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1. Introduction

The regularity analysis for boundary value problems set on sin-
gular domains has attracted the attention of many researchers.
The solvability of such problems was discussed by means of
different methods such as the variational methods or the well
known potential theory. For more information, we can refer
the reader to [13], [14], [15] and the references cited therein.

In this work, we consider the cusp domain IT C R? defined by

X
H:{(x,y,z)€R3:0<z<l, (zazya) eD}, a>1,

Here, A stands for the standard Laplacian in R3 and ug, u; are
given functions.
We assume that the second member /4 is taken in the Lebesgue

3
spaces LP(0,1; L7 (IT)), F<p< Note here that the bound-

ary conditions (1.3) are a considered as restriction of the
following ones

o7 ul gy p T Autl1yp = w0,

O u| )y, p+ Auloy.p = ur, (1.4)
uljo,11xap = 0.

which can be viewed in some sense as a particular case of the

Ventcel boundary conditions often encountered in various con-

crete applications, see [19]. This situation will be the subject
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of a forthcoming study. In our situation, the boundary of the
domain IT given by (1.1) is at the origin of several difficulties
which make the use of the classical tools a complicated task.
Then, we have opted for the use of another approach based
essentially on the theory of abstract differential equations.
The effectiveness of this method was manifested in several
works, see for example [2], [3], [5], [7], [8], [18] and the
references cited therein. Our purpose is to establish existence,
uniqueness and maximal regularity of the strict solution for
(1.2)-(1.3). For this reason, some suitable compatibility con-
ditions on ug and u; will be imposed.

We will prove that the study of our problem can be reduced
to the study of an abstract differential equation associated
to some nonlocal boundary conditions involving a linear un-
bounded operator. The techniques of investigation used here
are based on the use of analytic semigroup’s approach com-
bined with the sum’s operators theory developed in [6].

This work is organized as follows, in the next section, we show
that our problem can be transformed by a natural changes of
variables into an abstract second order differential problem.
Section 3, is devoted to the study of the abstract version of
the transformed problem. Finally, in section 4, we go back to
our first problem in the non regular cylindrical domain and
we justify our main results.

2. The abstract setting of the problem

2.1 Change of variables

First, we use the following change of variables

T: ]0,1[xII—]0,1[x Q,

(t,x,,2) = (,E,m,A), A > Ao @D

where
_ 6
(t7§7n72')_ tvziav%vzf)
Q:DX]AOa—'_OOL
_ 1
Ao =g=1 >0,
B=a—1=3.
Putting

v(6,6,m,A) =u(t,x,y,2) and g (,§,1,4) = h(1,x,y,2).

Then, equation (1.2) is transformed into a new one given by

0 —2a/PB 0 —2a/B
v — (A) Av+ (l> Pv=g, (2.2)
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with

Py(t,§,n,1)

2 2
_ {1+a292 (i) }a§v+{1+a292(2) }aﬁ,v
2n2 1 282 g 82

200 (2 02 162 (1 28

+206 { = avta(a+1)68 7) %
1\2

+o(a+1)8%n <l) Onv

+ab ! e)

I /IV.

Now, let us introduce the following change of functions

v=(8)"w
and
f={(a-1)A)r="ng,
with
o 3 oa /3
=———(==2)=—%(>-2).
0!—1<p ) B(p )

Consequently, equation (2.2) becomes

k(L) 9w —Aw + %i”w: f, (2.4)
with
)L S
k= (5) -
and
Lw(t,,n,1)
af)?
= ()L) {528§w+n28ﬁw+2§n8§nw}
+200 {E2,w+ &L}

+ (b —2s)hw
0
+ 22 (@+1)6 - 25) {Edew+ oy}
N
—I—x(s%—l—ote)w.

Concerning the boundary conditions, it is easy to see that (1.3)
are transformed to

k(A) 0w (1,6,m,A) = A qyw (0,6,1,A) = k(A) wo,
k(A)9Fw(0,6,m,A) + A yw(0,8,1,1) = k(X) w,
W(t7€7n7)‘):0a (ta€7n>)‘)€]0vl Xan

forall (§,1,4) € Q.
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2.2 Statement of the abstract problem
Without loss of generality, we consider the following simpli-
fied problem

FPw—Aw=f, (2.5)
under the corresponding conditions
atzw(lvéﬂhl) 7A(5,n)w(ovéan7)b) = wo, (évnaz’) €Q,
atzw(ovéanaa’)+A(€,T1)W(O’€’n7)‘) =Wy, (577772') €Q
w(t,8,m,4)=0, (1,§,1,4) €]0,1[x dQ
(2.6)

3
Now, set E = LP(Q) and X = L?(0, |; E) with 5 <P< oo and

consider the following vector-valued functions

w o JO,1[—=E;t—w(t);
f o 0= E;t— f(t);

Set

D(M) =W (Q)NWy " (Q),
My =Ay, y € D(M).
D(N) = WP (D)W, (D),

Ny =AW, ¥ €D(N).
and define the following operators.

