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1. Introduction and preliminaries

The concept of standard metric space is a fundamental
tool in topology, functional analysis and nonlinear analysis. In
recent years, several generalizations of standard metric space
have appeared (see [4]). In 1993, Czerwik [2] introduced the
concept of a b-metric spaces. Since then, several works have
dealt with fixed point theory in such spaces. In 2000, Hitzler
and Seda [7] introduced the notion of dislocated metric spaces

in which self-distance of a point need not be equal to zero.

Such spaces play a very important role in topology and logical
programming. For fixed point theory in dislocated metric
spaces, see [8] and references therein. In this work, we present
anew generalized metric spaces introduced by Jleli and Samet
in [5] and that recovers a large class of topological spaces
including standard metric spaces, b-metric spaces, dislocated
metric spaces and modular spaces [9, 10].

On the other hand, after the paper [3], several generalizations
of Fisher theorem have appeared. Among them, we find
the results established by Chaira and Marhani [1] for two

mappings on metric spaces by using a function « defined

from [0, 40| into [0, 1] and satisfies limsup a(¢) < 1, for all
t—rt
r > 0. In the same spirit, we establish an extension of Fisher

theorem in the setting of partial ordered generalized metric
spaces and we illustrate our result by an example.

Definition 1.1. [5]. Let X be a nonempty set and
2 : X x X — [0,+e] be a function. For every x € X, let us
define the set

C(2,X,x) ={{x,} CX: lim P(x,,x)=0}.
n—y+oo
We say that 9 is a generalized metric on X if it satisfies the

following conditions:

(21) Forevery (x,y) € X x X, we have:

D(x,y)=0=>x=1y;

(D) Forevery (x,y) € X x X, we have:

2(x,y) = 2(3,%);

(23) There exists C > 0 such that if (x,y) € X? and
{xn} € D(xn,y), then D(x,y) < C limsup Z(x,,y).

n—r—-o0

In this case, the pair (X, D) is said to be a generalized metric
space.
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Definition 1.2. [5] Let (X, P) be a generalized metric space.
Let {x,} be a sequence in X. We say that {x,} is 9 —convergent
in X if there exists an element x € X such that

ngrfw@(xn,x) =0,
ie,

(%) €C(2,X,%).

Remark 1.3. Let (X, 2) be a generalized metric space. Let
x € X. From the condition (23), If C(2,X,x) # 0, then
2(x,x) =0.

Definition 1.4. [5] Let (X, 2) be a generalized metric space.
Let {x, } be a sequence in X. We say that {x, } is a 9 —Cauchy
sequence if

Jim_ 9 x) =0
Definition 1.5. [5] Let (X, D) be a generalized metric space.
X is said to be —complete if every 9 —Cauchy sequence in
X is P —convergent to some element in X.

Definition 1.6. A partial order ”=" in a nonempty set X is a
binary relation which satisfy the three conditions:

(i) x Xxforallx € X;
(ii) x 2 yandy =< zimplies x X z for all x,y,z € X;
(iii) x 2 yandy <X x implies x =y for all x,y € X.

In this case, the pair (X, =) is said to be a partially ordered
space.

Definition 1.7. The partially ordered generalized metric space
(X,=,9) is said to be D—regular if the following condition
holds: “For every nondecreasing sequence {x,} C X, if {x,}
P —converges to x then x,, < x for alln € N”,

Let X a nonempty set and f be a self-mapping on X. We
denote by F(f) the fixed point set of f, i.e.,

S(f)={xeX: fx=x}.

