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On total domination and total equitable domination
in graphs

S. K. Vaidya'* and A. D. Parmar?

Abstract

A dominating set D of a graph G is called total if every vertex of V(G) is adjacent to at least one vertex of D,
equivalently if N(D) = V(G) then D is called total dominating set. A dominating set D is called total equitable
dominating set if it is total and for every vertex in V(G) — D there exists a vertex in D such that they are adjacent
and difference between their degrees is at most one. The minimum cardinality of a total (total equitable)
dominating set is called total (total equitable) domination number of G which is denoted by ¥%(G)(¥(G)). We have
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1. Introduction

Theory of domination has been remained in the focus
of many researchers because of its applications in variety of
fields such as linear algebra, optimization, social science, de-
sign of communication networks and military surveillance.
Many variants of domination models such as total domina-
tion [3], equitable domination [10], fractional domination [4],
global domination [9] are among mention a few. Some more
variants of domination models are also explored in [1, 7, 8, 14].
This paper is focused on total domination and total equitable
domination in graphs.

We begin with simple, finite, undirected and connected
graph G = (V(G),E(G)). For a vertex v € V(G), the open
neighborhood N(v) is defined as N(v) = {u € V(G) : uv €
E(G)}. The maximum degree among the vertices of G is
denoted by A(G). For any real number n, [n] denotes the
smallest integer not less than n while || denotes the greatest

integer not greater than n.

Definition 1.1. The wheel W, with n vertices is defined to
be the join of K1 and C,,—1. The vertex corresponding to K,
is known as apex while the vertices corresponding to C,, are
known as rim vertices.

Definition 1.2. The switching of a vertex v of G means remov-
ing all the edges incident to v and adding edges joining v to
every vertex which is not adjacent to v in G. We denote the
resultant graph by G.

The set D C V(G) of vertices in a graph G is called domi-
nating set if every vertex v € V(G) is either an element of D
or is adjacent to an element of D. The minimum cardinality
of a dominating set of G is called the domination number of
G which is denoted by y(G).

A subset D of V(G) is called a total dominating set of G
if N(D) = V(G) or equivalently if every vertex v € V(G) is
adjacent to at least one element in D. The minimum cardinal-
ity of total dominating set is called total domination number
which is denoted by ¥ (G). This concept was introduced by
Cockayne et al. [3]. A subset D of V(G) is called an equitable
dominating set if for every v € V(G) — D there exists a vertex
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u € D such that uv € E(G) and |d(v) —d(u)| < 1, where d(u)
denotes the degree of vertex u and d(v) denotes the degree of
vertex v. The minimum cardinality of such dominating set is
called the equitable domination number of G which is denoted
by ¥°(G). This concept was introduced by Swaminathan and
Dharmalingam [10]. A dominating set which is both total and
equitable is called total equitable dominating set. The total
equitable domination number of G is the minimum cardinality
of a total equitable dominating set of G which is denoted by
¥ (G). This concept was introduced by Basavanagoud e al.
[2] and further explored by Vaidya and Parmar [11, 12]. The
concept of total equitable bondage number possesses the blend
of total equitable domination as well as bondage number in
graphs. This concept was introduced by Vaidya and Parmar
[13].

For standard terminology and notation in graph theory we
rely upon West [15] while for any undefined term related to
theory of domination we refer to Haynes et al. [5].

We state some existing results for our ready reference.

Proposition 1.3. [3] If G is a connected and A(G) <n—2
then %(G) < n—A(G).

Proposition 1.4. [6] If G is a graph of order n with no iso-

lated vertex then %(G) > ﬁ

Proposition 1.5. [2] For any nontrivial connected graph G,

MGJ F1<#(G).

2. Main Results

Theorem 2.1. If P, is the graph obtained by switching of a
pendant vertex of path P, (n > 3) then (P,) = 2.

Proof: Let P, be the graph obtamed by switching of pen-
dant vertex v; of P,. Let V(P, @1,vz, ,Vn} be
the vertex set where dP,,< 1) = n72 = A( ) dPn( n) =1,
dp (va) =2and dp (vi) =3,Vie {1,2,3,..,n—1}.

