Malaya Journal of Matematik, Vol. 6, No. 3, 514-520, 2018
https://doi.org/10.26637/MJM0603/0009

Tension spline technique for the solution of
fourth-order parabolic partial differential equation

Talat Sultana’* and Pooja Khandelwal?

Abstract

In this paper, we propose a spline approach for the numerical solution of fourth order parabolic partial differential
equation that governs the behavior of a vibrating beam. We have used nonpolynomial cubic tension spline in
space and finite difference discretization in time. Class of methods and Stability analysis have been carried out.
Finally, some numerical examples are presented to illustrate the efficiency and accuracy of the proposed method.
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1. Introduction

Numerical methods for the solution of fourth-order parabolic
partial differential equations have been carried out by many
authors. Caglar and Caglar [3] proposed a fifth degree B-
spline method, Conte [5], Crandall [6], Jain et al. [8] and
Todd [16] have proposed both explicit and implicit methods
successfully to solve fourth order parabolic partial differential
equations. Collatz [4] and Evans and Yousif [7] used finite
difference methods for such problems. The nonhomogeneous
problem with constant coefficients has been studied by Aziz
et al. [2] based on parametric quintic spline, Khan et al. [9]
based on sextic spline and Khan and Sultana [10] based on
parametric septic spline by using nodal points. Rashidinia and
Aziz [13] developed three level methods based on parametric

quintic spline and Siddiqi and Arshed [15] developed quintic
B-spline collocation method for the approximate solution of
such problems.

The problem of undamped transverse vibrations of a flexi-
ble straight beam is considered in such a way that its support
do not contribute to the strain energy of the system and is
represented by the fourth-order parabolic partial differential
equation of the form:

9%z 9%z
ﬁ—l—ﬁzf(x,t), a<x<b, t>0, (11)
subject to the initial conditions:
2(x,0) = go(x), a <x<b,
(1.2)
2(6,0) = gi1(x), a<x<b
and the boundary conditions are
Z(avt) = fo(t)a Z(bat) = fl(t), t> 0)
(1.3)

Zxx(avt):qO(t)7 Zxx(bat):CIl(t)a 1207

where z is the transverse displacement of the beam, go(x), g1 (x),
Jo(t), fi(t), qo(t), qi1(¢) are continuous functions, ¢ and x are
time and distance variables respectively and f(x,¢) is dynamic
driving force per unit mass [11].
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In [12], Mittal and Jain discussed two methods. In Method-

I, they decomposed equation (1.1) in a system of second order
equations and have solved them by using cubic B-spline and
in Method-II, they have solved equation (1.1) directly by us-
ing quintic B-spline method. Rashidinia and Mohammadi
[14] developed three level implicit methods of O(k? + h*)
and O(k* + h*) for the numerical solution of equation (1.1)
with variable coefficients by using sextic spline. The analytic
solution of homogeneous fourth-order parabolic partial dif-
ferential equation based on Adomain decomposition method
was given by Wazwaz [17].
The purpose of this paper is to present a new numerical
method for obtaining smooth approximations for solving ho-
mogeneous and nonhomogeneous parabolic partial differential
equations based on nonpolynomial cubic tension spline func-
tion approximation. Computational efforts of our method are
less compare to other existing methods. Also, the numerical
and graphical demonstration shows the practical usefulness
of our method.

The paper is organised as follows: In section 2, we give a
brief derivation of nonpolynomial cubic tension spline func-
tions. In section 3, we have presented the formulation of our
method with development of boundary equations. In section
4, truncation error is given. Stability analysis is discussed in
section 5. Finally in section 6, four examples are considered
to demonstrate the practical usefulness and superiority of our
method.

2. Nonpolynomial cubic spline functions

We consider a set of grid points in the interval [a,b] such that

(b-a)

xi=a+ih, i=0(1)n, h=
n

A nonpolynomial cubic spline function S;(x) of class
C?[a,b] which interpolates z(x) at mesh points x;, i = 0(1)n
depends on a parameter 7, if we take T — 0, then it reduces to
ordinary cubic spline in [a, b].

For each segment [x;, x;41], i=0,1,2---n— 1, we con-
sider the nonpolynomial cubic spline S;(x) of the form:

ai(er(xfxi) _’_efr(xfx,«)) +b,'(er(x7xi) _eft(xfx,-))
+eilx—xi)+d;, i=0,1,...,n, (2.1)

S,'(x) =

where a;, b;, c¢; and d; are unknown coefficients and 7 is a free
parameter which will be used to raise the accuracy of the
method.

