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1. Introduction vxyt) = gxy1).
Burgers’ equations are a special case of the Navier-Stokes Here

equation. Burgers’ equations are an important differential
equation from fluid dynamics, and are used to describe various
natural phenomena such as mathematically shown that the

turbulence and modelling of gas dynamics, shock waves, etc.

Numerical methods for Burges’ problems: finite-element,
finite-difference methods, spectral methods. Superpositions
for nonlinear differential operators constructed in 1893 by
Vessiot [10]. Key references can be found in [10, 11]. In
this study, we use the superposition principle for nonlinear
Burgers’ equations.

Consider 2-dimensional nonlinear Burgers’ problem taken
from [2],

o "ox Yoy TR\ 92T 92 '
v dv  dv 1 /9>

Q={(x,y):a<x<ba<y<b0<t<T}

dQ denotes the boundary of Q, u(x,y,t) and v(x,y,t) are the
velocity components to be determinant f,g1 and f, g are
known functions and R is Reynolds number.

The analytical solution of equation (1.1) and (1.2) were
given by Fletcher. Fletcher used to the transformation Hopf-
Cole [3]. Fletcher made a comparison of the different numer-
ical methods [4]. Wubs and Geode have made an expilicit-
implicit method [5], Goyon used the many multilevel meth-
ods used by ADI [6]. Bahadir used the fully implicit finite-
difference method[3]. Srivastava et al used The Crank- Nicol-
son scheme [7].

In this paper, an iterative method is presented to find nu-
merical solutions problem. We use the superposition principle
for nonlinear partial equations [10, 11].

Q denotes the domain

Q:={(x,»1):0<x<1,0<y<1,0<t<T}
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Partial differential equation (1.1) can be solved by splitting
it into two one dimensional equation from [10] rather than
discretising the complete two-dimensional Burgers’ equation
to give an aproximating equation based on two-dimensional
computational molecule, as seen [8]. Let consider

M.X ~ f(x7t’u)
uy =~ f(ntu).

We can write equation (1.1) as equations (1.5) and (1.6)

1 1
Eu,—ﬁuxx:uf(x,t,u),(x,t) =X9) (1.5)
1 1
Eu,—ﬁuyy:vf(y,t,u),(yJ) e (1.6)

Applying the same estimations for equation (1.2) we can
write as equations (1.7) and (1.8)

1 1

Evt_ﬁvxx:ug(xatvv)a(xvt)GQ' (1.7)

1 1

Evt_ﬁvyy:\/g(y,l,\/),(y,t)GQ (18)
with the periodic and initial boundary condition

M(X,O) - (P( ),u(y,O) = (P(y) X,y € [07 1]

u(0,1) = u(1,t),u,(1,t) =0 forx

w(0.0) = u(1,6),uy(1,1) =0 fory (1.9)

v(x,0) = o(x),v(,0) =@(y) x,y €0,1],

v(0,8) = wv(1,1),v(1,7) =0 for x

v(0,1) = v(1,1),vy(1,t)=0fory

The functions @(x), @(y) and f(x,t,u), f(y,t,u), g(x,t,v)
and g(y,t,v) are defined functions on [0, 1] and dQ X (—oo, o0),
respectively.

{u(x,1),v(x,t),u(y,1),v(y,1)} are solutions. The periodic
boundary conditions are encountered very often [1].

Definition 1.1. {u(x,t),v(x,1),u(y,t),v(y,t)} from the class
(C21H(Q)NCHO(9Q)) is defined the classical solution of sys-
tem (1.5)-(1.9).

