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Abstract

In this paper we start with a triparametric self information function and triparametric entropy. Some famil-
iar entropies are derived as particular cases. A measure called information deviation and some generalization
of Kullback’s information are obtained under some boundary conditions.
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1 Introduction

Shannon([10] first introduced the idea of self-information function in the form
f(z) =—logyz, O0<ux<Ll (1.1)

In this paper we use the method of averaging self-informations introduced by Shannon. Like Shannon we
introduce a triparametric self-information function defined by

E(x®/7 — 2B/7)
fd(x7a7/8u7):fa 0<x§17a20,520,7>0,a7§ﬂ#’y (12)

Where k is a constant, depending upon the real valued parameters «, 3, « and k is ascertained by a suitable
pair (x, f3). We apply the following conditions on fs:

(i) fs — Oasx — 0.
(ii) f3 =0, when z = 1.

Y- y— -1
(iii) fs =1, 2 = L, then k = (2 3 —27‘*) .

The function shows the following particular behaviors:

1) If 6areﬁxed,thenforac<%,f3—>ooas7—>ooandfora:>%,f3—>0as7—>oo.
a—y

(IT) For any fixed v, f3 — —(2x) 7 logyx as a — 3.
(III) If B =~ and a — y(a < ), then f3 — —log, .

Self-information function is different from information function. Different authors, namely Darcozy [4], Aczel
[, Arndt [2], Chaundy and Mcleod [3], Havrda and Charvat [5], Kannapan [6], Sharma and Taneja [11], Mittal
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[9) and some others have solved some typical functional equations and have used their solutions as entropy,
inaccuracy, directed divergence etc., In the capacity of finite measures only in complete probability distributions.
The method of averaging self-informations includes the case of generalized probability distributions. Moreover,
we have discussed in this paper, information measures in the capacity of even an infinite range, because
a parameter can have negative values also corresponding to phenomenal circumstances. Further since it is
uncertain and difficult to choose an arbitrary functional equation and to find its suitable solutions to be used
as information measures, it becomes easier if we choose any suitable parametric self-information function that
can satisfy a number of effective boundary conditions. We have given a most simple and general choice in (1.2).

Section 2 describes a triparametric entropy from which other familiar entropies have been deduced as par-
ticular cases. We have given a number of this entropy in section 3 as joint entropy, triparmetric information
functions, generalized information function, generalized inaccuracy, a new information called information de-
viation and lastly generalizations of Kullback’s information.

2 Triparametric entropy

Let P = (p1,p2, ..., pn) be a finite discrete probability distribution, where 0 <p; <1, > p; <1.
Then, averaging the function fs(p;;«, 8,v) with respect to P, we define the triparametric entropy as

H(Pia,0,7) = (255" —2%") [Z(pﬁ” ) ] /Zpu (2.1)

i=1

where a, 3,7 >0, a # (3 # 7.
When P is complete, we have

y—o =8 1 o
H(P;oz,ﬁ,v):(Q T -2 ) [Z(m”—pf”)], (2.2)
where a >0, 3> 0, v>0, a# 3 #7.

2.1 Some familiar entropies

From (2.2), we get the following entropies as particular cases:
(i) v =1 gives Sharma and Taneja’s entropy [11] of type (a,(3) in the form

n

H(P;o,f) = (217 —2177) [Z(p? —pf)] , aFp (2.3)

=1

and
Lt H(P;a,p) = <prlog2 )25_1.

(ii) Putting o = v = 1, we get Darcozy’s entropy [4] of type [ as

n

H(P;p) = (207 —1) " [Zoa? . 1)] L B0, A1 (2.4)

i=1

(iii) When 8 = v and a — =, then (2.2) reduces to
n 1
=> i logy - (2.5)
i=1 ‘

which is Shannon entropy.
(iv) When n > 2, then H — oo as v — oo0; when n =1, then H =0, p; = 1 and when n = 2, then H = 1.

