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Extended Darboux frame field in Minkowski
space-time [E{

Bahar Uyar Daldiil'*

Abstract

In this paper, we extend the Darboux frame field along a non-null curve lying on an orientable non-null hyper-
surface into Minkowski space-time E} in two cases which the curvature vector and the normal vector of the
hypersurface are linearly independent or dependent. Then the normal curvature, the geodesic curvature(s), and
the geodesic torsion(s) of the hypersurface are given when the curve lying on the hypersurface is an asymptotic

or geodesic curve.
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1. Introduction

The most known frame fields of differential geometry are the
Frenet frame field and the Darboux frame field, and these
frame fields occupy an important place in the study of curves
and surfaces. There are many studies about generalization of
the Frenet frame in higher dimensional spaces in the literature,
but there is no study about generalization of Darboux frame
to higher dimensional spaces, except for the article given by
Diildiil et al., [2].

As we know, in differential geometry the Darboux frame
field along a curve lying on a surface denoted by {T,V,N},
where T is the unit tangent vector of the curve, N is the surface
normal restricted to the curve, and V = T x N. The normal
curvature, the geodesic curvature and the geodesic torsion
of the surface can be calculated by means of the derivative
equations of this frame field, [1,5,7,8,10].

In this paper, similar to given in Euclidean 4-space we
construct a frame field along a non-null curve lying on an

orientable non-null hypersurface in Minkowski space-time
E} and call as “extended Darboux frame field” or shortly
“ED-frame field”. After, we obtain the derivative equations of
this frame field and give the normal curvature, the geodesic
curvature(s) and the geodesic torsion(s) of the hypersurface.

We hope that this new frame field will provide the basis
for future works to be done in this area.

2. Preliminaries

The Minkowski space-time E{ is the Euclidean space E* pro-
vided with the indefinite flat metric given by

() = —dx] +dx3 +dxj +dx3,

where (x1,x2,x3,%4) is a rectangular coordinate system of E{.
Since the above metric is an indefinite metric, we know that
a vector in E‘f can have one of the three causal characters:
The arbitrary vector v is called a spacelike, a timelike, and a
null or lightlike vector if (v,v) >0 orv =0, (v,v) <0, and
(v,v) =0 for v # 0, respectively. The norm of a vector v is
defined by ||v|]| = /|{v,Vv)| and two vectors v and w are called
orthogonal if (v,w) = 0. A vector v satisfying (v,v) = £1 is
called a unit vector. For an arbitrary curve a(s) in IE‘I‘, the
curve is called a spacelike, a timelike and a null or lightlike
curve, if all of its velocity vectors o (s) are spacelike, timelike
and null or lightlike, respectively, [6].
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A hypersurface in the Minkowski space-time E‘]‘ is called
a spacelike or a timelike hypersurface if the induced metric
on the hypersurface is a positive definite Riemannian metric
or a Lorentzian metric, respectively. The normal vector on
the spacelike or the timelike hypersurface is a timelike or a

spacelike vector, respectively.
4
The ternary (or vector) product of the vectors u = ¥ uje;,
i=1
4 4 ] )
v=Y vie;,and w = Y wie; in E{ is defined by
i=1 =1

14
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where {e,e>,e3,e4} is the standard basis of E{. The equa-
tions;

eI¥er®e3 =€, e€2Qe3Req=ey,

eaRe®e =€, eRQeRe=—e3

are satisfied for the vectors e;, 1 <i<4,[11].

Let M be an orientable non-null hypersurface and o : I C
R — M be a unit speed non-null curve in E7. Let {t,n, by, by}
be the moving Frenet frame along . Then t, n, by, and b, are
the unit tangent, the principal normal, the first binormal, and
the second binormal vector fields, respectively. If k1, k>, and
k3 are the curvature functions of the unit speed non-null curve
a, then for the non-null frame vectors we have the following
Frenet equations:

t = enkin,

n = 78tk1t+8b]k2b1,

bl = —&nkon— &&ntp k3bs,
b/2 = —8blk3b1,

where & = <t,t>, &, = (n,n), &, = <b|,b|>, &, = <b2,b2>
whereby &, €n, €, ,&p, € {—1,1}, 1 <i <4 and &&,&,, &, =
—1, [4].

