the graph P,, x Cy is total product
cordial if m and n is odd, m,n > 5.

Case 4: mis odd, (m > 5) and n is even.
Define the function f : V(P, x C,) — {0,1} by:

. 1
0, i=211

fogip) = MR <i<m1<j<n
1, otherwise

In view of the above labeling, we have v;(0) = "%~ and v(1) = 4. On the other hand, the edges of
Py, x C, with labels zero are the following:

f(U(i’]')U(iJrl’]‘)):O, TSZSW!—l,lS]STl
. m+1 .

fijoin) =0, i=——,1<j<n—1 or
mT_FS<z<m 1<j<n—-1
. o om—+1

f@Gvim) =0, i=-—5— or
mT_FS<z<m

In view of the above labeling, we have e¢(0) = mn and e¢(1) = mn — n.

Hence, ‘vf(O) +er(0) —vp(1) — ef(l)‘ = |3ma=n _ 3mu=n| — 0. Thus, the graph P, x C, is total product
cordial if m is odd and n is even, n > 4.

On the other hand, if m = 1 and n = 4, the graph P; x C4 = C4, which is not total product cordial by

Remark[2.5] Hence, considering all the cases above, we can say, that the graph Py, x Cj, is total product cordial
exceptifm =1andn = 4. O

Theorem 3.7. The graph C,; x Cj, is total product cordial graph for all m,n > 3.

Proof. Let V(Cyy x Cp) = {U(i,j)|1 <i<m,1<j<n}. The order and size of the graph C,, x C, are mn and
2mn, respectively. To prove the theorem, let us consider the following cases:

Case 1: m is even, n is even.

Subcase 1: If m is even and # is even, (n > 4), we will label the vertices of C;;, X C,, using the function defined
on Theorem Case 2. Accordingly, the number of vertices and edges labeled with 0 and 1 are, ™" and
’””*’” , respectively. The additional edge of C;, x C,, whose label is 0 is f(v ( (m ])) =0, 7+1<j<n
Thus the number of edges labeled with 0 and 1 would be e((0) = Zmiem and e f( ) = 2mam,

v£(0) +e£(0) —vf(0) — ef(O)‘ = ‘3’"7" — 3”17”| = 0. Thus, the graph C,, x C, is total product
cordial if m and n is even n > 4.

Subcase 2: If m is even and n = 4, we will label the vertices of C;; X Cy4 using the function defined on Theorem

Case 1. Accordingly, the number of vertices labeled with 0 and 1 are, 3—’” and —, respectively. The

Hence,
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additional edge of C;;, x C4 whose label is 0is f(v(1,j)0(mj) = O, j = 3,4. Thus, the number of edges
labeled with 0 and 1 would be e¢(0) = %' and ef(1 ) 7m
Hence, |vf(0) +ef(0) —v5(0) —ef(0 ‘ = |6m — 6m| = 0. Thus, the graph C,, x Cy, is total product cordial

if mand nisevenn = 4.
Case 2: mis even, (m > 4) and n is odd, (n > 3).
Subcase 1: If m is even, m > 4 and n = 3, define the function f : V(C,, x C3) — {0,1} by

0, iiseven,j=1,3
Vin) =
fiip) {1, otherwise.

In view of the above labeling, we have v¢(0) = m and v¢(1) = 2m. On the other hand, the edges of C;, x C3
with labels zero are the following;:

foipvic) =0, 1<i<m-1,j=1,3
f(v(z,])v(z‘,jﬂ)) =0, iiseven, j=1,2
f(v(i,l)v(i,?))) =0, iis even
fOajom)) =0,  j=2
In view of the above labeling, we have e¢(0) = %" and ef(1) = 5m_

Hence, |vf(0) +e5(0) —vf(1) —ef(1 )’ ‘97’” - 97’”‘ = 0. Thus, the graph C,, x Cs is total product cordial
if m is even, m > 4.
Subcase 2: If m is even, m > 4 and n is odd, n > 5, define the function f : V(C,, x C,) — {0,1} by

0, 1<i<m™><j<n-1 or

iiseven,j= "H

or
flou) = i=134,...,mj="2 or

1<1<—]_n

1, otherwise.