3 Application of the entropy (2.2)
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3.1 Joint entropy

For joint probability distribution, a relation similar to (2.2) also holds in the form

y—a o 3
H(PQ;a,Bﬁ)=(2 T —277 ) ZZ " =M (3.1)
k=1 j=1
O<pkj§17 ZZP[Q]ZL 0120,520,’)/>0,0é§£/6
k=1 j=1
Theorem 3.1. If P = (p1,p2,...,Pn) be the distribution of input symbols of a source, Q = (q1,G2, .-, qm) be
that of output symbols and PQ = (pr1, P2, -, Pkm; k =1,2,...,n) be the joint distribution of input and output
symbols; also
Ry — (Pkl Pi2 Pkm)
e’ pe T Dk

be the conditional distribution of output symbols and
R — (Pu p2j pm‘)
G 4 g

be the conditional distribution of input symbols, where

m n
> pkj =k and > prj = g5,
j=1 k=1
B—~y\ —1 n a <2 Moo
) <p,g _ p,;) Sl (3.2)

s pki/0 =Py (R=1,2,..,

);

then
n ﬁ ta
H(PQ;a,8,7) = Y p H(Riso, ,7) + (2757 =25
= k=1 j=1
Putting o =y =1 and using Y_5_, pjjx = 1 in (3.2), we have
(3.3)

H(PQ; B ZleRk, ) + Hi(P; ).

Theorem 3.2. If pi; = pryq;, then
(PQ; o, B,7) Zpk (Res o, B,y +qu (Rjia,8,7)
j=1

n
Z pe H(Q; . 8,7) +Zq (P;a, 8,7). (3.4)
k=1 j=1
3.2 Triparametric information function
With the help of equation (2.2), we define a triparametric information function in the form
y—o y= -1
Fy() = Fy(wso, 8,7) = (2757 =2757) (@7 = a?/) (3.5)
a>0,8>20, y>0, a£f#~y and0<z <1
Where F3(0) = 0, but F3(1) = 0 and F; (3) = 3 always.
Thus .
H(P;a,8,7) = Z (pr), 0<pe<1, Y pe=1. (3.6)
k=1 ki=1
(3.7)

Putting a = o/, b= (/v in (3.5), we have
Fi(z) = F(z;0,8,7) = (217 — 21717)71 (z® —2b), —oo<a,b<oo, a#b.

Now, from practical point of view, as far as an inaccuracy in a measure is concerned, a measure is associated
with at least two probability distributions, corresponding to which at least two variables u and v are needed

This suggests the choice of at least four parameters a,b, c and d
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3.3 Generalized information function

Concerning an association of two variables u, v and four parameters a, b, ¢, d, an information measure similar
o (3.7) is introduced by

Fy(u,v) = F(u,v;a,b,¢,d) = Glu®v® — uv?], (3.8)

O<u,v<1, —oc0o<abcd<oo, a#£b#c#d

as the generalized information function, which possesses the characteristic of becoming both bounded and
unbounded.

3.3.1 Boundary conditions

(i) Atu=1,v=1 F,(1,3) =3, so that G = (2!70 — 2179)~1 where b # d.

-2

If a+b = ¢+ d, where a # ¢, then Fj (%,%) = 0. Similarly at u = %, v =1, F4 (%,1) = % so that
G = (2172 — 217971 where a # c.

(i) Atu=1,v=73, Fy(1,1) = 1 so that G = (27" — 27%)~, where b # d.
Atu:%,vzl,lﬂ( 1):1 so that G = (27% — 27¢)~1, where a # c.

3.3.2 Generalize inaccuracy

Let P = (p1,p2,.-,Pn) and Q = (q1,4q2, --.,qn) be two discrete probability distributions concerned with

(3.8), where 0 < p; <1, 0 < ¢, Z?lei =1, Z?Zl g =1, (u,v) = (piyqi) or (¢;,pi);i=1,2,...,n
We may then define the generalized inaccuracies by

L(P Q) =) Fipi,a)=(2""—2""% [szql Zplqll,b#d, (3.9)
i=1
L@QP) =" Filqp) = (270 =279 [Z gl — qupfl b #d, (3.10)
i=1 i=1

which follows from (3.8) and boundary condition 3.3.1(i).