2. Main results

Now let us consider two generalised metric spaces (X, %) and
(Y,A) and endow X with a partial order ” < ”. Let C be the
positive real appeared in the condition (iii) in the definition
of D. Consider a nondecreasing function « : [0, +o0[— [0,1]
such that

e limsupa(r) <1, forall r > 0.
t—rt

e limsupo(r) <inf{l, £}
=0t

Theorem 2.1. LetT : X — Y and S: Y — X be two mappings.
If the following conditions are satisfied:
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(i) Forall (x,y) € X XY such that x and Sy are compara-
ble,we have:

2(8y,STx) < o(A(y, Tx)) max{2(x,Sy),
A(y,Tx),2(x,STx)}

A(Tx,TSy) < a(Z(x,Sy)) max{Z(x,Sy),
Ay, Tx),A(y, TSy)}

2.1

(ii) X is P —complete and 9 —regular;
(iv) There exists an element xy € X such that
x0 < STxo = (ST)*x0 < ... < (ST)"x0 < (ST)"'xp < ...
and
5(S7 T,)C(),@,A) <o
where
8(8.T,x0, 2,A) = sup{ Z((ST)'x0. (ST)'x0),
A(T (ST)'x0,T(ST)’x0) : i, j € N},
then {(ST)"xo} P—converges to some x* € X. If one set
Tx* =y* and suppose that A(y*,Txg) < oo, then Sy* = x* and
so x* € §F(ST) and y* € F(TS). Moreover, Z(x*,x*) =0 and
ALY y") =0
Proof. We divide the proof into four steps:

Step.1. Consider the two sequences {x,} C X and
{yn} C Y defined by

yon=Tx, and x,y; =Sy, forallneN.

For all n € N we have x,, < x,,. 1, then if we take x = x,, and
Yy = yp,, the inequalities (2.1) become

‘@('xﬂJrlranr]) = ‘@(SynasTxn)
< a(A(ynyTxn))max{@(xnasyn)vA()’nyTxn)7
D (xn,STxn)}

and
AWn,Yn+1) = A(Tx,, TSyn)
< (D (xn,Syn)) max{Z(xn,Syn), A(yn, Txn),
A(Yn, TSyn)}-
Thus
@(xn—}—la-xn-&-l) S a(A(ynayn))max{@(-xna-xn-‘rl)a
A(an)’n)}’ (2.2)
A()’na)’nﬂ) < a(@(xmanrl))max{g(xmanrl)v
A(yrnyn)}

Again, if we putin (2.1) x = x| and y = y,,, we obtain

D (ns15%n42) < C(AGn, Yg1)) X
max{@(xn-&-laxn-&-l)>A(Yn7)’n+l)}

AWnt1:Yn41) < (D (Xnt1,X041)) ¥
max{‘@(anr] axn+l)7A(ynayn+])}
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Let us set

M, =max{a(2 (A(Yn,yn)) }-

From (2.2) and (2.3) and since 0 < a(r) < 1 for all > 0,
we get

(xn7xn+1))7

D (%s1,50+2) < MaX{D (%13 %r1)s AV, Yo 1)}
< max{a(A(yn,yn)) max{Z(xn, Xn+1), A(Yn,¥n) }
a(@(xnvxn+1))max{@(xnaanrl)aA(men)}}'

Then
@(xn+1>xn+2) <M, max{g(xmxn—}—l)aA()’m)’n)} 2.4

By the same argument

A(.Vn+17)’n+l) < max{g(xn-s—laxn+1>7A(Yn7Yn+1)}
< max{a(A(y,,,yn))max{@(x,,,x,,H),A(y,,,y,,)},
a(.@(x,,,an))max{.@(xn,an),A(yn,y,,)}}.

Then

AWnt1,Yn41) < Mymax{Z(xn,xn41),Ayn,yn)} (2.5)
From (2.4) and (2.5) we obtain

max{@(xn+l 7xn+2)7A(yn+l s Yn+1 )}

< Mnmax{@(xn,xnﬂ),A(ymyn)}'

Let U, = max{?(xy,xn+1); A(¥n,yu)}. Then for all n € N, we
have
Un+1 S Mn Un S Un~

As the nonnegative sequence {U, } is decreasing, it converges
to some real r > 0. Hence {Z(x,,x,41)} and {A(yn,yn)}
are bounded. So, there exist a strictly increasing mapping
¢ : N — N and two nonnegative reals r; and r, such that
{D(xp(n)>Xp(n)+1)} converges to r and {A(Yg(n), Ve(n)) } cON-
verges to r.