Now P, is the graph with no isolated vertices. Hence
}/,( ) > 2 by Proposition 1.4. Also % (P, ) < 2 by Proposition
1.3, as the graph P, is connected and A(P,) < n—2. Hence

%(Pn) =2

Theorem 2.2. If P, is the graph obtained by switching of a
pendant vertex of path P, (n > 4) then
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2 cifn=3
cifn=35

3
y (ﬁn) _ }[Z—‘ ; if n = 2(mod 3)

; if n=0(mod3)

3
{gJ ; if n = 1(mod 3)

Proof: Let P, be the graph obtained by switching of pen-
dant vertex v; of B,. Let V(P,) = V(PB,) = {vi,v2,...,v,} be
the vertex set where d5 (v )—n 2,ds (v2) =1, dp (va) =2
and dj (vi) =3, Vl€{123 1}

Suppose D is any total equitable dominating set of P, then
it is obvious that v; must belong to D as d(v;) =n—2 =
A(B,).

To prove the result we consider the following cases:
Case 1: Forn =3

In this case P; is isomorphic to Ps. Hence ¥ (P3) = 2.
Case 2: Forn =35

By Proposition 1.5, ¥(Ps) > 3. Hence ¥¢(Ps) =3
Case 3: Forn=2(mod3),n#5

We construct a set of vertices D is as follows:

D= {V3i 1<i< [g—‘ — 1} U{vi,va,va}

Then |D| = [g—‘ +2. Also every vertex v € V(B,) — D is
adjacent to at least two vertices of D and moreover dj (v)=3.

Thus D is an equitable dominating set of P,. Further D is a
total dominating set of P, as N(D) = V(B,). Therefore D is a
total equitable dominating set of B,.

For any v € D (where v # v;), the set D — {v} is not
equitable dominating set of P, as for all vertex u € V(P,) —
(D {v}) there does not exists w € D—{v} such that |d (u)—

dg (w)| < 1. If v=v; then N(D—{v1}) # V (P,

D —{v;} is not total dominating set of Pn.~ Therefore D is a
minimal total equitable dominating set of P,.

) therefore

Hence, ¥ (P,) = [gw +2, when n = 2(mod 3).

Case 4: For n =0(mod 3)
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We construct a set of vertices D is as follows:
D= {vzz 1<i< 3}U{v1,vz}

Then |D| = D is ad-

jacent to at least two vertices of D and also d (v) = 3. Thus

5 + 3. Also every vertex v € V(P,) —

D is an equitable dominating set of P,. Further D is a total
dominating set of B, as N(D) = V(P,). Therefore D is a total
equitable dominating set of P,.

For any v € D (where v # v;), the set D — {v} is not
equitable dominating set of P, as for all vertex u € V(P )—
(D {v}) there does no exists w € D—{v} such that |dp (u) —

dp (w)| < 1. If v=v; then N(D—{v1}) # V(P,) therefore

D {v1} is not total dominating set of Pn;Therefore Disa
minimal total equitable dominating set of P,.

Hence, ¥ (P,) = g +2, when n = 0(mod 3).

Case 5: For n = 1(mod3)

We construct a set of vertices D is as follows:
. n
D= {V3,- 1<i< LgJ}U{vl,vz}

Then |D| = {gJ +2. Also every vertex v € V(B,) — D is
adjacent to at least two vertices of D and moreover d (v) =

2 or 3. Thus D is an equitable dominating set of P,. Further
D is a total dominating set of P, as N(D) = V(P,). Therefore
D is a total equitable dominating set of P,.

For any v € D (where v # vy), the set D — {v} is not
equitable dominating set of P, as for all vertex u € V(P,) —
(D {v}) there does notexists w € D—{v} such that |dj (u) —

dg (w)| < 1. If v=v; then N(D —{v1}) # V(P,
D — {v1} is not total dominating set of Pn;Therefore Disa
minimal total equitable dominating set of P,.

) therefore

Hence, ¥ (P,) = {gJ +2, when n = 1(mod 3).

Theorem 2.3. If a is the graph obtained by switching of an
arbitrary vertex of cycle C, (n > 3) then

2 iifn=4,5

%(EZ)={ .