Definition 2.1. i) Let o7 = [a;;] € R} and # = [b] € R}, be
two matrices, where R} and R}, are the real vector spaces
with the matrix addition and the scalar-matrix multiplica-

tion. Then, the Lorentzian matrix multiplication or shortly
L-multiplication of the matrices </ and 2 is defined by

n
o | B = [— a1 by + Z a,-jbjk} .
j=1
The real vector space R} with L-multiplication is denoted by
L.

ii) The matrix

-1 0 0

0 1 0
fn: .

0 O 0
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is called n X n L-identity matrix according to L-multiplication.
Forevery o e LY, .19 = . [ Iy =4 .

iii) An n X n matrix </ is called L-invertible if there exists
an n X n matrix A such that & .| B = B. A = #,. Then B
is called the L-inversible of </ and is denoted by o/ .

iv) The matrix /7 = [a};) € L, is called the transpose of
the matrix o/ = [a;;] € L.

v) The matrix o/ € L is called L-orthogonal matrix if
oV =aT [3].

3. Extended Darboux frame field in E{

Let M be an orientable non-null hypersurface, N be its non-
null unit normal vector field in E{, and o(s) be a non-null
Frenet curve parametrized by arc-length parameter s lying on
M. If the non-null unit tangent vector field of o is denoted by
T, and the non-null unit normal vector field of M restricted to
a is denoted by N, we have &’ (s) = T(s) and N(ct(s)) = N(s).

As in Euclidean 4-space E* [2], the extended Darboux
frame can be constructed in two different cases in Minkowski
space-time E} according to whether the set {N, T, "'} is lin-
early independent or linearly dependent. Let us denote the
ED-frame field is the first kind and the second kind if the
set {N, T, "} is linearly independent and linearly dependent,
respectively.

Now, let us construct the ED-frame field of the first kind in
Case 1 and the second kind in Case 2 along the non-null Frenet
curve @ in ]E‘l‘. As explained in [2], using the Gram-Schmidt
orthonormalization method, we have

E: Ot'/—<OC”,N>N
[l — (e’ ,N)N||
for Case 1 and
B Ot”’—(Ot"’,N}N—(Ot’”,T)T
e = (@ N)N — (", T)T]|
for Case 2. If we define —D = N® T ® E for both cases, we
obtain the orthonormal frame field {T,E,D, N} another from
Frenet frame field {T,n,b;, b} along the curve a.. With re-

spect to the orthonormal frame {T,E,D, N}, the vector fields
T',E/,D’,N’ have the following decompositions:

T = (T T)T+&(T E)E+¢&(T',D)D
+& (T, N)N,
E = &(E,T)T+&/(E,E)E+&(E,D)D
+e& (E',N)N,
D' = & (D, T)T+& (D E)E+¢&(D',D)D
+& (D', N)N,
N = (N, T)T+&(N,E)E+¢&(N',D)D
+& (N, N)N,
where € = <T,T>, & = <E,E>, & = <D,D>, &4 = <N,N>
whereby €1, &, €3,& € {—1,1}. Besides, when & = —1, then

g=1 forall j#1i,1<i,j<4and € &ees=—1.
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Similar operations are performed in [2], we obtain (T',D) =
0 for Case 1 and (T',E) = (T’,D) = 0 and (N’,D) = 0 for
Case 2. If we use (T',N) = K;, and denote (E',N) = ‘L';,
(D',N) = ’L’é, (T',E) = kg, (E/,D) = ng, where &} and T,
are the geodesic curvature and the geodesic torsion of order
i, (i = 1,2), respectively, then the differential equations for
ED-frame field have the form for Case 1:

T 0 &2k, 0 €4, T
E | | —ax 0 ek & r% E
D | 0 —g K2 0 £47T, D |’
N’ —£1K, —sgrj —&17; 0 N
and for Case 2:
T 0 0 0 &k, T
E | 0 0 &Ky €T, E
D |~ 0 —&k> 0 0 D
N’ —£K, —& rj 0 0 N

Now, let us consider the normal curvature, the geodesic
curvatures, and the geodesic torsions of the curve o and let us
give the geometrical results of these real valued functions. In
both cases, we know that &, = (T’,N) is the normal curvature
of the hypersurface in the direction of the tangent vector T.
Therefore, & is an asymptotic curve if and only if x, =0
along a.