Let z(x) be the exact solution and z; be an approximation
to z(x;), obtained by the segment S;(x) of the mixed splines
function passing through the points (x;,z;) and (x;y1,zi+1)-
To determine the coefficients of equation (2.1) in terms of
Ziy Zi+1, Mi, Mit1, we first define:

Si(xi) = ziy Si(xig1) = zig1,
(2.2)
SY(xi) =M, S (xix1) = Mit1,
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From algebraic manipulation using equation (2.1) and equa-
tion (2.2), we obtain the following expressions:

a, = 21_27

b M — (€% + e %)M,

b 272(ef —e0) 7

o = M[*MiJr]JrTz(ZiJr]*Zi)

1 T9 bl
M.

d = z,-fr—zl, 0 =thi=0(1)n—1.

Substituting these values in equation (2.1) and using the con-

tinuity condition of the first derivative at the point x = x;, i.e.
/ /

S;(xj) = S;,1(xj),we obtain the following tridiagonal system

fori=1,2,---.,n—1:

Zio1 — 22+ zi1 = h2 (0 Mioy +2B Mi+ a Mis),

w1 i)

If © — 0, then (@, B) — (¢, 3). then the relation (2.3) reduces
to a ordinary cubic spline relation:

(2.3)

where

2

h
(zic1 = 2zi+2zit1) = — (Mi—1 +4 M; + M;,1).

- (2.4)

Also for the differential equation in (1.1) at the knots x;, we
may have [1]
My =2 M+ My =12V 0. (25)

Using equation(2.3) and equation(2.5), we obtain the follow-
ing fourth order scheme:

Zicp —4zi1 + 62 —4zip1 +2ip2 =
W Fi+ (B+4a) FE+aFy), i=2(1)(n—2), (2.6)

where 5\¥ (xi) =F;.

i

3. The method

Let the region R = [a,b] x [0,0) be discretized by a set of
points Ry which are the vertices of a grid points (x;, ),
where x; = ih, i =0(1)n, nh=b—a and t,, = mk, m =
0,1,2,3,... The quantities /# and k are mesh sizes in the space
and time directions respectively.

We replaced the time derivative by a finite difference ap-
proximation and space derivative by nonpolynomial cubic
tension spline function for approximation of (1.1). We need

0gl0
S0,
S5027:

(N
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the following finite difference approximation for the time  O(k* 4+ h?), we use the following equations for approximating

partial derivative of 7 : the boundary equations:
sm _ 3 -2s2 2y-1 .52, 57 28 11 T 6.0 i .
Z;’;i—k o (1+ao67) 2", (3.1) ) ?Zl < 24_? 10z4—§Z0—§h2(z0)”, i=1,
where o is a parameter such that the finite difference approx-
imation to the time derivative is O(k?) for arbitrary o, z" .. 11 28 57 . 52 .,
is the approximate solution of (1.1) at (x;, ) and &, is the (i) T 10 4t 5 =37 5 -2 - 3 fn-l
central difference operator with respect to ¢ so that
:zzm_th(Zm)// i=n—1
2 = =2 A '

' o . ' . For high accuracy formula of O(k? +h*), we use the following
At the grid point (i, m) the differential equation may be  equations for approximating the boundary equations:

discretized b

Y on i 32) gy A 385, 2540, 165, 54, 137,
o+ B = I I B T o e I T

where Z},,. is the fourth-order spline derivative at (x;, #y) 53 10

denoted by F" = Sl(4) (xi, tm) with respect to the space variable = EZ’(? hz( ' i=1,

and f" = f(xi, t,,). Using (3.1) and replacing fourth order (i)

spline derivative by F"*, in (3.2) we have 137 54 165 . 2540 585 ” 174

Fin—5" "5 Zn—4 n 37 7Zn 1
k_25[2(1 + 6512) +Fm m. (33) 126 7 7 63 14 7
58, 10 , ,
Operating A, on both sides of (3.3), we obtain = j 7 —h ()", i=n—1.

