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1. Introduction

Caputo derivative
The fractional derivative [1, 4, 5, 6] of f(x) in the Caputo
sense is defined as

Df(x) =1""“D" f(x)
1 * —o—
— m/0 (x—0)" % m@de  (1.1)
form—1l<a<m, meN, x>0
For the Caputo derivative, we have D*C =0, C is constant

0
D" = { C(n+1)
I'(n—o+1)

n<o-—1

"% n>oa—1. (1.2)

Incomplete hypergeometric function
The incomplete hypergeometric functions was introduced and
studied by H.M. Srivastava and Agarwal [3, p. 675 equation

(4.1) and (4.2)], is defined by

(ar;x),az,...ap;
p}’q [ b],...bq; N
_ i (al;x)n(az)n...(ap)ni (13)
= (bi)n(bg)n  n!
and
r { [a1;x], a2, ...ap; z] v [ar;x]n(a2)n---(ap)n 2"
P by,...bg; = (b1)n(bg)n  nV

(1.4)

in terms of incomplete gamma functions y(z,x) and I'(z,x).
In (1.3) and (1.4)(A;x), and [4;x], are represent incomplete
pochhammer symbol and defined as follows

(Aix), = W (15)
and
(Rix)y = W (1.6)

and these incomplete Pochhammer symbol hold the fol-
lowing decomposition relation

(Asx)v+[Asx]y = (4)y

Mittag-Leffler Function
The well known Mittag-Leffler function Eq(z) [2] named

(A,veC; x>0), 1.7)
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after its originator, the Swedish mathematician Gosta Mittag-
Leffler (1846-1927), is defined by

>

n=0

n

Z

C(an+1)’ (18)

Eoc (Z)

where z is a complex variable and R (o) > 0.

2. Numerical Application

Example 2.1. Consider the following fractional differential
equation [7]

day /
dxa =AY

2.1)

If (1.4) suggests that the linear terms r(x) is decomposed by
an infinite series of components

=)

(@2 (b)n (AX*)"

r(x)ZF([a;Z],b,c;Axa):l;)T " (2.2)
From (1.1), we have
o, _ 1 Y m—a-l

bir= F(mfoc)/o (x=1)
— 12)n(b)n A" m.no.
;)L ?C)i) E(D "%)dt
— 1 x m—a—1
B F(m—a)/o (x=1)
& [a;2)n(b)n A" T(na+ 1)
L0, al Tnoa—men) @

por= y O ATt ooty (g3

(¢)n n!'T(a(n—1)+1)

n=1
With (2.1) and (2.2), we have
i [a;z]n(b)n A" T'(not+1)
(¢)n n!'T(a(n—1)+1)

n=1

o(n—1) _A

i [a;2]n (D)n "i”xn(x -0
= () n
Replacing n by n+ 1 in the first summation, we get

[a;z}n-&-l(b)rwl Al F((I’l—l— 1)05—|— l)xa(}’h‘r]fl)

n=0 (¢)nt1 (n+1)! T(ha+1)
i [a;2]n(b)n A" o _ g
n=0 (C n n!
[a;Z]n(b),“i” o
= () n o
n;() (C)n n!
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(a+n)(b+n)T(n+Ha+1) A
(c+n) I'na+1) (n+1)
With the coefficients of equal to zero and identifying the
coefficients, we obtain

—A'A"| =0.

An+1
(n+1)

(a+n)(b+n)

=A'A"
(c+n)

putn =0
ab
c
AI_LA, 1
~abT(a+1)
putn=1

C(a+1)A =4

(a+1)(b+1)T2a+1) A% Al
(c+1)

Tla+1) 2

c(c+1) 2
ala+1)b(b+1)I'2a+1)

A2 — (A/)Z

and so on.
From equation (2.2)

— 1 o
r= I(a) + c A'x
[a:2)2(b)2 ,, %
+ (©)» A T +..
_ lla;z] | [ad] 1 o
- I(a) a T(a+1)
[a;Z]z (A/)2x2a [a;z]3(A’)3x3o‘
ala+1)T2o+1) ala+1)(a+2)I'Ga+1)
Similarly for (1;z),
_Yaz) | (a:z),, x* (@:z)2 ¥**(A)?
) a T(oe+1) ala+1)TRa+1)
(a;z)3 x3a(A/)3
aa+ D@t TBatrl) T 25)
With (1.7), (2.4) and (2.5) together can be represent as
=1 A/ x* +(A/)2 x2(x + (A/)?) x306
Y= AT et T2a+1) rGa+1)
(2.6)

This is the required result.