Theorem 3.1. Let us consider a unit speed non-null curve
a on an orientable non-null hypersurface M in Minkowski
space-time E‘l‘. Let My and M3 be the non-null hyperplanes at
o(so) € M determined by {T (s0),D(s0),N(s0)} and {T(so),
E(s0),N(s0)}, respectively. Denoting the transversal intersec-
tion curve of My, M», and M with B, then the first curvature
kf (s0) of B at the point B(so) is given by kf (50) = |Ka(50)],
where K, is the normal curvature of the hypersurface M in the
direction of T.

Proof. According to the transversal intersection of three hy-
persurfaces, T is the tangent vector of the intersection curve 3.
Using the similar calculations in [9], since the normal vectors
of the hypersurfaces are orthogonal at the point f3(sp), for the
first curvature of  at 8(so) we find

KD (s0) = y/lea (12 (50) + 3 (k2)2(s0) + (1) (s0) .
where k! = (T’ E), k> = (T",D), k) = (T’,N). Then, we
obtain

K (s0) = 1/ lea ()2 (50)].

Since & = +1, we get kf (s0) = |%.(50)|- O

Theorem 3.2. Let o be a unit speed non-null curve on an
orientable non-null hypersurface M in E‘f. Let us denote the
non-null orthogonal projection curve of o onto the non-null
tangent hyperplane at a.(so) with B. Then the first curvature
klli (s0) of the projection curve 3 at the point (so) is equal to
&n K; (s0), where Kg1 is the geodesic curvature of order 1 of M.
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Proof. Since B is the orthogonal projection curve onto the
tangent hyperplane at a(so) of a, we can write

B(s) = a(s) — {a(s) — e(s0),N(s0)) N(s0)-

If we differentiate both sides of this equation three times
according to s, we find

B’ (s0) = &'(s0) = T(s0),
B (s0) = T'(s0) = €25 (s0)E(s0),
B"(s0) ={- 8182(Kg') (So)—81€4 1<,, (S )} T(s0)
+{&(x;)'(s0) —8284Kn 50) 74 (s0) } E(s0)

+{8283K' (S()) (S()) —83841(,, ) T; S())}D

at the point (so) = a(so). Then, we obtain

_ . B'(s))®B"(s0)®B"(s0) _
P20 = g7 ) @ B o) @ B )] e
_ . ba(s0)®B'(s0) ®B"(s0) _
D100 = e T oy By @ B S0
__bi(so) ®ba(so) ®B'(s0)
") oy (50) @ ba(s0) @ B sl 0200
and
By (n(s0)B"(s0)) _ o
00 T~
O

Theorem 3.3. Let o be a unit speed non-null asymptotic
curve on an orientable non-null hypersurface M in E‘l‘. Let us
denote the non-null orthogonal projection curve of o, onto the
non-null hyperplane determined by {T (so),E(s0),N(so)} at
a(so) with y. Then the first curvature k' (so) of the projection
curve y at the point y(so) is given by kq)(so) = &K (so)

Proof. 1f we write
¥(s) = a(s) — (a(s) — a(so),D(s0)) D(s0)

and do the similar calculations at the proof of Theorem 3.2,
we find the desired result. O

Now, let us take into consideration the non-null Frenet

frame {T,n,b;,b,} along the non-null curve &. Since n, by,
by, E, D, N are orthogonal to T, we can write
Y =X, 3.1
where
n E
Y=| by |, X=| D |,
b, N
3.2)
sinh¢; sinh¢, sinh¢@s
o/ = | sinhy; sinhy, sinhys
sinh®; sinh6, sinhBO;
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Since the matrix o7 is an L — orthogonal matrix, we may write
SuX=adT 1Y,

where

Then we have

E = —sinh¢;n+sinh y;b; 4 sinh 8 by,
D = —sinh ¢pn +sinh yrb; +sinh 6, b,
N = —sinh ¢3n + sinh y3b; 4 sinh 63b;.

(3.3)

Therefore, if we use Frenet formula T’ = &,k n and (3.3), we
get

K, = (T',E) = —k; sinh ¢, (3.4)

and

K, = (T',N) = —k; sinh s, 3.5)

where k; is the first curvature of «.

Theorem 3.4. Let a be a unit speed non-null curve with arc-
length parameter s on an orientable non-null hypersurface M
in ]E‘I‘. If o is a geodesic curve on M, then

2 1
Ky = 7k1; Kg = 7k37 Tg = 7k2?

where k; (i = 1,2,3) denotes the i-th curvature functions of o.