5’[(60+B) + o] + or’ 8" + 787 4. Class of methods

=K(1+08)[af |+ (B+4a) f"+affly], i=2(1)(n—1), Expanding (3.4) in Taylor series in terms of z(x;, #,) and its

(34)  derivatives, we obtain the following relations:
where r = h%, d is a central difference operator and the opera- 120 h6D6 505

tor A, for any function L is defined by SfZ(Xi,l‘m) h4D4 ol 3] th8 + 1016h10D10

ALi=ali_1+(B+40) Li+o Liyq. 2040
xl i (ﬁ ) i it+ + hllez-‘r :|Z(xi»tm)

This scheme (3.4) is finite difference in time and spline scheme
in space variable, which on simplification can be written as 52 (Xim)
)

[ 1
2Dt A8p8 65,1212
= h'D;+ —r"h°D; — h'“D
i + 12 360" "k
U1 @5 + 25D + (@ + ) + Us g™ ] 1
i ! 87,1616
——r°h°D el 2(xistn), (4.1
where (D? + D*)z(xi, tn) = f(xi, tn). Using (3.4) and (4.1),
we obtain the following truncation error:

+Vi(gs +2i40) +Va(gity +2iky) + V32
+[U1 (2" 21+z,+2 )+ U (2" 11+z,+1 )+U3zf"_1]
= Ki[a(f T+ ) + (B +40) £

1 1
" = |(6a — — o |K'D} + (6a ———— |k°D°
a2+ 1)+ (B +4a) 7] "= [ e ot +’”(360 )
Ko A+ (B ) ) i=2(1)(n-2). o = — o )EnDint + af — — Z kr2Din?
(3.5) 12 360 12
where 1 k*n
+a<12 0)12 DD}
U =o0r’, Uy=oa—40r?, Us = (B +4a)+ 6072,
o 1
+5 360 1 Krn*DeD + ...
Vi=r2—2072 V, = —2a— 42 + 8072, (360 12)
1 471614416 o 1 61,6 Y0 6
Vs = —2B —8a+6r> — 12017, Ki = 6k*, K> = k*(1 - 20). +% ( —G>k WDiDy+ 12551 30— JK DDy
The relation (3.5) gives n — 3 linear algebraic equations in n — « (1 _ G) JETR D4 DS
1 unknowns z;, i = 2(1)(n —2). We need two more equations, 20160
one at each end of the range of integration, for the direct o 1 6,8 6 8
computation of z;, i = 1(1)(n— 1). For formula accuracy of +241920 30 ° KD/ Dy + -

516 X
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1 o

80 12

1
+k2(1— 60— B)DI+ (6 - oc) K*h*D°
2 4D§

(g1 e+

80
1
+o0(1—60—B)*D?D + o (6 - oc) K*n*D*D°

o
12) K*h*D*D8 + ...
@

O 1 e — RS 1
15 (160 ﬁ)thDx—i—c( 3

o
+G(

Here, we obtain the following class of methods:

Case 1: When (1 — 60 — f3) = 0, we obtain various schemes
of O(k? + h?) for arbitrary values of &, 3, and ©.

Case 2: when o = %, B =0, we obtain a scheme of O(k> +
h*) for any ©.

) k°n*D? DS

1 o

960 144

) Kh*D} DS + - } 7'

1

(4.2)

5. Stability analysis and convergence

To investigate the stability analysis of the scheme (3.5), we
use the Von Neumann method. We have assumed that the
solution of (3.5) at the grid point (x;, f,,) is of the form:
m if

e,

(5.1)

m
Zi =1

where i = +/—1, 0 is real and 1 is complex in general.
Substituting (5.1) in homogeneous part of (3.5), we obtain a
characteristic equation

An*+Bn+C=0, (5.2)

where
A=C=U;cos20 +U,cos 0 +2U;3,

B =V,c0820 +V,cos 0 +2V3.

148
&>

(A—B+C)E*+2(A—C)E+(A+B+C) =0.

Under the transformation 11 = equation (5.2) becomes

(5.3)

The necessary and sufficient condition for |n| < 1 is that
A-B+C>0,A-C>0andA+B+C>0.

The conditions A —C > 0 and A + B+ C > 0 are always satis-
fied for all real values of 6.

From the condition A — B+ C > 0, we get that the scheme
(3.5) is unconditionally stable if o > % and conditionally sta-
ble if 0 < i for all real values of o, 8 and 6.