Example 2.2. Consider the fractional differential equation

[71

D**y—y=0. 2.7)

et
& o 00,
Sz

N 0407,
‘i

AW

+....

(2.4)
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with (1.1) and (2.2), the above expression (2.7) can be
express as

_ i [a;2]n(B)n inxna —0.
= () n!
Replacing n by (n+2) in the first summation, we get

>

n=0

[a;2]n(b)n A" T(na+1)

a4 xlx(n72)
(&) n'IT((n—2)a+1)

[@;2)nr2(b)nsa A"? T((n+2)o+ 1)x"a
(O)n+a (n+2)! T(ha+1)

O [@2ni2(b)ara A T((n+2)a+1)

= ()nt2 (n+2)! T(ha+1)

- [a;z}n(b)nfi:xna:o.

= () n

i [a;z)n(a+n)(a+n+1)T(b+n+2)(c)

n=0 F(c+n+2)F(b)
An+2

(n+2)(n+1)n!

C((n+2)a+1) 4 & [@2a(b)n A" 0
['(na+1) _,;) (C)n n! =0

> la;z],(b), x"¢

I

[(@a+n)(a+n+1)(b+n+1)(b+n)A"2T((n+2)o+1)
(c+n+1)(c+n)(n+2)(n+ D (noc+ 1)

|
With the coefficients of x** equal to zero and identifying
the coefficients, we obtain

(a+n)(a+n+1)(b+n+1)(b+n)
(c+n+1)(c+n)

An+2
(n+2)(n+1)
putn=0

I(n+2)a+1)
I'na+1)

n

A2 c(c+1) 2
ala+1)b(b+1)T'2a+1)

putn =1

A3 (c+1) 32N (o +1)
(a+D)(a+2)(b+2)(b+1) TBa+1)

putn=2

(a+2(a+3)(b+2)(b+3) A* T(4a+1)

(c+2)(c+3) 43T2a+1)

and so on.

—A”} =0.
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From equation (2.2)

T (@b, o lwza 22

r= [(a) + Ax +a(a+1) r2a+1)
la;z)s  bAT(0+1) 54
@t Da12) cTBarn” (2.8)
Similarly for (4;x),
_ Y@z | (@2)b, o (w22 X

TTw e Y Ta@rnreaty

(@2)s bAT(a+]) 56 2.9)

@+ )@+2)cTBa+1)"
With (1.7), (2.8) and (2.9) together can be represent as

x20c

ab AT(0+1) 34
X
I2a+1)

¢ TBa+1)

b
y:1+a—Ax“+ + ...
C

(2.10)
This is the required result.

Example 2.3. Consider the fractional differential equation

[2]

D**y+ D% —2y=0. (2.11)

With (1.1) and (2.2) above expression (2.11) can be ex-
press as

o [a;2]n(D)n A"
Z (C)n

n=

A" T(no+1)

xa(an)
n! T(o(n—2)+1)

I'na+1)
—1)+1)

a(n—1)

[a;2]n(D)n Af”
(C)n

Replacing n by (n+2) and n by (n+ 1) in the first and
second summation respectively.

‘x"a =0
= n!

i [@;2)nr2(b)nia A™? [((n+2)a+1) 4

= (2 (n+2)! T(ra+1)

O [@Znr1(B)per AT D((n+ Dot 1) 4
L Om @Dl Tharn)
_2i [a;z]"(b)n Iinxna:()

= (o) n!

oo

)y

n=0

[@;2]n(D)n
()n
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(a+n)(a+n+1)(b+n+1)(b+n)((n+2)a+ 1)A"2
(c+n+1)(c+n)(na+1)(n+2)(n+1) 0 (a:2)3 [3abr((x+ I)A_ZC} B4y (2.13)
(a+n)(b+n) A" F(("+1)0‘+1)72An ’ ala+1)(a+2) cI'Ba+1) R
(c+n) (n+1) T(no+1)

With (1.7), (2.12) and (2.13) together can be represent as
With the coefficient of X"* equal to zero and identifying

the coefficients, we obtain

2¢ — abAT 1
y:1+Clexa+[ c —abAI'(a + )]xza
c

(a+m)(a+n+1)(b+nt Db+mI((1+2)0+1) 4,40 I'Ca+1)
(c+n+1)(c+n)(na+1)(n+2)(n+1)

(a4+n)(b+n) A" T((n+1)a+1)

—24"=0 3abI’(a+1)A —2¢ 5,
- 2.14
(c+n) (n+1) T(not+1) TBa+1) g @19
putn=20
which is the required result.
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