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The combined of Homotopy analysis method with
new transform for nonlinear partial differential
equations
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Abstract

The idea proposed in this work is to extend the Aboodh transform method to resolve the nonlinear partial
differential equations by combining them with the so-called homotopy analysis method (HAM). This method can
be called homotopy analysis aboodh transform method (HAATM). The results obtained by the application to the
proposed examples show that this method is easy to apply and can therefore be used to solve other nonlinear

partial differential equations.
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1. Introduction

Nonlinear equations are of great importance to our contem-
porary world. Nonlinear phenomena have important applica-
tions in applied mathematics, physics, and issues related to
engineering. Despite the importance of obtaining the exact
solution of nonlinear partial differential equations in physics
and applied mathematics, there is still the daunting problem
of finding new methods to discover new exact or approximate
solutions [5]. So we find that a lot of researchers are working
to develop new methods to solve this kind of equations. These
efforts have strengthened this area of research through many
methods, among them we find, homotopy analysis method
(HAM). This method was developed in 1992 by Liao Shijun

of Shanghai Jiaotong University ([10]-[13]). Then, a new
option emerged recently, includes the composition of Laplace
transform, Sumudu transform, Natural transform or Elzaki
transform with this method to solve linear and nonlinear ordi-
nary partial differential equations. Among which are the ho-
motopy analysis method coupled with Laplace transform ([1],
[2], [8], [14], [18], [19]), homotopy analysis Sumudu trans-
form method ([3], [16], [17]), homotopy Natural transform
method ([9], [21]) and homotopy analysis Elzaki transform
method ([20], [22]).

The objective of the present study is to combine two pow-
erful methods, homotopy analysis method and Aboodh trans-
form method to get a better method to solve nonlinear partial
differential equations. The modified method is called homo-
topy analysis Aboodh transform method (HAATM). Three
examples are given to re-confirm the effectiveness of this
method.

The present paper has been organized as follows: In Sec-
tion 2 Some basic definitions and properties of the Aboodh
transform method. In section 3 We give an analysis of the
proposed method. In section 4 We present three examples
explaining how to apply the proposed method. Finally, the
conclusion follows.
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2. Basic definitions and theorems

In this section, we give some basic definitions and properties
of Aboodh transform which are used further in this paper.
A new transform called the Aboodh transform defined for
function of exponential order, we consider functions in the set
A, defined by [7]

A={f()

For given function in the set A, the constant M must be
finite number, k| ,k, my be finite or infinite.

1IM, kiky >0, |f(1) <Me™}. (2.1

Definition 2.1. The Aboodh transform denoted by the opera-
tor A (+) defined by the integral equation

AU =KW = [ e an, 120k vk @2)

We will summarize here some results of simple functions
related to Aboodh transform in the following table [7]

f@) JAF@OL | f@) | ALf@)]
1 = sinat W
t V% cosat ﬁ
" Vﬂz sinhat ﬁ
e | = 1 — coshar ﬁ

Theorem 2.2. Let K(v) is the Aboodh transform of f(t), then
one has

ALF(1)] = vK(v)— @, 2.3)
alf @] = ko) - L9y 4
A [ ) } VK (v i (2.5)
Proof. (see [7]). O

Theorem 2.3. Let K(x,v) is the Aboodh transform of u(x,t),
to obtain Aboodh transform of partial derivativewe use inte-
gration by parts, and then we have

dulx,1)] u(x,0)
A [ > } =vK(x,v) — - (2.6)
82 .1 10 ’O
A [gg)} =K (x,v) — " u(axt ) —u(x,0), (2.7)
Proof. (see [4]). =
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Theorem 2.4. Let K(x,v) is the Aboodh transform of u(x,t),
then one has

A[ 5] — k)= L e

Proof. To demonstrate the validity of the formula (2.8), we
use mathematical induction.
If n =1 and according to formula (2.8), we obtain

i

So, according to the (2.6) we note that the formula holds
whenn = 1.
Assume inductively that the formula holds for 7, so that

9"u(x,t)
"

auxO) 28

du(x,t)
ot

u(x,O).