Proof: Let E’; be the graph obtained by switching of an
arbitrary vertex(say v;) of C,. Let V(C,,) = {v1,v2,...,v, } be
the vertex set of C,, with d- (1) =n=3=A(Cy), dz (v2) =

dz (va) =1 and dz (v )_3vle{34 n—1}.

;ifn>6
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Suppose D is any total dominating set of Z’v As the graph
C, has no isolated vertices then by Proposition 1.3, y,( ) > 2.
Also the graph C, is connected and A( ) < n—2 then by

Proposition, 1.4, y,( w) < 2. ThUS2<%( ) < 3.

To prove the result we consider the following cases:
Case 1: Forn=4,5
2 as a is isomorphic to Kj 3.

Forn=4, 3(C4) =

For n =5, we construct a set of vertices D = {v3,v4}.
Then |D| = 2. Thus D is of minimum cardinality ¥ (C ) >2.
Therefore 7,(Cs) = 2.

Hence, %(C,) =2, when n =4,5.
Case 2: Forn > 6

For n > 6, we construct a set of vertices D = {v{,v3,v,_1 }
with |D| = 3. Moreover D is a total dominating set of C, as
N(D) =V(Cy,).

Further D is a minimum total dominating set of C, be-
cause forany v e D, N(D— {v}) #V(C,).

Hence, ¥;(C,) = 3, when n > 6.

Theorem 2.4. If 6’; is the graph obtained by switching of an
arbitrary vertex of cycle C, (n > 3) then

4 Lifn=4,5,6
{?‘4—3 ; if n = 2(mod 3)

%e(a;)_ g+3 ; if n = 0(mod 3)
L2J+3 ; if n = 1(mod 3)

Proof: Let a be the graph obtained by switching of an
arbitrary vertex(say v) of C,. Let V(C,,) = {vi,v2,...,v, } be
the vertex set of G, with dz (vi) =n—3=A(C,), dz(v2) =
dgn(vn) =1and da(vi) =3;Vie {3,4,...,n—1}.

Suppose D is any total equitable dominating set of 6; then
it is obvious that v; must belong to D as d(v;) =n—3 =
A(Cy).

To prove the result we consider the following cases:

Case 1: Forn=4,5,6



On total domination and total equitable domination in graphs — 378/380

For n =4, yf(a) = 4 as C, is isomorphic to Ki3.

Forn=15,6, we construct a set of vertices D = {v2,v3,v,_1,

vy } with |D| = 4. Also D is a total equitable dominating set
C, as every vertex v € V(E;) — D adjacent to two vertices of
degree 3 from D. Thus D is equitable dominating set of En as
N(D) =V (C,).

Further D is a minimal total equitable dominating set of
C, because for any v € D, N(D — {v}) #V(Cp,).

Hence, }/f(a) =4, whenn=4,5,6.
Case 2: Forn=2(mod3)n #5

We construct a set D of vertices is as follows:

D= {V3i13§i§ [g] _I}U{VlaVZaVl’nanl;Vn}

Then |D| = [gw +3. Also every vertex v € V(C,) — D is

adjacent to at least two vertices of D and moreover dz (v) = 3.

Thus D is an equitable dominating set of Z’: Further D is a
total dominating set of C,, as N(D) = V(C,). Therefore D is a
total equitable dominating set of C,,.

For any v € D, the set D — {v} is not equitable dominat-
ing set of C, as for all vertex u € V(C,) — (D —{v}) there
does not exists w € D — {v} such that |dz (u) —dz (w)| < 1.

Therefore D is a minimal total equitable dominating set of E’;
Hence, }/f(a) = [gw +3,whenn=2(mod3), n#>5.
Case 3: For n = 0(mod3)

We construct a set D of vertices is as follows:
..n
D= {V3i :3<i< g—l}U{Vl,Vz,Vavnfl,Vn}

Then |D| = g +3. Also every vertex v € V(C,) — D is
adjacent to at least two vertices of D and moreover d~ (v)=3.

Thus D is an equitable dominating set of E; Further D is a
total dominating set of C, as N(D) = V(C,). Therefore D is a
total equitable dominating set of C,,.

For any v € D, the set D — {v} is not equitable dominat-
ing set of C, as for all vertex u € V(C,) — (D — {v}) there
does not exists w € D — {v} such that |dz (u) —dz (w)| < 1.