Since limsup a(r) < 1 for i € {1,2}, there exist k € [0, 1] and
t—ri
N € N such that for all n > N we have M(P<n> < k and thus

Ugp(n)+1 < k Uy(y), which implies that r = 0. Therefore,

lim @(xnaxn-&-l) = HETWA(ymyn) =0

n—y+-oo

and from (2.2) we obtain

lim @(xn,xn)— hm A(y,,,y,,+1) 0.

n——o0

Step.2. Let us show that {x,} is a D—Cauchy sequence.
For this, let us fix i and j in N. F_rom (2.1), if we take
x = (ST)""ixg and y = T(ST)" *ix,, we obtain
D((ST)"'x0,(ST)"x0) < Q(A(yn—11i:Yn-145)) X
max{ 2((ST)"™ Fixg, (ST)"*xo),
AT (ST)" Hixo, T(ST)" " xy),
D((ST)"™"x0,(ST)" x0) },

then

P((ST)"*'x0, (ST)" " /xo)
S (X(A()’n—1+ia)’n—1+j))6(5a T7 (ST)’171XO, @aA)
2.6)

and if we take x = (ST)"*/xg and y = T (ST )"~ *xy, we ob-
tain

A(T(ST)"™ 30, T(ST)"*x0) < &2 (¥ j 50 11)) X

max{ (( )n+ij (ST)n+i ),
A(T(ST)" " xo, T(ST)" o),
( ( )n 1+1xO T(ST)n-H )}

Then

A(T (ST)" xo, T(ST)" " xp)

<UD (s jsXnri)) (S, T, (ST)" 130, 2,4)  (2.7)
From (2.6) and (2.7) we have
8(S,T,(ST)"x0, Z,A) < B8 (S, T, (ST)" 'x0, 2, A),

where

Bn - Sup{a(@(xnﬂ,xnﬂ))aa(A(yaniayanj)) : l,] €
N} <1, foralln>1.

Then {8(S, T, (ST)"xp,D,A)} is decreasing and bounded be-
low. So, it converges to some real [ > 0.

Again from (2.6) and (2.7), we have for alln > 2

8(S,T,(ST)" 'x0, 2,A)
6(55 T?‘x07 @7A)

g(xﬂijaanri) <
<

and

(S,T,(ST)" 'x0,2,A)

AXp—14j,Xn—14i) < 8
< 8(S,T,x0, 2,A).

Since o is nondecreasing, then 8, < a(8(S, T, x9,D,A)). Thus

6(S,T,(ST)"x0, 2,A)

a(8(S,T,x0,2,A)8(S,T,(ST)" 'x0,2,A),

which implies that

[= lim 8(S,T,(ST)"x0,7,A) =0

n—r—+oo

And since for all n,m € N,

g(xmanrm) = _@((ST)”X(), (ST)nerX())
< 8(S,T,(ST)"x0, 2, ),

then 1iI£ D (Xn,Xnt+m) = 0. Which implies that the sequence
n—s—~oo

{xn} is D—Cauchy. As X is D—complete, there exists x* € X

%

40
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such that lim 2(x,,x*) = 0.
n—r—+oo

Step.3. let us put y* = Tx*. Since X is Z—regular and {x,} is
nondecreasing and Z—convergent to x*, then for eachn € N
we have Sy,_; = x, < x*. In (2.1), if we take x = x* and
Yy = yn—1 We obtain

A(y*myn) = A(T'X*a TS)’n—l)

< (D (x*,xy)) max{2(x*,x,), A", Yu—-1), AYn—1,¥n) }-

Since limsup a(¢) < 1, there exist k; € [0, 1] and N} € N such
t—0t
that for all n > N, we have