1%

} =vK(x,v) — (2.9)

and show that it stays true at rank n+ 1. Let angt(ff’l) =
w(x,t) and according to (2.6) and (2.10) , we have
= A [awé:’t)} =vA (w(x,1)) — W():’ 0)
— v |VK(x) _:Z:) v2_1n+k akua(t)z, 0)] _ W()‘C},O)
— VIR _:Z;) V171n+k kag(;, 0) % &"L;(t);, 0)

Thus by the principle of mathematical induction, the for-
mula (2.8) holds forall n > 1. O

3. Homotopy analysis Aboodh transform
method (HAATM)

We consider the following general nonlinear partial differen-
tial equation as

"X

%JFRX(% 1)+ NX(5,7) = f(5,7),  (3.1)
where n = 1,2,3,..., with the initial conditions

9" X (5,7)

W T:OZgn_l(%), n:1,2,3,... (32)
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"X (x,0)

and =53 is the partial derivative of the function X (¢, 7)
of order n (n = 1,2,3...), R is the linear partail differential
operator, N represents the general nonlinear partail differential
operator, and f (3, T) is the source term.

Applying Aboodh transform on both sides of (3.1), we
can get

il

Using the property of Aboodh transform, we have the
following form

3:1):;(;7,”} +A[RX (5,7) + NX (3,7)] = Alf (3¢, 7)],

(3.3)

1 95X (5,0)

2+k atk

AXGa) = L

(3.4)

+VinA [RX (3¢,7) + NX (34,7) — f(36,7)] = 0

Define the nonlinear operator

N L 9% 0ip)
A[¢(5,7;p)] TR gk

N[§(5,7;p)]

+vlnA [RO (52, 7:p) + N (52, 7. p) — f (3¢, 7)]

By means of homotopy analysis method ([10]-[13]), we
construct the so-called the zero-order deformation equation

(1-9)A[9 (>, 7:p) =9 (5, 7;0) = phH (5, T)N[9 (¢, 7 p)],
(3.6)

where p is an embedding parameter and p € [0, 1],
H(5,7) # 0 is an auxiliary function, & # 0 is an auxiliary
parameter, A is an auxiliary linear Aboodh operator. When
p=0and p=1, we have

3.7)

When P increases from 0 to 1, the ¢ (¢, T, p) various from
Xo(5¢,7) to X(5¢,7). Expanding ¢ (¢, T;p) in Taylor series
with respect to p, we have

~+oo
O(x,1;p) = Xo(56,7) + Y, Xu(56,7)p",

m=1

(3.8)

where

1 0"¢(s,7;p) |
apm p=0

XWl(%a T) m

(3.9)

36

(3.5)

When p = 1, the formula (3.8) becomes

X (5,7) = Xo(5¢,7) + i" Xin(52,7).

m=1

(3.10)

Define the vectors

X = {Xo(52,0).X1 (54, 7). Xa(55,7), ... X35, 7) ). (3.11)

Differentiating (3.6) m—times with respect to p, then set-
ting p = 0 and finally dividing them by m!, we obtain the
so-called mth order deformation equation

AlXon(56,) = ZnXon 1 (56,0)] = hH (36, )R (X 1 (36, 7)),

(3.12)
where
1 0" IN(s,T;p
R (X i1 (56,7)) = T ap'(nl )|,,:0, (3.13)
and
0, m<1,
Am=11, m>1.

Applying the inverse Aboodh transform on both sides of
(3.12), we can obtain

Xon (52, 7) = ZmXon_1 (50, 7) +hA™! [H(%, DR (X 1 (5, r))} .
(3.14)

The mth deformation equation (3.14) is a linear which can
be easily solved. So, the solution of (3.1) can be written into
the following form

N

Z Xm(%a T),

m=0

X (5,7 (3.15)

when N — oo, we can obtain an accurate approximation
solution of (3.1).

For the proof of the convergence of the homotopy analysis
method (see [11]).