DA)={yeX :y(t)eDM),aerc]0,1[},
2.7)

(Ay)(t) =M (y(t)), te€]0,1],

DH)={yeX :y(t)eD(N),aetc]0,1[},

(2.8)
(Hy)(1) =N(y(t)), t€]0,1[.
Consequently, the abstract version of (2.5)-(2.6) is given by

w' (1) +Aw(t) = f(1), 1 €]0,1], 2.9

w’(1) — Hw(0) = wi, w”(0) + Hw(1) = wp, (2.10)
where wg, w; are given elements of the complex Banach space
E. Our purpose is to find a strict solution of Problem (2.9)-
(2.10), i.e. a function w such that

wEW2P(0,1;E)NLP(0,1;D(A)),
wo, W1 € D(H),
w satisfies (2.10).

In the sequel, we need the following results describing some
spectral properties of the above cited operators.
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Definition 2.1. Let E be a complex Banach space and B be
a closed linear operator in E, denoting by p (B) its resolvent
set. Then, B is said to be sectorial if there are constants |
eR, 0 e(n/2,7), M > 0 such that

p(B)DS&#:{zeC,z#u:arg(zf[J)<5},

’|(B_ZI)71HL(E) S » 2€ S5

_C
|z —ul
2.11)

Lemma 2.2. The densely closed linear operator (A,D(A))
defined by (2.7) is a sectorial operator with )t =0 and 6 = 7.

Proof. See section 3.1.1 in [16], in where a complete study
of more general elliptic operator was discussed. The density
of D (A) follows from Proposition 2.1.1 in [11]. O

Similarly, one has

" Lemma 2.3. The densely closed linear operator (H,D(H))

defined by (2.8) is a sectorial operator with . =0 and 6 = 5.
Remark 2.4. In our situation, observe that
1. itis easy to see that

AH = HA,

2. the estimate (2.11) implies that
Q =V _A7
is well defined. Furthermore, there exists a sector
Hﬁ,ro
= {zeC":|argz| <5+ m/2} UB(0,r0),

(with some positive 8, ry) and C > 0 such that

p(Q) ) H5,r0

and

C
Vz € Ha,rou ||(Q_ZI)71H < H

Thus, one has for allt €10,1[ and ¢ € E,
o= ﬁ /YI e(Q—zl) ' gdz,
where Y is a suitable sectorial curve in the complex
plane.
From Remark 1 in [4], it follows that
Lemma 2.5. Forany ¢ € E, k € N* and t €0, 1], one has
{ Qo e D(0Y),
Lo e LP(0,1;E),
and

Qke'CeQyp € LP(0,1;E),
Qfe'%elop = !0 Lo,
He'Cp =HeCg.
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3. Regularity results for the transformed  and 7 is a suitable curve in the complex plane.
problem On the other hand, The Dore-Venni sum’s theory allows us to
confirm that
3.1 Representation of the solution

Using the Krein’s method, we know that the unique solution Q'+ H?,
w of (2.9 )-(2.10) is given by o
is closed and (Q4 —|—H2) € L(E) . Furthermore, one has
w(i) 1
4 2\~
= b1eC+bye" L I(1) 4+ (1), (0" +8H?)
1 [(AH)*H™?
where = Tz / #dz,
in sin7z
o'
I(t) = 5 / QU= £ (s)ds, 7 is also a suitable curve in the complex plane, see Theorem
0 2.1in [6].
o 1 Using the Dunford’s operational calculus, we write
_ O(s—t) _ _
J(t) /e f(s)ds. (0* +H?) ! (1-¢%) !
t
1\? AHYFH 2 g(u)—1 -
The constant b; and b; are uniquely determined via the bound- = <2m> / ( si)n p— (N()u (Q—ul)'dzdu
ary conditions (2.10). For more informations about this tech- Nnxp g
nique, we refer the reader to [1] and the references therein. 1 (A H)Zz H-2
Using the commutativity of the two operators, namely (A,D (A)), - / Wd
(H,D(H)), we obtain the following abstract system r, ‘
(Qz 2 H) by + (Qz _H eQ) by At this level, Fubini’s theorem allows us to write
=w; —Q%(1)+HJ(0), o (Q4+H2)—1(1_62Q)*1 _
(Q2+HezQ)b1+(Q2eQ+H)b2 1 /g(u)—l(Q n'd
=wo— Q% (0) —HI(1). 2in) () Hi) ok
The abstract determinant of (3.1) is given b
-5 | - _-———az
A=—(1-¢* * +H? 2ir . sin7z
(1=e) (0" +H7), n
and one has L / (AH)*H2 iz
2ir sin7z
Lemma 3.1. The operator 7
200~ /4 2\~
A = (1-¢9) (0*+H?) .
= —(1-¢)(0*+H?), O
is closed and boundedly invertible. Furthermore Summing up, we deduce that the formal solution of (2.9)-
(2.10) is given by the formula
Al (3.2)
~1 —1 w(t
= —(0*+HY) (1-¢9) 3.3) té) . )
= e*A [HW] - Q W()]
Proof. Thanks 2to Proposition 2.3.§ in [16], we know that the 1! A! [Hwo + Q2W1]
operator (1 —e Q) has a bounded inverse
+eIICA [Hwg + Q%wi ] (3.4)
—1
(1-¢%) —e12C A [Hwy — QPwo)
1 [glz)—1 1 10 20!
= — —zl)"dz+1, + 1- J(0
21'71'./ g(2) (Q—2l) " dz+ € ( € ) (0)
N