Therefore D is a minimal total equitable dominating set of a;

Hence, ¥(C,) = g + 3, when n = 0( mod 3).
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Case 4: For n = 1(mod3)

We construct a set D of vertices is as follows:
. n
D= {V3i 3<i< {gJ } U{vi,va,v3, v}

Then |D| =< EJ +3. Also every vertex v € V(C,,) — D is
adjacent to at least two vertices of D and moreover da (v)=3.
Thus D is an equitable dominating set of Z?; Further D is a
total dominating set of C, as N(D) = V(C,). Therefore D is a
total equitable dominating set of C,,.

For any v € D, the set D — {v} is not equitable dominating
set of C,, as for all vertex u € V(C,) — (D — {v}) there exists
w € D —{v} such that |d5 (u) —dz (w)| < 1. Therefore D is

a minimal total equitable dominating set of Z’;

Hence, ¥ (C,) = {gJ +3, when n = 1(mod 3).

Theorem 2.5. If W, is the graph obtained by switching of a
rim vertex of wheel W, (n > 5) then 3, (W,) = 2.

Proof: Let W, be the graph obtained by switching of an ar-
bitrary vertex(say vq) of W,,. Let V(W,,) = {u,vi,v2,...,vu—1}
be the vertex set where dy (u) =n—2=AW,), dy (vi) =
n—4, di (v2) =dy (va—1) =2and dy; (vi) =4; Vi€ {3,4,...,

W
n—2}.

If D is any total dominating set of W, then it is obvious

that u must belong to D as d- () =n—2=AW,).

To prove this result we consider the following cases:

Case 1: Forn=>5

We construct a set of vertices D = {vy,v3} with |[D| =2.

Also D is a total dominating set W5 and by Proposition 1.3, D
is a minimal total dominating set of Ws. Hence % (Ws) = 2.

Case 2: Forn > 5

We construct a set of vertices D{u,v;} forany i € {3,4, ...,
n— 1} with |[D| = 2. Also D is a total dominating set of W,
and by Proposition 1.3, D is a minimal total dominating set of
W,. Hence y%(W,) =2, forn > 5.

Theorem 2.6. If 17[7,, is the graph obtained by switching of a
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rim vertex of wheel Wy, (n > 4) then

3 ;ifn=>5
4 yifn=17
5 ;ifn=28,9
j/f(ﬁ/vn) = [g +3 ;ifn=2(mod3), n#5,8

+3 ;ifn=0(mod3), n#9

;ifn=1(mod3),n #7

Proof: Let W, be the graph obtained by switching of an ar-
bitrary vertex(say vi) of W,,. Let V(W,,) = {u,vi,va,...,vn—1}
be the vertex set where di- (1) =n—2=A(W,), dy (vi) =
n—4, dg (v2) =dy (va—1) =2anddy; (vi) =4; Vi€ {3,4,...,

W
n—2}.

If D is any total dominating set of W, then it is obvious
that u must belong to D as dy (u) =n—2=A(W,).

To prove the result we consider the following cases:
Case1: Forn=5

We construct a set of vertices D = {u, vy, v, } with |D| = 3.
Also every vertex v € V(Ws) — D is adjacent to at least two ver-
tices of D and there exists u € D such that \d‘;v; (v)— dy. w)| <

1. Thus D is an equitable dominating set of/EVvs. Further D is
a total dominating set of Ws as N(D) = V(Ws). Therefore D
is a total equitable dominating set of Ws.

For any v € D, the set D — {v} is not equitable dominat-
ing set of Ws as for all vertex u € V(Ws) — (D — {v}) there
does not exists w € D — {v} such that |du~,S (u) — dyy. (w)] <1.

Therefore D is a minimal total equitable dominating set of ‘7Vv5
Hence ¥ (Ws) = 3.

Case 2: Forn =7

We construct a set of vertices D = {u,v2,v3,vs} with
|D| = 4. Also every vertex v € V(W;) — D is adjacent to at
least two vertices of D there exists u € D such that |dﬁ77 (v)—

dy, (w)| < 1. Thus D is an equitable dominating set of Wj.
Further D is a total dominating set of W; as N(D) = V (W;).

Therefore D is a total equitable dominating set of W5.