4. Application of the HAATM

In this section, we apply the homotopy analysis method (HAM)
coupled with Aboodh transform method for solving somme
exemples of nonlinear partial differential equations.
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Example 4.1. First, we consider the following nonlinear gas
dynamics equation

Xi(x,7) = hA™! (iA [XQ(X(])%—F(X())Z—X()]),

X:+XX,—X(1-X)=0,1>0, .1 X(x,7) = (14+h)Xi(s,7)
with the initial condition v

X3(x, T)

+hA™! <1A [Xo0(X2)s + X1 (Xl)z]>
X(,0) = e, “2) ’

In view of the HAM technique and assuming H (5, 7) = 1,
we construct the the so-called the zero-order deformation
equation as follows

Using the initial condition (4.2) and the iteration formulas
(4.8), we obtain

(1=p)A[9 (5, 7;:p) — Xo(3¢,7)] = phN [ (52,75 p)], (4.3)

1
+hA! <VA [X2(X0) +2X0 X2 + (X1)? Xz]) ,

B 1
ha! ( A (X1) 0 +X1 (Xo) 0 + 20X, —xl]),

(1+h)X(5,7) (4.8)

X()(%,‘L') = 67%,
where Xi(61) = (—h)er,

2
Xo(56,7) = (—h)(1+h)e*xf+h2eﬂ%, (4.9)

1 1 !
N =A p)— e T+-AXX, —X(1-X)]. 2 3
[¢(%5T7p)] [¢(%7T p)] V2e +V [ ( )] X3(%,T) — (_h)(l_’_h)zefx,c_’_z(l_’_h)hze—x%_’_(_h})e,x%’
4.4 ! !

The series solution of Eq.(4.1) is given by (3.10). Thus,
we obtain the m-th order deformation equation The other components of the (HAATM) can be determined
in a similar way. Finally, the approximate solution of Eq.(4.1)
in a series form

Xon(52,7) = HonXm_1 (52, T) + HA " [Fo(X 1 (52, 7))]. (4.5)

X(r,t) = Xo(o6,7)+X1(56,7) + X2 (56,7) + X3(5¢,T) + - -
with = e "+ [2(~=h)—h*+(=h)(1+h)*] e "7 (4.10)
2 2 T 3y, T
+[A* +20*(1+h)] e 2—!+(—h Je ETRE
1 _
ERm(?mfl (56,7) = AXn10G67)]— 51— xm)e™ Substiting h = —1 in (4.10), the approximate solution of

v
(4.1), given as follows

1 m—1
+;A Z Xi(Xm—l—i)%
i=0 2 ’53
1 m—1 X(%,T):€7% 1+T—|‘*’+7‘+ . 4.11)
=AY XXy 1~ X ($6) 23
i=0
l And in the closed form, is given by
and
X(5e,7) = e Fe' =% 4.12)
This result represents the exact solution of the equation
0, m<1, .
Am = L om>1 4.7)  (4.1) as presented in [15].

According to (4.5) and (4.6), the formulas of the first terms
is given by

37 X
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Example 4.2. Second, we consider the inhomogeneous non-
linear Klein Gordon equation

Xer — Xo + X2 = 5272, (4.13)
with the initial conditions
X(5,0) =0, X(5,0) = ». 4.14)

In view of the HAM technique and assuming H (5,7) = 1,
we construct the the so-called the zero-order deformation
equation as follows

(1=p)A[9(52,T;p) — Xo(3¢,T)] = phN[9 (52, T; p)], (4.15)

where

Using the initial condition (4.14) and the iteration formu-
las (4.20), we obtain

Xo(5¢,7) = 1,

Xi(>,7) = 0,

Xo(s,7) = O, 4.21)
X3(t,1) = 0,

Finally, the approximate solution of Eq.(4.13) is given by

X(5,7) Xo(52,7T) + X1 (56, T) + Xo (3¢, T) + X3 (3¢, T)(4:22)

#T4+04+0+0+---

According to formula (3.15), we obtain

NI9 (e, 7 P = A9 (o 3 p)] — et A [ Kot X2 =520

(4.16)

The series solution of (4.13) is given by (3.10). Thus, we
obtain the m-th order deformation equation