A()’*J’n) < kl max{‘@(X*vxn)vA(y*7yn—1)?A(yn—hyn)}

If we suppose that {A(y*,y,)} does not converges to 0, then
since

Jim 20 x,) = Hm A(va-1,yn) =0,
there exists N> € N such that for all n > N,

@(X*axn) S A(y*7yn*1) et A(ynflvyn) S A(y*uynfl)
Hence for all n > max{N;,N,} = N’ we have
A", yn) < ki A yu1) <KV AGE yw).
Therefore lim A(y*,y,) = 0, a contradiction.
n——-o0

Aslimsup o(t) <inf{l, £}, there exist k, € [0,inf{1, ;}|
=0t
and N3 € N such that for all n > N3 we have

a(A(Ynflyy*)) <kp.

Since lirf P (x*,x,) =0, then, using (D3), there exists C > 0
n— o0

such that

D(x*,8y") < C limsup D (x,,Sy").
n

Then
2(x*,Sy*) < C limsup Z(Sy,—1,STx")
n

< C limsup &(A(yn—1,y")) %

n—y—+oo
max{Z(x*,x,),A(yn—1,5"), Z(x*,8y*)}
< Ckylimsupmax{ 2 (x*, x,), A(yn—1,¥"), 2(x*,Sy*) }

n

< Ckr2(x*,Sy").
Thus Sy* = x* and consequently STx* = x* and T Sy* = y*.
Step.4. Using Remark 1.3, since {x, } € C(2,X,x*) # 0, then
P (x*,x*) =0 and since {y,} € C(A,Y,y*), then
A(y*,y*) =0.
O

The following proposition asserts the uniqueness of the pair
(x*,y*) in the above theorem.

650

Proposition 2.2. If there exists an other pair (x,y) satisfying
the results of the above theorem such that

D(x*,x) < oo and A(y*,y) < oo
then (x,y) = (x*,y").
Proof. According to the system (2.1) we have
{ 2 (x*,x) < a(A(y*,y)) max{Z(x,x*),A(y*,y)}
AL,y") < a(Z(x,x")) max{Z(x,x*),A(y",y)}

Then,
{ 2 (x*,x) < a(A(",y)) AD",y)
Ay,y") < a(2(x,x")) Z(x,x7)

If we suppose that x # x*, then 2(x*,x) # 0 and according to
the above system we have

P(x*,x) < D(x",x),
which is a contradiction.

If we suppose that y # y*, then A(y*,y) # 0 and we have

Ay",y) <AGY),
which is also a contradiction. Then (x,y) = (x*,y"). O

Remark 2.3. The standard metric is a generalized metric
with C = 1. So, in the case where 9 = d and A = & are two
standard metrics and o is a constant function, we obtain the
following result proved by Fisher [3] in 1981.

Corollary 2.4. Let (X,d) and (Y,8) two metric spaces such
that (X,d) is complete. Let T :X —Y and S:Y — X two
mappings such that, for all (x,y) € X XY,

{ d(Sy,STx) < cmax{d(x,Sy),8(y,Tx),d(x,STx)}
6(Tx,TSy) < cmax{d(x,Sy),0(y,Tx),8(y, TSy)},

where ¢ € [0,1]. Then there exists a unique pair (x*,y*) €

X X Y such that Tx* = y* and Sy* = x*. And then STx* = x*
and TSy* = y*.

Example 2.5. Consider the two spaces X = [0, 1] and

Y = [0,2] ordered by ” < the reverse of the usual order.
Consider the two mappings T : X — Y and S : Y — X defined
as follows:

Tx=x+1, forall x € X and Sy=0, forally €Y.

Consider the two mappings 2 : X x X — [0,4o0] and A :
Y XY — [0, 4] defined as follows:

{ D(x,y) =xy+y(x+y), if xy#0;
-@(x’y):ﬁ(x+y)a if xy=0.

where y, B €]1,+oo| such that y < B and

5 ifx,y€l0,2];
A(x,y) =14 +oo, if (x,) € ({0}x]0,2])U(]0,2] x {0});
0, ifx=y=0.
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1. Let us show that (Y,A) is a generalized metric space.
It’s easy to show that A verifies the two first conditions (A;)
and (Ay). Now, let (x,y) € Y? and {x,} € C(A,Y,x), i.e

lim A(xn, x)=0.

n——+

If x =Yy, then A(x,y) = 0 =limsupA(x,,y). So, let us assume
n—y—-oo0

that x # y and distinguish three cases.