In view of the above labeling, we have v¢(0) = mn—in-2 and v f(1) = mntimt2 - On the other hand, the edges
of C, x C;, with labels zero are the following:

. n+1 .
f(v(i/]«)v(iﬂ,j)) = 0, 1 S 1 S m — ]., > S ] S n—1 or
1<i<Z, j=n
1
foijoi ) =0, 1<i<m, "o <j<n-1 or
.. . . on—1
llseven,lgzgm,]IT
finoin) =0, 1< <7 >
n—+1 .
f(0@,)0m) =0, - Sjsn

In view of the above labeling, we have e¢(0) = M and ef(1) = Zmn_m=2

Hence,

v +e(0) —vs(1) —ef(1 ‘ = |3 — 3| = 0. Thus, the graph Cy, x Cy is total product cordial if
miseven, m > 4 and nis odd, n > 5.

Case 3: mis odd, (m > 3) and n is even, (n > 4).

Subcase 1: If m = 3 and n > 4, then the graph C3 x C,, = C;;; x C3, which is total product cordial by Theorem
Case 2, Subcase 1.
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Subcase 2: If m > 5 and n > 4, define the function f : V(C,, x C,;) — {0,1} by

0, i:mTH,jisevenor
iZmTH,j=1,3,4,...,n or
f(v(i,j)>: mTJ’SSiSm—l,lgjgn or

i=m1<j<5

1, otherwise.

In view of the above labeling, we have v7(0) = 2-/"=2 and vf(1) = 2542, On the other hand, the edges of
Cm x C, with labels zero are the following:

m+1

f@EHoay) =0 o= <i<sm—1,1<j<n or
i*m_l is even
pr— 2 ,]
1
f(v(i,j)v(i,j+1)):0/ %<1<m—1 1<]<n—1 or
. on
i m,liji2
m+1 .
fGnoin) =0 —5—<i<m

n .
fOm)) =0, Z+1<j<n.

In view of the above labeling, we have ef(0) = 225542 and /(1) = 24512,

Hence, ‘vf(O) +e5(0) —vf(1) —ef(l)‘ = ‘3”’7" — 3| = 0. Thus, the graph Cy, x C, is total product
cordial if m is odd, m > 5 and n is even, n > 4.
Case 4: mand nisodd, m,n > 3

Define the function f : V(Cy, x C,) — {0,1} by:

0, i= m+1,] is odd or

o) mB <i<m—-1,1<j<n or

Viin) =
(1/]) l:m,1§]§ ngl

1, otherwise.

In view of the above labeling, we have v;(0) = %" and v(1) = ™4 On the other hand, the edges of
Cm x Cy,, with labels zero are the following:

fijois)) =0, i= E , jis odd or
mTH<z<m—1 1<j<n

f(ijo+1)) =0, mTH< <m—-1,1<j<n-1 or
z—m,1<]_n;1

f@i1)2in) =0, mTH <i<m

f@@,)o0m) =0, nzléjén

In view of the above labeling, we have ef(0) = 22514l and e (1) = 211,
3mn+l _ 3mn—-1| _ ;
7 - - — L ’ m
Hence ‘v £(0) +ep(0) —vf(1) —ef(1 ’ =M7—| = 1. Thus, the graph C,, x Cj, is total product
cordial if m and nis odd, m, n > 3
Considering the cases above, we can say, that the graph Cy;, x C, is total product cordial forall m,n > 3. O

Theorem 3.8. The generalized Petersen graph P(m, n) is total product cordial graph for all m > 3.
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Proof. Let V(P(m,n)) = {v1,v2,...,02m } where v;, 1 < i < m are vertices of the outer cycle and v;, m +1 <
i < 2m are the vertices of the inner cycle. The order and size of the generalized Petersen graph P(m, n) are 2m
and 3m, respectively. To prove the theorem, let us consider the following cases:
Case 1: m is odd.