20 [2A-1Q41(1)+ (1 —eZQ)’ll(l)}

+e1702 (1-20) 7 1 (1) - J (0)]
g(z) =1—¢%, +I(t)+J(1).

334 X
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Putting
dy = AL [le — QZWO} R
dy=A"1 [HwoJerw]} ,
do=(1—-e0)”

'7(0), 3.5)

dy =2A"'0 (1) + TI(1),

dy=(1-¢0) ' [1(1) =1 (0)).

Then, w is given by the following compact expression
w(t) =G (1) +Ga (1) +G3 (1) +Galt),

with

G (1) = ¢ %dy + 1124, + ¢'d,

G (1) = €'%e%d, — 171004,

Gs (1) = €'%dy+ €'2e9d, + 11124,

Ga(t)=I(t)+J ().

3.2 Study of regularity of the solution
From [6]), one has

Lemma 3.2. . Let f € LP(0,1;E), 3 < p < co. Then, the
following applications

t— Qf[e(”s)Qf(s)ds7
0

t— Qfle(s’t)Qf(s)ds,
t

are well defined for a.e. t € 10,1 and belong to L?(0, 1;E).

To establish more regularity results, we need to introduce
for any closed operator B and 0 € |0, 1[, the following clas-
sical real interpolation spaces between D(B) and E defined
by

(E,D(B))s , = (D(B).E), 5,

For more details about these spaces, see [9]. In our situation,
since O generates an analytic semigroup, it follows from [17]
that beginlemma For all % < p <o and ¢ € E, one has

Qe

€L/(0.1:E) & 9 € (DA).E) .

and

AeCo

elP(0,LE)s e (D(A),E)ip.
Keeping in mind that 7(0) and J (1) are bounded and due
to the regularizing effect of ¢?, A~! and T, the following
regularity results are a direct consequence of Lemma 3.2.

335
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Proposition 3.3. Let dy, d, dy, dy, d> given by ( 3.5). Then,
for % < p < oo, one has

1.t = Q°Gi(t) € LP(0,1;E)
do, dy € (D(Q?),E)

if and only if
2P

2. t—= Q%G (t) €LP(0,15E).

3. t—Q%G3(t) €LP(0,15E).

4. t— Q*G4(t) €LP(0,1;E).

The above proposition can be equivalently formulated as
follows

Theorem 3.4. Let f € LP(0, 1;E), % < p < oo, and wy, wi €
E Then, the following assertions are equivalents

1. Hwy, Awgy, Hwgo, Awy € (D(A),E)

1 .
2P

2. w given by (3.4) is the unique strict solution of (2.9)-
(2.10) satisfying the maximal regularity property, that
is

w" and Aw € L (0, 1;E).

In order to state our main results, we recall the definition
of the following Besov space for v € (0, 1)
Byp(Q)
v (&) —v(&)”
1&— &P

= WGLP(Q):/ d&1 dé < oo

QQ

where & and &, are a two generic points of R?, see [9], p.
680, and one has

Lemma 3.5. Let A the operator defined by (2.7) and % <p<
oo, Then

(D(A)vE)ﬁ.t,_%,p
= {yel’(0,1:%,(Q)): y=00n0Q}
=17 (0.1:45 ().