Proof. Since « is a geodesic curve, by the proper orientation
of the hypersurface with N(s) = n(s), Case 2 is valid. In
this case, E and D coincide with by and b,, respectively. So,
the frame {T,E,D, N} coincides with the frame {T,b;,by,n}.
Using (3.1) and (3.2), since

<n7E>:O7 <n7D> :07 <I’1,N>:847

<b1aE> =&, <b17D>:0a <b1’N>:0’

(b2,E) =0, (b2,D)=¢g3, (b2,N)=0
we obtain

¢1(s) = d2(s) = ya(s) = ya(s) = 61 (s) = 63(s) =0 (3.6)
and
sinh @3(s) = — sinh y; (s) = sinh B (s) = 1 3.7)
along c. Substituting (3.7) into (3.5), we find
K, = —ki.

On the other hand, since

E' =kiersinh¢; T+ (— ¢ cosh @ — ko, sinh y; )n
+ (l[/i cosh y; — k&, sinh @y — k3¢, sinh 6 ) b
+(6] cosh 0 — k3er€ntp, sinh i )by
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we obtain

k2 = (E/,D) = ¢{ cosh ¢; sinh ¢, &,
+y| cosh y sinh yr &, + 0] cosh 6; sinh 6> &,
+ko ( sinh yj sinh ¢ — sinh ¢ sinh l[/z)
+k3 ( sinh y; sinh 6, — sinh 6; sinh ;)

(3.8)

and

7y = (E/,N) = ¢{ cosh ¢ sinh ¢3¢, + ] cosh y; sinh Y&y,
+6] cosh 6 sinh 63&y, + k> (sinh y; sinh ¢3 — sinh ¢, sinh y3)
+k3 (sinh y; sinh 63 —sinh 6 sinh y3).

(3.9)
Substituting (3.6) and (3.7) into (3.8) and (3.9), we get
Kg = —k3
and
Tl = —k,.
O

Theorem 3.5. Let & be a unit speed non-null curve with arc-
length parameter s on an orientable non-null hypersurface M
in E‘ll. If o is an asymptotic curve on M, then

Ky = ki, K; = kysinh 1, = kpsinhys,
’L'; = y; cosh Y sinh Y€, + 65 cosh 65 sinh O3¢5, +

k3 ( sinh y» sinh 65 — sinh 6, sinh 1[13) ,

where k; (i = 1,2,3) denotes the i-th curvature functions of Q.

Proof. Since o is an asymptotic curve, then k, = 0. In this
case, T/ =gkin=¢& K'; E,i.e. n and E are linearly dependent.
So Case 1 is valid. Using (3.1) and (3.2), since

(n,E) = —&sinh¢;, (n,D) =0,

<b1,E> =0, <b1,D> =£3Sinhl[/2,
(b2,E) =0, (by,D) = €3sinh 63,
<n7 N> = 07

<b1 , N> = g4 sinh 3,
<b2, N> = &4 8inh 63

we have
sinhg(s)=—1, @ (s)=03(s)=y1(s)=0;(s) =0 (3.10)
along a. Substituting (3.10) into (3.4), (3.8) and (3.9) yield

1
Kg :k17

2 .
Ky = ko sinh y,
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and Kk Kk kK Kk Kk ke
! ) ISSN(P):2319 — 3786
Ty = ko sinhys. Malaya Journal of Matematik
. . ISSN(0):2321 — 5666
Besides, since *i*)******

D' =kiersinh ¢, T + ( — ¢; cosh @, — kr &, sinh 1//2) n
+ (l[/é cosh y, — k&, sinh ¢ — k3 €&, sinh 92) b
+(8} cosh 6, — kzer€qey, sinh yi )b,

we get

72 = (D',N) = ¢} cosh ¢ sinh ¢s¢,
+y} cosh yp, sinh yz €,
+6] cosh 6, sinh B3¢y,
+k; (sinh y, sinh ¢3 — sinh ¢, sinh y3)
+k3 ( sinh Y, sinh 63 — sinh 6, sinh 1[13) .

Using (3.10) yields

72 = W) coshyn sinh ys g,
+6] cosh 6, sinh 03¢y,
+k3 ( sinh Y, sinh 63 — sinh 6, sinh l[/3) .
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