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1 Introduction

Let us consider the functional (see[2]):

b b b
(7, 9) - el RGO (bia / f(x)dz> (bia / g(x)dx> (11)

where f and g are two integrable functions on [a, b].

In [I1], Gruss proved the well known inequality:

(@ —)(V —7)

IT(f,9) < 1 : (1.2)
where f and g are two integrable functions on [a, b] satisfying the conditions
p<fl@)<®,  P<g@)<V¥, oV, 0 ¢PeRxE[ab (1.3)

In the case of f', ¢ € Loo(a,b), S. S. Dragomir (see6]) proved that

b b b 2
1S 9)] < 1F Nl 9 oo / pla)dz / w2p<x>dw—< / xp(w)dx> 7 (1.4)
where

b b
S0 £.9) = 5T(0.00) = [ #(a) [ pla) f@)g(o)da

b b
( / p(x)f(x)dw> ( / p(x)g(x)dz>. (1.5)

|f(z) = fy)| < Mlg(z) — g(y)[; M > 0,2,y € [a,b], (1.6)

If f is M-g-Lipschitzian on [a, b] : i.e.
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Dragomir [6] proved that

2

b b b
SMRMSM’/MMW/p@f@M>(/QWM@M), (L.7)

and if f is an L;- lipschitzian function on [a,b] and g is an Lo-lipschitzian function on [a, b], the author proved

that [6]
b b b 2
S(p. f.9)| < LnLs /mm/x%@M—</mm0 | (18)

Using the Riemann-Liouville fractional integral, many authors have studied the fractional integral inequalities

and their applications( see[ll, 3, [ [5 [6]).

In [5], Dahmani et al. gave the following fractional integral inequalities, using the Riemann-Liouville fractional
integral :

let f and g be two integrable functions on [0, co[ and p, g two positive functions, then for all ¢ > 0, > 0,

|J%q(t)Jpfg(t) + Jp(t)J*qfg(t) — Jpf(t)J%qg(t) — J*qf(t)J*pg(t)]
< JY(t)Jq(t)(® — o) (¥ — )

Morever, if f and g are two lipschitzian functions on [0, co[, we have
|J%q(t)Jpfg(t) + Jp(t)J*qafg(t) — J*qf(t)J"pg(t) — Jpf(t)J*qg(t)]

< Ly Lo(J%q(t)J*t*p(t) + Jp(t) J“t2q(t) — J*tq(t)J*tp(t)).

In [4], Dahmani established a new class of inequalities for the extended Chebyshev functional as follows:
let f and g two differentiable functions on [0, co[ and p, ¢ two positive functions. If f.q e Lo ([0, 00[), then

[7%q(t)Jpfg(t) + Jp(t) T qfg(t) — Jopf ()T qg(t) — TPqf ()T pg(t)|
<N Nloollg oo (Top(E) TP2q(t) + TPq(1) J*2p(t) — 2(Ttp(t))(J7tq(t)),

forallt > 0, > 0, and 8 > 0.
The main aim of this paper is to establish some generalization of these inequalities using g-fractional integrals.

2 Basic Definitions

Throughout this paper, we will fix ¢ € (0,1). For the convenience of the reader, we provide in this section a
summary of the mathematical notations and definitions used in this paper (see [7] and [9] and [12]). We write
for a,b € C,

- (259)o
0;q)o0 = —aq®), a—0b)® =qr—a 0=
@am=T[0-a). @) r

The g-Jackson integral from 0 to a is defined by (see [§])
a oo
/ f(@)dgx = (1—q)a Z flag™)q", (2.1)
0 n=0

provided the sum converges absolutely.
The ¢-Jackson integral in a generic interval [a, b] is given by (see [8])

/a ’ f(@)dgr = /O b f(@)dga — /O " F@)dye. (2.2)

The fractional ¢-integral of the Riemann-Liouville type is (see [12])

1
I'y(a)

(Joof) (x) = / w(x — )V f)dgt; a>0 (2.3)
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where

I‘q(oz):L ; < 4 ) ) eq(qu)dqu, and eq(t):H(l—qkt).