Xon(52,7) = oK1 (56, T) - BA " [ Rp (X 1 (32,7))], (4.17)

with

KX 1(567) = A1 (0,7 — = (1= )

y
1
+V7A [_ (mel )%%] (418)
1 m—1 5 5
+5A ZXimelfi_%T 5
v i=0
and
0, m<1,
7"”‘{ 1, m>1. (4.19)

According to (4.17) and (4.18), the formulas of the first
terms is given by

Xi(x,7) = hA™! (VIZA[—(XO)W+X02—%2172]),
Xo(x,t) = (1+h)X(3,7)

+hA~! (Vle [—(Xl)w+zxoxl]> ,(4.20)
X3(x,7) = (1+h)Xa(%,7T)

(1
+hA! <V2A [—(X2) 02 + 2X0X> +X12]> ,

38

X (5,7) = 7. (4.23)

This result represents the exact solution of the Klein Gor-
don equation (4.13) as presented in [6].

Example 4.3. Finaly, we consider the nonlinear partial dif-
ferential equation of third order

3

3
X — o (X 2 =3 4.24
L [( ) L/ 27 ( )
with the initial conditions
1 2 1 3
X (5,0) = —5% , X¢(3,0) = g% , Xer(3£,0)=0. (4.25)

In view of the HAM technique and assuming H (>, 7) = 1,
we construct the the so-called the zero-order deformation
equation as follows

(1=p)A[# (>, T;p) = Xo(5,7)] = phN[@ (>, T; p)], (4.26)

where

1

2
— =
33

. 3
2y2 7

N[(i)(%,‘t,p)] A[‘P(%,T;P)]"’

1 3

—Al=Z
+v3

3
2 2
2 [(Xo)?], — 5 7@27)

The series solution of (4.24) is given by (3.10). Thus, we
obtain the m-th order deformation equation

X (52,T) = X1 (56, 7) - hA" [ Ron (X 1 (32, 7)), (4.28)

with
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R (X 1 (52,7))

1 1
_(_ﬁ%z + Q%S) (1= Xm)
1 3 m—1
+V73A _g Z Xi%%X(mli)%%‘|
i=0
1 3
—v—3A LT} , (4.29)
and
0, m<1,
7"”:{ 1, m>1. (4.30)

According to (4.28) and (4.29), the formulas of the first
terms is given by

_ 1 3
Xi(x,7) = hA”! (‘}3A {_8 [(Xo0s0)], — T}) ;
Xz(x, ”L') = (1 -‘r-h)Xl(%,‘L')
1 3
+hA™! <V3A -3 (XOWXW)%D . (43D
X3(xa T) = (1 +h)X2(%7 T)
1 3
+hA71 <V3A |:_8 (2XO%%X2%%+ (Xlxﬂ)z)]) )
and so on.

Consequently, while taking the initial conditions (4.25),
and according to the Eqs.(4.31), the first few components of
the homotopy analysis Aboodh transform method of Eq.(4.24),
are derived as follows

1 1
Xo(x,2) = —§x2+§x3f,
5
Xi(or) = (—hpeas,
X(x,t) = (1+h)Xi, 4.32)
X3 (X, T) (1 +h)XZa

The other components of the (HAATM) can be deter-
mined in a similar way. Finally, the approximate solution
of Eq.(4.24) in a series form

X(5,7) Xo(56,7) + X1 (5¢,T) + X2 (5¢,7)

X3 (56, T) - (4.33)
1o 13 :

—X X T—i—(—h)%%

F( W)X+ (1 +h) X+
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Substiting h = —1 in (4.33), we obtain

Loy Lor s fotros

2" T3 T

1 1 7
—§x2+§x3r+%%.

X(5,7)
(4.34)

This result represents the exact solution of the equation
(4.24) as presented in [21] in the case @@ = 3.

5. Conclusion

The coupling of homotopy analysis method (HAM) and the
Aboodh transform method, proved very effective to solve non-
linear partial differential equations. The proposed algorithm
provides the solution in a series form that converges rapidly
to the exact solution if it exists. From the obtained results, it
is clear that the HAATM yields very accurate solutions using
only a few iterates. The results show that the homotopy anal-
ysis Aboodh transform method (HAATM) is an appropriate
method for solving nonlinear partial differential equations.
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