Given P and @, we see that

(i) i(P || Q) — 400 or —oo, according as a — —oo or ¢ — —oo for b < d; or as ¢ — —o0 or a — —oo for
b>d.

(i) fd=1,c=0, then I4(P || Q) — (1 -21"%) "1 as a — .

(iii) f d =1, ¢ =0, then I4(P || Q) — 1 as b — oc.

It is to be noted that when d = 1, ¢ = 0, then

L@Q[P) ="~ [szql 1 (3.11)

3.3.3 Information deviations
Ifd=1,c=0,a4+b=1, then we introduce the quantities

DQIPIQ) = Lt L(P|Q) = H(Q) — H(Q|P) (3.12)
and

D(P|QIP) = Lt L(Q|P)=H(P) - H(P|Q) (3.13)

as the information deviation of ) from P and of P from @ respectively, where

n n

1 1
H(P) = Zkangpa H(Q)ZZ%Ingqfk

k=1 k=1
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are Shannon’s [10] entropies and
- 1
H(QHP):ZC]UO&EC; H(P||Q) = Zpk10g2
k=1

are Kerridge’s [7] inaccuracies. Thus

n n

DQIPIQ) =Y aglog, % D(P|Q|P) =Y pilog, ;’—’“ (3.14)

k=1 k=1

3.3.4 Kullback’s information and its generalizations

If we take the boundary conditions 3.3.1(ii), then

L(P|Q) = 31 (P]Q), (3.15)
where
IHPQ) =@2"—279)" [Zn:pé‘ql Zplql] : d. (3.16)
Nowifd=0, c=1, a+b=1, then -
L L(P[Q) =3 I(PIPIQ). It L@||P) =  IQ[Q|P), (317)
where
(P PQ) Zpk logs 2 — H(P Q) - H(P) (318)
and
D(QIIQIP) qu 10g2 =H(Q|P) - H(Q) (3.19)

represents Kullback’s [8] informations.

Information deviations and Kullback’s informations are equal and opposite measures. The fact follows from

D@ PlQ)+IQIQIP) =0,D(P [ Q[P)+I(P|P]Q) =0 (3.20)

It may be noted that information deviations and Kullback’s informations become zero, if pp = qp for k =
1,2,...,n

3.3.5 Generalized Boundary Conditions

We shall now show that so far as our generalized inaccuracies (3.9) and (3.10) are concerned, there exist certain
boundary conditions for which certain limiting functions of (3.9) and (3.10) may be taken as the generalized
forms of Kullback’s informations. For this, we generalized the boundary conditions in the following ways and
get the results:

(i) Letu=1,v=1 F(1,3) = &,

where m is real number > 0. Then, we have ford =0, c=1, a+b=1,

10(P,Qm) = Lt L(P[[@) =27 Y prlogy ", m=>0 (3.21)
k=1

to be called the first generalized Kullback’s information. For m = 0 in (3.21), we get Kullback’s information.
The information (3.21) decreases as m increases.

(ii)letu=1,v=1 F (171) = 2%, where m is real number > 0. Alsolet d =0, c=1+m, a+b=1+m,
then we have

I®(P,Q,m) = Lt L(PQ) =27 me"'llogQZ—:, m>0 (3.22)
k=1
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to be called the second generalized Kullback’s information. It is observed that I?(P,Q,m) < I*(P,Q,m).
For m = 0 in (3.22), we get Kullback’s information.

(iii) let u =1, v = %, F, (1, %) = 271/™ <where m is any positive real number. Then the values
d=0,c=1+1/m, a+b=1+1/m, lead to the information

19(P,Qm) = Lt Li(P Q) =27/m 35/ logy - . (3.23)
k=1

which may be called the third generalized Kullback’s information. In this case

Lt I®(P,Q,m)=0and Lt I®)(P,Q,m)=I(P||P|Q).
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