1—¢q 1—¢q o

The g-fractional integration has the following semi-group property

(JP T8 f) (@) = (JSEP f) (2); a>0,8>0. (2.4)
Finally, for b > 0 and a = bg™, n =1,2,...,00, we write

[a, bl;=1{bg": 0<k<n}
3  Main results

Theorem 3.1. Let f and g be two functions defined on [a,b], satisfying the condition and let v, w be two
positive functions on [a, b],.
Then

[ Jgaw(®)Jg v fg(b) + I3, v(0)Jg wfg(b) — Jg v f (b) g ,wg(b) — Jgqwf(b)Jgvg(b)|

< J3av(0) 3, w(0)(® — @) (¥ — ¢)). (3.1)
Proof. From the condition , we have
IF(T) = f) <@ =, [9(1) —g(p)| <V =4, 7,p€la,blg, (3.2)
which implies that
[ (f(T) = f(p) (9(7) = 9(p)) | < (@ = ©)(¥ — ). (3.3)
Define
H(r,p) = f(1)g(7) + f(p)g(p) — f(7)g(p) = f(p)g(T), T,p € [a,bls. (34)
Multiplying by %v(ﬂ and integrating with respect to 7 from a to b, we get
1 b
—qr) @ Dy(r T T
i | 0 ),

= Jgavfa(b) + f(P)9(p) I3 av(b) — 9(p) I g0 f(b) — f(p)Jgavg(b). (3.5)

(
Now, multiplying (3.5) by %w(p) and integrating with respect to p from a to b, we can state that

1 b b - -
— / (b~ )b~ 4p) o)) H (. p)dy7dyp
Tg(a))” Ja Ja
7.aW(b)Jgvfg(b) + Jg,v(b)Jg qwfg(b) — Jg v f(b)Jg wg(b) — Jg qwf(b)Jg vg(b).  (3.6)
Using (3.3]), we can estimate (3.6) as follows

= Jia

1 bob

(T (a))? b—qr) @D (b — gp)“Do(r)w(p)H(r, dytd,

(Fq(a))Q/a /a( qr) (b —ap) (T)w(p)H(T, p) ol

@=)(@=v) [ [
< (Ty(a))? /a/a(b qr)* (b —qp)* “v(T)w(p)dyTdyp. (3.7)

Consequently,
q(la // b—qr a-1) b qp)(afl)v(r)w(p)H(q-,p)qudqp|

< TR0 wb)(@ = @) (¥ — ).

Theorem (3.1 is thus proved. O
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Theorem 3.2. Let f and g be two functions defined on [a,b], satisfying the condition and let v,w be two
positive functions on [a, b],.
Then

5 aw(®) T34 g(b) + I3 0(0) I gwfg(b) — I3 uf (0) ] qwg () — i qwf (0) T3 vg (b))
< T v(0) T gw(b) (P — @) (¥ — ). (3.8)

_gp)B-D
Proof. Multiplying 1} by %w(p) and integrating with respect to p from a to b, we get

// )@ (b — gp) V(T w(p)H (7, p)dgrdyp
:Jﬁa (D)0 f9(8) + T (D) T w0 F () = 5,0 (0)F ,wg(b) = T () Jgravg(b).  (3.9)

On the other hand

( \II w / / )@ (b - gp)? " tu(r)w(p)dyTdep
= Jgv(b)J) ,w(b)(® — @) (¥ — ). (3.10)

Hence

g [, [o-me e
T b—qr) @ V(b — qp) B Vu(r)w(p)H(r, p)dgrd
‘Fq(a)f‘q(ﬁ) " u ( ) ( p) ( ) (p) ( p) q qP|
< Jgav(0) g, w(b)(® = ) (¥ — ). (3.11)
This ends the proof. O
Remark 3.1. Applying Theorem for a = B, we obtain Theorem .

Theorem 3.3. Let f and g be two functions defined on [a,b], satisfying the condition @) and let v, w be two
positive functions on [a,bl,. Then the inequality

T2 qw(b) I3 fg(b) + T3 (b) S ywfg(b) — J& v f(b)JL swg(b) — JL swf(b) I ,vg(b)]
< M[JS,0(b)JP qwg® (b) + I jw(b) I ,vg® (b) — 2] ,ug(b)JF ,wg(b)]  (3.12)
15 valid.