2. The Fourier Method for Burgers’
Problem

Let these conditions are valid:
(al) o(x), @(y) € C[0, 1],

?(0) = ¢(1), (1) = 0,0(0) = ¢(1), 0,(1) =

676

(a2) Let f(x,t,u) ,g(x,t,v), f(»t,u) and g(y,z,v) is con-
tinuous

ey
\f(xtu) = flx,t,@)] < Lix,t) [u—ad 2.1
|g(x,t7v)—g(x,t,®| < L(x=t)|v_‘7|7

where L(x,t) € Ly(Q), b(x,t) >0,

ft,u) =fyt@)| < Lyt) |lu—a 22
|g(y,t,v)—g(y,t,®| S L(y7t)|v_i;|

where L(y,t) € Lp(Q), L(y,t) > 0,

(2) f(x5t7u)7g(x’t7v) e C[O’ 1}7 t£[07 T]7

(3) f(x7t7u)|x:0 = f(x7t7u)|x:17 fx (xJﬂM)‘x:l = 07

g(x7lav)|x:0 = g(x’t7v)|x:1 ’ gx(x7t>v)|x:l :O
“4) f(y,t,u),g(yt,v) €C[0,1],€[0,T],

(5) f(yvtau)|y:0 = f(yvtau”y:la fy (yat7u)|y:1 :07

g(yat7v)‘y:0 = g(yat7v)|y:1 ) gy (y,t,v)|y:1 = 0
By Fourier method ,the solution of (1.5)-(1.6) and (1.7)-
(1.8):

S

ulxt) = 5=+ X g (1) cos 2kt ugg (1) sin2a] (23)
=1

T - "02(') 4 Y [eg () cos 2ke +vgy (1) sin2kx]
=1

u) = @+ [t (1) cos 2ky + 1 (1) sin 2k 4
=1

Vo) = VOT“)+ Y [vek (1) cos2ky + vy (1) sin2ky] ,
=

For equation (1.5) Fourier coefficient is:

o\_‘

1
+ [ [ outaB) s (aButap))déds.
0

w0 =
2 t1 2
—(27k)

) = eye ’+//u<aﬁ £ (oo B))sin2kae — K% dadp, @5)

00
—Quk? 11 —(nk)?
w10 = ey —amigy)e T Ky //au(aﬁ)f(a.ﬁ.u(a.ﬁ))coszkaeT<”’)tzadﬁ
00

t1 (2 )
—47[1\:‘//u (@) f (e oo B))sin2kore — R D drap
00

For (1.6) equation Fourier coefficient is:

t1
W) = (po+.//lv(/\./3)f(l.B.u()../S))Mdﬁ. @6
—em? —em?
vpt) = @ye R +// (A.B)f (A.B.u(r.B))sin2ka e — K dAdp.
00
zmz tl —@m?
k1@ = (e~ o) e '+//xv(A;/s)/’(x.ﬁ.u(a;/j))coszme ® Darap
00
t1 —(2 k)2
—4nkr//lv(Z.ﬁ)f(l./}.u()..ﬁ))sinZkle g*(”’)(muﬁ @n

00

Same estimation for Fourier coefficient to (1.7)-(1.8) equa-
tion.
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Definition 2.1 Let {u(t)} = {uo(z)‘zazk(t),uz,P](r).k: 1,.“."}. is satisfied that

2omas,. Jug (1)] +4 )2 (ngér\uzk 1))+021&<XT‘u2k,1(1)D<m.byB],Lel

u(r)|| = 2 max_|ug(t)|+4 max_|u + max ‘u , be the norm in By .
@)} = 2 max, Jug (0] Z (0< ol O]+ max e 1())) 1
By is called the Banach spaces.

Denote the set {v(1)} = {\-0(1).v2k(z),v2,‘, Lk =1, n} is satisfied that 2 max (o) +
<t<

4 ma 1)+ ma _1(t)| ) <o, byBy. Let
L <0<<’~T\‘2k()\ o= gr‘vzk 1()‘) o, by By. Le

v = 2m4x vo(t)|+4 max (v 1)+ max_ v / , be the norm in By.
0= e s0(0 +4 £ (max {0 mas [ 0] ) e she norm n B

B, is called the Banu(h spaces.

Theorem 2.2. If (al)-(a2) are satisfied then the equation
(1.5)-(1.9) has a unique solution .

Proof.