Casel. If x # 0, then, by considering the set K = {n € N :

Xn # 0}, we have

[xn—x|

ifnek;
A , = Xxp 0 ’
(X, X) { feo,  ifnéK.

If we suppose that N\ K is infinite, there exists a subsequence
{xa(n)} such that A(xy(y),x) = +eo, for all n € N, a contra-
diction. Hence N\ K is finite. Then there exists N € N such

that x, # 0 for alln > N.
Ify =0, we have A(x,y) = 4o = limsupA(x,,y). Now, as-
n—-+oo

sume that y # 0. Thus for alln > N

1 1 1 1 I 1
Ay) =Is = oIS | = — 1
X X Xn Yy

< A(xnax) +A(xnay)-

By passing to the limit superior, we get A(x,y) < limsupA(x,,y).

n—y—+oo
Case2. If x =0, then K is finite. If not, then there exists a

subsequence {x,,(,) } such that A(x,y),x) = o, a contradic-
tion. Hence there exists N' € N such that x, = 0 for alln > N'.
Therefore, A(x,y) = o0 = limsupA(x,,y).

n—s+oo

In both cases, A(x,y) < limsupA(xy,y). Which shows that A
n—r+oo
is a generalized metric.

2. Let us show that (X,9) is a 9—complete generalized
metric space.

(D1): Letx,y e X. If Z(x,y) =0, thenx =y = 0.

(D): forall x,y € X, D(x,y) = D(y,x).

Let us prove that 9 satisfies (23). We can see easily the
following equivalence:

C(2,X,x) 0= x=0.

Let us consider C = % Lety € X and {x,} C C(2,X,0) we
have

2(0,y) = By =Cyy < CZP(xy,y), for eachn € N.

Then 2(0,y) < Climsup Z(xy,y), which proves (Z5).
n——+oo
Now, let {x,} is a 2—Cauchy sequence in X. From the in-

equalities
-@(xmxm) 2 Xn Z 07

we get lim x, =0. Hence lim 2(x,,0) =
n——+oo n—r—+oo

that (X, 2) is D —complete.
3. The 9 —regularity of X is evident.

0, which proves
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4. Let show that S and T verify the system (1)
Consider the mapping o : [0,+o0[— [0, 1] defined by

o(x) = :

x+B
One can see that limsup a(t) < 1, for all r > 0 and
t—rt
Yy 1 . 1
limsup o (t) = —<— — =inf{l, -
mope =g <p e mite)
Forallx e X andy €Y, we have
() x B

Since 7 = A(Tx,TSy) and Bx = P(x,Sy), then

A(Tx,TSy) < a(2(x,Sy))D(x,Sy)
< a(Z(x,Sy)) max{Z(x,Sy),
A(y,Tx),A(y, TSy)}.

And since 9 (Sy,STx) = 0, we obtain the system (1).
5. If we take xo = 1, we have for all (i, j) € N?

2(0,0) =0, ifi#0and j#0;
D((STYx0,(STYx0) =4 Z(1.1) =142y, ifi=j=0
2(1,0) =B, ifi=0and j#£0.

and

A 0
A(T(ST)'x0,T(ST ) x0) =< A(2,2)=0, if i=j=0;
A 1
2

Hence 6(S,T,x0,2,A) < oo.
6. Since (ST)"xo =0 for alln € N, then

x0 = STxg =< (ST)x0 < ... =< (ST)"x0 < (ST)"1xg < ..

7. the sequence {(ST)"xo}P—converges to 0, TO=1 and
S1=0. then 0 € §(ST) and 1 € F(T'S).
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