For any v € D, the set D — {v} is not even an equitable
dominating set of W7 as for all vertex u € V(Wy) — (D — {v})
there does not exist w € D— {v} such that |dﬁ77 (u) —dy; w)| <
1. Therefore D is a minimal total equitable dominating set of
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W5. Hence ¥ (W7) = 4.
Case 3: Forn = 8,9

We construct a set of vertices D = {u,v2,v3,V6,Vy—1 }
with [D| = 5. Also every vertex v € V(W,) — D is adja-
cent to at least two vertices of D there exists u € D such
that |dy; (v) — dy- (w)| < 1. Thus D is an equitable dominat-
ing set of WT,,V Further D is a total dominating set of W, as
N(D) = V(W,). Therefore D is a total equitable dominating
set of I7Vv,,

For any v € D, the set D — {v} is not even an equitable
dominating set of W}, as for all vertex u € V(W,) — (D — {v})
there does not exist w € D— {v} such that |dy- (u) — dy> (w)| <
1. Therefore D is a minimal total equitable dominating set of
W,. Hence ¥ (W,) = 5.

Case 4: Forn=2(mod3), n#5,8
We construct a set D of vertices is follows:

D= {V3,-,1 2<i< [g} —1}U{u,v1,vz,V3,V4,vn,1}

with |D| = g—‘ +3. Also for every vertex v € V(W,) — D is

adjacent to at least two vertices of D, there exists u € D such

that |dy; (v) —dy (w)| < 1. Hence D is an equitable dominat-

ing set of Wj,,v Further D is a total dominating set of W, as
N(D) = V(W,). Therefore D is a total equitable dominating
set of W,,.

For any v € D, the set D — {v} is not even an equitable
dominating set of W, as for all vertex u € V(W,) — (D —{v})
there does not exist w € D—{v} such that |y (u) —dg (w)| <
1. Therefore D is a minimal total equitable dominating set of
W,.

n
3
Case 5: Forn=0(mod3), n #5

Hence ¥ (W,) = [ —‘ +3, when n = 2(mod3), n # 5, 8.

We construct a set D of vertices is follows:

D= {V3i 2 S i S g_ 1} U{u>V17V27V4>Vn—1}

with |D| = g +3. Also for every vertex v € V(W,) — D is
adjacent to at least two vertices of D, there exists u € D such
that |dy; (v) —dy (w)| < 1. Hence D is an equitable dominat-
ing set of anv Further D is a total dominating set of W, as
N(D) =V (W,). Therefore D is a total equitable dominating
set of W,,.
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For any v € D, the set D — {v} is not even an equitable
dominating set of W, as for all vertex u € V(W,) — (D — {v})
there does not exist w € D —{v} such that [dy- (1) — dyz (w)| <
1. Therefore D is a minimal total equitable dominating set of
W,.

Hence ¥ (W,) = g+3, when n = 0(mod3), n#9.

Case 6: For n = 1(mod3)
We construct a set D of vertices is follows:

D= {V3i+l 1<i< gJ 71}U{M;V1;V25Vn71}

with |D| = {gJ +3. Also for every vertex v € V(W,) — D is

adjacent to at least two vertices of D, there exists u € D such
that |dy; (v) —dy (w)| < 1. Hence D is an equitable dominat-
n n

ing set of VZ,/ Further D is a total dominating set of W, as

N(D) =V (W,). Therefore D is a total equitable dominating
set of W,,.

For any v € D, the set D — {v} is not even an equitable
dominating set of W, as for all vertex u € V(W,) — (D — {v})
there does not exist w € D—{v} such that [dy- (1) — dyz (w)| <
1. Therefore D is a minimal total equitable dominating set of
W,.

n

Hence ¥ (W,) = b

J + 3, when n = 1(mod3).

Conclusion

The concepts of total dominating set and total equitable dom-
inating set are useful for the formation of any committee. It
is desirable that each committee member might feel com-
fortable knowing at least one member of the committee. In
this situation total domination is useful while there is no dif-
ference of opinion between any two members or they differ
on at most one issue. In this situation the concept of equi-
table domination is applicable. We have investigated the total
domination(total equitable domination) number of the graph
obtained by switching of a vertex in standard graphs like P,,
C,and W,.
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