11
W ugo)(z)+//au (@)1 (a.p.uN)(@.p)) dadp, 238
00

u(ZII:H])(t)

0 t1 7(2”1()2
M(Zk)(z)+//u (@87 (@.8,uN) (@, p)) sin2kg e~ R =9 40ap,
00

—(2mk)?

t1
D) Q) +//au (@)1 (a.B,uN) (@.p)) cos2ts e~ R =7 4oap
00

—(2mk)?
4nkz//u(N> (@.B)7 (@B, (@.5)) sin2k e e =% 4aap. 29
00

—(2mk)? —(2mk)?
W0 = o) 0= e F ) ()= (oyg —dmkroy)e K

From the theorem (%) (1)eB , 1[0, 7).
For N=0 in the above equation and using Cauchy inequal-
ity, Lipschitzs condition and taking the maximum, we have

2 max
0<t<T

0] <2lo0 + 2T Iy O 05 +2VT [0 170 0.

Applying Cauchy, Bessel, Holder, Lipshitzs conditions and
taking maximum:

M)

“7k

e
o, + 3

4 Z max <4 Z \WH— IECenly )‘ 40 (¢

W) HB 17,0l (g2) -

According to the same estimations ,

4 Z 052y L0 < 4,{; Jon |+ @EI o
+ (@ +4f2T) 160 () H“(O) (/)Hil
(f L +MT) [y 176000
[Pl = Do ol
- e "

Pok

4\‘1’0“821(\0’2/(““#2%1‘)*@k)::
(zf+ 23R +4fl>HL(erL Hu H

+ovr s 228 Lavar u(o) 1)“ 17,0l 1, (@)

I,

+ovr s 228 Lavar (0)

(
+(m+
(

w) 16y [0, [0

Hf(}‘-',())HLz(g) .

From the theorem u(!)(¢) € B;.
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Same estimation for NV,
o,

4fT

IA

ool 4 £ (lol o)+ 257 £ [ol

(2.10)

(of+ 2V3R +4fr) lete.0ly D)H N 1) HB

Hf(«\‘-’,o)HLZ(D)

+(2vT+ 22 sz +4\f7) H (V) (1) HB

+4\f7> Il D)‘u(N)(t)HBI HV(N>(1)HBZ

+(avTy 23R

+<2ﬁ+
( Hf’)” M0 5, 17040y ) -

Since ™) () € B; and according to the assumptions of the
theorem, we obtain u™*+1(r) € By,

{u(t)} = {uo(t),u2k(r).u2k7| (1), k= 1.2,...} cBy.

Same estimation for (1.7)-(1.8) equations

D))= {vo(z),vz,((z),vz,(,I (), k= 1,2....} €B,.
Now we show that uN+D (¢ ) and vN+1)(r ) converge in B;
and By(N — o).

Applying Cauchy inequality, Bessel inequality , Holder in-
equality,the Lipshitzs condition , u") (r) — u(©) (¢) for equation
(1.5)-(1.6):

Ap = (zﬁ+ @ +4¢§r> (HL(x,r)HLZ(D) [« (I)H;l + [ (,)HBI \f(Jr‘r.O)HLZ(D))v

[V - )], <ar

B = (zﬁ 23R +4fr> (HL(\ iy [ 0) HB 700l () )\ (f)HBZ-

Hu(l)(t)—u(o)(r)Hz <Br

IN

Hu(l)(t)—u(o)(r)HB Hu“)( 0 (1) H +H1¢ - (1)H2
1

< A7 +Bp
For N :

HH(N+])(1) —u™) (r)Hl

IN

ﬁ

(zf+ 2V3R +4fr) Hz(.r,z)uyz(m

IA

N
H w+1) g :)H2 f (2f+ 23R +4\/§T> HL(_V,I)HQ’Z(Q) @11

(2.12)

[0 -] < (zm 23R +4fr) 010 L

N
(zf+ 2V3R +4ﬁ7> HL(y,z)HQ’Z(Q) %

uNH) 5 4y N) for N — oo, for (1.5)-(1.6)
Same estimations for (1.7)-(1.8)

-],

N
2V3R A
< (2\/T+T+4\/§7) HL(;,r)ng((n \/% 2.13)

N
+ <2ﬁ+ @ +4\/ET) HL(y,I)Hyz(Q) %.

im D (1) = u(e), tim v VD (1) = v(r).
N 0=, Jim V@) =0

oo
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Same estimations and using Gronwall’s inequality