Proof. One has
_gp (w2p P
(D(A)’E)217+%71’7L <O,l,<W0 (Q)NL (Q))+%,p>

First, it is well known that

L (0, LW (Q)) c (0, 1; (W02=P @nrr (Q)) . )
Ll
c LP(0,1;L7(Q)).
From [9], Proposition 3, P. 683, one has

(WP (@)L (@) 1\, =% " (Q)

1
2p+7’p
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and as in p. 708 in the same work cited above, we get then, a direct computation leads to

(Woz’p (Q)nrr (Q)) PP g = P,

0
H+3p dew= (7 3a/p
a/p, _ _
i opw= (%) %y =3P %y,

= {WG%;JP(Q)ZWZOOHaQ}

1 and
011
_ P
=%p " (Q) azw_ (%)3G/Pﬁ azu_z3a/pa2
O azw_ (%)3(1/17!3 82 305/[78})2”7
Then, we can formulate our main results in the trans- 92 (9 )30‘/ pﬁ 32 = 3%/py2
. en" Xy
formed domain as follows.
Theorem 3.6. Let f € L7 ((0,1) x Q) % < p < oo. Then, the As an 1mmed1ate'consequence of the preceding maximal reg-
. . . ularity results with respect to (¢,&,m,A4), we deduce then
following assertions are equivalents that
a
o1—1
L Agg ywr, Awo, A ywo, Awy € LP (071%@17 : (9)> : 2 2%,z %,z *dyu, O3 u, 7u, 0 u

3
2. Problem (2.5)-(2.6) has a unique strict solution € LF(0,1;LP(11)), 5 <p<oo

2, . w2 .
w e W=P(0,1;L7 (Q)) NLP (0, LW, P (Q)), On the other hand, since 19)%w =Aw— A(g,n)W’ then

satisfying the maximal regularity property, that is 81214 € 17 (0,1:L7 (IT)).
9w and Aw € LF(0, 1,17 (Q)).
Regarding now the cross derivatives 3521”’ and 8glw, one has
Using identically a classical perturbation argument as in
3o
[10], we conclude that (%)306/17[3 {oc (2a _ p) %f“&xu
Theorem 3.7. Let f € L ((0,1) x Q), 3 < p < . Then the
—al (82 +82u) —d2u
a A X u xy pod

following assertions are equivalents.

A A A A cLP <0 1 @1—% (H)) aglw = < and
(EmWIAW0,8(& n)Wo, AW] 13 .
" (%)M/pﬁ { (205 ) 9z %u
2. Problem (2.4)-(2.6) has a unique strict solution o ) i
70‘1 (ayu+axyu) axzu}7

w
€ W>P(0,1;LF (Q))NLP(0, l;Woz‘p (Q)), from which, we deduce that

. . . . . 3
satisfying the maximal regularity property, that is dyett, o € LP (0,15 LP (IT)), = < p< o

9w and Aw € LP(0,1;LP (Q)).
Finally, one has
4. Regularity results for problem (e 3a/pB by 30 0,
(1.2)-(1.3) o= (3 ") g
From [2], the go back to our original domain use the following 3a/pB
- <z> {aiz_a ((9xu+8yu)—z_aazu},

inverse change of variables

T-': ]0,1[xQ—]0,1] x 11, it follows then that

/B 0\ /B 0\1/B
taéanva’ = ta 2 ’ (éa T na T .
(r&m.2) = (1(9) 6.9 n.(9)"7) A
“4.1) 2
Since Summing up, one has
(9)30‘/1’ﬁ o Z—Za %o, Z—aa w7 %d.u,
wo = re . u
2 ¢ 92 tt, Degtt, Dyett, 21, 0214, O

Z3a/pZ72au’ e LP(0,1;L7(I1)).
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Similarly, the concrete version of the compatibility conditions
on ug and u; are given by

< —2a uOv auOv 81,{0, aanza MO,asz(),ayzuo
Ip

€ 33 L),

and

zfzam z’ Rt?) ul,z’o‘(?yu],z’o‘&ul,a%,u],8)62141,8},2141
Ip

E%’ p (IT).

where

22—1.p — 3P
Z,y" (I):=qy:z Ve, Ty
Summing up, we are in position to state our main results

Theorem 4.1. Let h € LP(0,1;L7 (I1)), 3 < p < oo. Assume

that

72 u07 ~%Quug,z “Ayuo, 2 00,202 u0, 97 uo, 0 uo
Lp

693 (M),

and

172 - 8u1,z*“8yu1,z*“8zu1,8 u1,8 u1,8
P

695’ " ( ).

Then problem (1.2)-(1.3) has unique strict solution
ue W2P(0,1;LP (1)) N LP(0, 1; W, P (1)),
such that
du
€ LP(0,1;LP (IT)),
and
77 2%, 7 %Ou, 7
€ LP(0,1;Lr (I1)).

“Oyu,z~ %Q.u,d%u, O, u, Oy u

s Yxy
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