Define the function f : V(P(m,n)) — {0,1} by:

flo))=1, i=m+1m+2,...,2m

-1
fvy) =0, i:LL“qﬂE—
0, mTﬁgiSmjl,mzl (mod 4) or
F(oin) mTJ“SSIS ;’1 m=3 (mod 4)
1, i=1,23,..., 41,m51 (mod 4) or
=123,..., 2, m=3 (mod4)

For m is odd, m = 1 (mod 4), the number of vertices labeled with 0 and 1 would be v;(0) = 3mtl and

vp(1) = =1 On the other hand, the edges of the generalized Petersen graph P(m, n) with labels zero are the
following:

f(v2i-102) =0, i:1,2,...,T,m51 (mod 4) or
m—+3 m—1
4 2 , m (mod 4:)
. m—1
f(v2i0241) =0, i=12,..., 5
f(omo1) =0
. m—1
f(v2i02i4m41) =0,  i=12,...,
m+3 . m—1
fo2iav2ipm) =0,  —p—<i<——,m=1 (mod4)
f(vmvm—l-l) =0.
In view of the above labeling, we have ef( )= 7m+1 and e f( ) = 5m4—1.
Hence, |vf (0) + ef (0) - vf (1) - i (1)’ - ’5m2+1 - szil‘ = 1. Thus, the generalized Petersen graph

P(m,n) is total product cordial if m is odd, m =1 (mod 4).
Similarly, the generalized Petersen graph P(m, n) is total product cordial if m is odd and m = 3 (mod 4).
In view of the vertex labeling defined above, we have v¢(0) = =1 and v (1) = 2L On the other hand,

the edge labels of the generalized petersen graph P(m, n) are the followmg,

1
f(v2i-102) =0, i=1,2,...,%,m53 (mod 4) or
m+5 . m—1
— << — =
g Sis——.m (mod 4)
f(omvr) =0
) m—1
f(v2i02i41) =0, i=12...,——
. m—1
f(UZiUZierJrl) = O/ 1= 1/2/- “ey T
m+5 . m-—1
fo2iav2ipm) =0, == <i<—5—,m=3 (mod4)
f(Omvm+1) =0.
In view of the above labeling, we have e¢(0) = m=—1 and e £(1) = L
Hence, we have |vf(0) +e7(0) —v¢(1) — ef(l)‘ = ‘—5’”2’1 — 21l — 1. Thus, the generalized Petersen

graph P(m, n) is total product cordial if m is odd, m = 3 (mod 4).
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Case 2: m is even
Subcase 1: If m = 4k, k € Z™, define the function f : V(P(m,n)) — {0,1} by

flv) =1 i=m+1m+2,...,2m

o mEcicy
Ugi_1) =
fleai1) {1, i=1,23,.. 1
flog) =0 i= 1,2,...,%
In view of the above labeling, we have v¢(0) = %* and vs(1) = 31 On the other hand, the edges of the
generalized Petersen graph P(m, n) with labels zero are the followmg
. _m
f(v2i1021) = 1<i<>
f(omv1) =
. m—2
f(v202i41) = 1=12...,—
m
f(02i02i4m+1) = i=12..., 5 1
m+4 . m
f(v2i-102i4m) =0, <i< o
4 2
f(vmvarl) =0.
In view of the above labeling, we have ef(0) = 7" and ef(1) = m
Hence, |0¢(0) +e£(0) —vp(1) —ef(1 ‘ = ’— — —| = 0. Thus, the generalized Petersen graph P(m, n) is

total product cordial if m = 4k, k € Z*.
Subcase 2: If m = 4k + 2,k € Z™*, define the function f : V(P(m,n)) — {0,1} by:

0, i=m+1 or

f(vi) = M6 < i <m
2
f(v2i) =0, i=1,2,...,mz
. 6
f(vzi1) =1, z:1,2,...,m;r

In view of the above labeling, we have v;(0) = 2 and v (1) = 2m+2 On the other hand, the edges of the
generalized Petersen graph P(m, n) with labels zero are the followmg

m-+ 6

f(vjviz1) =0, T<z<m—1
f(v9i_11v9) =0, 1<i< T+6
f(omv) =0
f(v9v2i41) =0, 1':1,2,...,mT+2
f(02i02i4m+1) =0, i:1,2,...,m2—2
f(omvmi1) =0
f(0ivigmi) =0, mT% <i<m-1.
In view of the above labeling, we have ef(0) = 72 and ¢f(1) = 2.
Hence, |0£(0) +e£(0) —vp(1) —ef(1 ‘ = ’— — —| = 0. Thus, the generalized Petersen graph P(m, n) is

total product cordial if m = 4k +2,k € Z™.

Considering the cases above, we can say, that the generalized Petersen Graph P(m,n) is total product
cordial for all m > 3. O
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