(N+1)
ﬁ(zﬁ\ —2‘?R <4ﬁ1’) IL(x

N A
@) Vi

Hu(!) 14(N+1)(I)HB <
1
2
xexp2 (7ﬁ+ 23k +4sz> HL(x.z)\N*(‘ )

(N+1)
+ﬁ<zﬁ+ —2‘?"’ +4ﬁr> L0V + L3

15(@) VA
xexp2 (2f+ 23R +4fr> HL(,"-’)HILVZ‘(}Z)-
(N+1) 2
Hv(r) ‘,(NH)(,)HBZ < ﬁ(2ﬁ< @ »4\/21') HL(:I)HZ;’;Z) \}

xexp2 (2f+ 23R +4ﬁr> HL(;.;)HQ’Z‘(}D

(N+1) 2
1 Bp

wa <zﬁ+ 23k +mr> o1y T

2
2/3R
xexp2 (2ﬁ+ # +4ﬁr> L0, r)ug“m

u™ D (1) and vV (1) (N — o) converge in By and B,
respectively.

For the uniqueness, (u,v) and (%,
problem. If the same estimation is used, |u(r)

v(1) =v(0)].

() w0, < (zﬁ+ 23k +4ﬁr> (I3, 1Dl 2y () + 918y 1040, () te) =) 5,

V) are two solution of
—u(t)| and

From Gronwall’s inequality u(r) = u(z).
Same estimation for [|v(#) —(t)| 5, ,we have v(t) = v(r)
O

Theorem 2.3. Solution (u,v) of the problem (1.5)-(1.9) de-
pends continuously on the data ¢ under assumptions (al)-(a2)

Proof. By using same operations, we obtain:
) =awlg, < lo-9l?

V3R 2
xexpz<zf+—+4fr) {HI‘(.\'.I)HLZ(Q)+H1‘(y.l> ‘Lz(g)} .

o -70lg, < lo-9l

2 2
X exp2 <2ﬁ+ @ +4f2'r) [HL(x.r)H + HL()’,I)HLZ(QJ .

L (Q)
For ¢ - @thenu —uandv —v. U

3. Numerical Method

In this Section, we construct the numerical solutions of prob-
lems (1.5)-(1.9). In order to solve these problems numerically,

we have to use linearization of the nonlinear terms:

1 1 _

Eu,( ) ﬁufﬁx) =y )f(x,t,u(" 1>),(x,t) cQ @31
Lw_ 1 m (n—1)

iu, — ﬁuw =vf(y,t,u ),(y,1) €Q (3.2)
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T 1 w_ (n—1)
2v, ZRVXX = ug(x,t,v ), (x,1) € Q 3.3)
1w 1 .
EVE ) 2RV$))’)_V( )g(yat7v( 1)),(y,f)€Q (34)

Lot .) =ut) ) =) 1) =v(50),
pl )(y7 )—v(y, )andf(x’tvun 1)) f(x t) f(y7t’u(n71)):

f(y7 ), g(x,t,v( )) = .g(x,1), g(y7t,v( _1)) = .g(y,1). After
this transformation, we obtain a linear problem:

Sl = Sl = uf(x,1),(x,1) € Q (3.5)
= oy =), ) € @ (3.6)
2”[ 2R =V ya a .
= v = ), (v) € © 6
zvt 2vax_ug -x7 ax7 .
1 1 -

Evt - ﬁ‘}y} = Vg(y7l)v(y7t) €Q (38)

with the conditions (1.9).

We divide the intervals [0, 1] and [0, 7] into subintervals
N, and N;. We obtain equal lengths & = N% and T = Nlt We
use implicit finite-difference approximation for discreazing
equation (3.5):

Lok 1 k1 k k k ck
2 (“ﬁ —“i> “212R (”i:ﬁ _2“i+1 +uii11> =u;fi,

3.9)
where 1 <i <N, and 0 < k < N, are the indices, uf? =
(x,,tk) f f(x,,tk) ih, k= kT.
‘We obtain
—Pul + (14 2P) ™ — Pl = uf (14 27) fF

where P = hZLR' By using Gauss Elimination Method, we
can solve this equation. Equations (3.6), (3.7) and (3.8) can

be solved in a similar way.
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