(a-1)
Proof. Multiplying (3.4]) by (b=~ Do(m) 44 integrating the resulting identity with respect to 7 from a to b,

Ty(a)
we obtain
1 b
T (Oé) / (b - qT)(a_l)v(T)H(T? p)qu
q a

= Jg.avf9(b) = f(p)Jg.avg(b) = 9(p)Jg o v f(b) + f(p)g(p)Jgqv(b). (3.13)

—ap) Py . . o . .
Multiplying (|3.13|) by WW@and integrating the resulting identity with respect to p from a to b, we get

/ / )@ (b — gp) V(T w(p)H (7, p)dgrdyp
= J 7w ®) 50 fo) = Jwf (0) T3 vg(b) = v ()T awg(b) + I v (B) T w g(b). - (3.14)

On the other hand, we have
lf(7) = fp)] < Mlg(T) — g(p)|. (3.15)

This implies that
|H (1, p)| < M(g(7) = g(p))*, 7,p € [a,b],. (3.16)
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Hence, it follows that

1

b
T / (b— gr)@Do(r)|H(r, p)|dyr
<M (Jg 097 (0) = 29(p) Jg 4vg(b) + g% (p) Jg v (D)) . (3.17)

Consequently,

b b
Fq(Oé)lfq(ﬁ) / / (b—qn) V(b — qp) P~ Vo(r)w(p) | H (7, p)ldydyp

<t/ " (b a0 (o) [T2,08%0) — 20(0) T2, 090) + (D)5 ®)]) dyp. (319)
=1, J. e 0)]) o

So,

1 b/b
- b—qr) V(b — gp) P Vu()w(p)|H T, p)|d,Td
e L [ 00— e o)l
< Mg, 0(0) ] ;wg? (b) + T w(b) Ig,vg” (b) — 203 vg(b) Ty qwg(b)].  (3.19)
Theorem (3.3) is thus proved. O

In the particular case § = «, we have the following result.
Corollary 3.1. Under the assumptions of Theorem we have
[Jgaw(b)Jg v fg(b) + I3 av(b) g awfg(b) — Jg v f(b)Jgawg(b) — Jg,wf(b)Jg,vg(b)] <
MIJZ0(b) g qwg® (b) + Jg qw(b) Jg vg? (b) — 203 vg(b) I3 ,wg(b)].  (3.20)

Theorem 3.4. Let f and g be two lipschitzian functions on [a,b], with the constants L1 and Lo and let v, w
be two positive functions on [a,bl,. Then, the inequality

|J] aw(B) T v fg(b) + T v (b)) qwfg(b) — J& v f(b)J) swg(b) — Jo v f (b)) swg(b)]
< Ly La(J20(0) T2 o (2w) (b) + T2 (D)2 (720)(b) — 272 (1) () I, () ()
1s valid.

Proof. For all T,p € [a, b]y, we have

lf(m) = fo)l < Lalm —pl,  19(7) — 9(p)| < La|T — pl. (3:21)
Hence
H(r, )| < LiLa(7 — p)?. (3.22)
Setting
R(7,p) := L1Ly(T — p)?, (3.23)
then, multiplying (3.23) by (b_qT)lij;;;l(ﬂbq_(g)p)wil) v(T)w(p) and integrating with respect to 7 and p on [a, b]?, we
get
1 " (a—1) (8-1)
o [ 600 ) Ve up) R g
FQ(O‘)FZI(/B) a a e
= L1 Ly (J2u(b)J2 ,(T2w) (b) + I yw(b) g (T70) (b) — 2J¢ , (T0) (b)JE , (Tw) (b)) .
The result is thus proved. O

Theorem 3.5. Let f and g be two lipschitzian functions on [a,b], with the constants L1 and Lo and let v, w
be two positive functions on [a,bly. The inequality

[Jgaw(b)Jgavfg(b) + Jgav(b)Jgawfg(b) — Jg,wf(b)Jg,vg(b) — Jg v f(b)Jg ,wg(b)]
< Ly La(JEw(B) T8 o (720) (b) + J&qu(b) I8 (T2w) (b) — J& o (Tw) (B) T34 (T0) (b)), (3.24)

q, q9,a

is valid.
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Proof. same approach, we take a = 3 in Theorem [3.4] O

Corollary 3.2. Let f and g be two functions defined on [a,b], and let v, w be two positive functions on [a, b],.
Then, the inequality

[ aw(b)Jgavfg(b) + Ig v (b) 7 swfg(b) — Jgavf(0)J] wg(b) — I3 v f (b)) awg(b)]
< [1Dgfllool1Dggllos (Jgiav(8) T o (T2w) (b) + T3 qw(B) Jg o (T20) (b) = 20 (T0) (D) T (Tw) (b))
is valid, where ||Dghl|oc = supgejqp), |Dgh()]-
Proof. We have
1)~ 1) = [ Dufdst, 9(r) = (6) = [ Dagla,e
p p

SO

|£(7) = F(P)| < 1Dy fllocl = pl and |g(7) — g(p)| < | Dyglloc| — pl
and the result follows from Theorem [3.41 O
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