We summarized the above results in the following theorem:

Theorem: The scheme (3.5) for solving (1.1) is uncondi-
tionally stable if ¢ > } and conditionally stable if o < }.
By using the Lax theorem, we can conclude that the present
method is converge as long as stability criterion is satisfied.
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6. Computational results

We have applied the presented method on the fourth-order
parabolic partial differential equation and have considered
one homogeneous and three nonhomogeneous examples. The
proposed method (3.5) is three level implicit method based on
nonpolynomial cubic tension spline function.

Example 1. Consider a nonhomogeneous fourth-order parabolic
partial differential equation [2, 7, 9, 10, 14]:

i,
a2 ot

subject to the initial conditions:

+ (n* —1)sinzmxcosz, 0<x<1,1>0,

z(x,0) =sinzx, z(x,0)=0, 0<x<1
and the boundary conditions
2(0,8) = z(1,1) = 2 (0,2) =z (1,6) =0, £ > 0.
The analytical solution for this example is
z(x,t) = sinzxcost.

The absolute errors for above example with 7 = 0.05 at par-
ticular points x = 0.1,0.2,0.3, 0.4,0.5 and comparison with
other existing methods are tabulated in table 1. Fig.1 illustrate
the comparison of numerical solution and analytical solution
for n =20,r = 2 and time steps=10.

Example 2. Consider a homogeneous fourth-order parabolic
partial differential equation [2, 6, 10, 16]:

2%z

9%z
+ -

an?

subject to the initial conditions:

=0, 0<x<1,1>0,

X

12(2x2—x3— 1), z(x,0)=0, 0<x<1

z(x, O) =
and the boundary conditions
2(0,8) = z(1,1) = 24 (0,2) =z (1,6) =0, £ > 0.

The analytical solution for this example is

2(x,t) = Y dysin(2s+ 1) mxcos(2s + 1) 7t
s=0
where
__ -8
[(2s+1)375]

The absolute errors for above example and comparison with
other existing methods are tabulated in table 2. Fig.2 illustrate
the comparison of numerical solution and analytical solution
for n = 10,7 = 4 and time steps=50.

s
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Example 3. Consider a nonhomogeneous fourth-order parabolic

partial differential equation [10]: Table 1. Observed maximum absolute errors for # = 0.05,
PYI Example 1.
ﬁ W:[24—x2(1—x)2]cost, 0SXS17I>0,
t Methods r Time x=0.1 x=02 x=03 x=04 x=05
. o« ele o (a, B, 0) steps
subject to the initial conditions: o =
1od 2 10 6.69(~7)  496(-8)  3.76(~8)  7.33(=9)  1.19(-9)
2 2 6 ks
Z(X,O) =X (1 *X) s 2t (X,O) = O, 0 S X S 1 0.5 16 1.66(—8)  1.99(—9)  5.55(—11)  1.34(—10)  1.28(—10)
(%0%) 2 10 236(-7)  2.22(-8)  5.56(-9)  L13(-9)  2.03(-9)
and the boundary conditions 0.5 16 1.58(—8)  5.91(—10)  1.22(—10) 1.23(=10)  1.29(—10)
0(k2 +h?)
Z(O,t) — Z(l,t) — 0, Zxx((),[) — Zxx(l,t) — ZCOSI, t> 0. (%.4.%) 2 10 338(=5) 1L12(=5)  1.93(=5)  1.93(=5)  1.98(-5)
0.5 16 7.28(—6)  1.30(-5) 1.71(=5) 1.96(—5)  2.04(=5)
. . . . 1 1
The analytical solution for this example is (i*z’ﬁ) 20100 76 1SN(=S) 1e(=3) 191(=) 2.02(=5)
05 16 L12(=5)  121(=5)  1.54(=5)  141(=5)  1.69(-5)
Z(X Z) _ x2<1 —)C)2 Cost. (%.71.%) 2 10 3.62(-5) 4.02(-6)  1.06(=5)  9.78(—6)  9.73(—6)
? 05 16  201(—6)  654(—8)  546(-7)  5.95(-7)  6.22(-7)
. . Lo _ _ _6)  94s(— _
The maximum absolute errors for above example is tabulated I B
N R K o i 05 16 688(—6)  7.12(=6)  7.26(—6)  7.35(—6)  7.38(-6)
in table 3 and comparison with other existing methods is tabu- ]
. . . N . ok +ite=1% 2 10 3.09(—6)  4.04(—6)  1.65(—6)  2.44(=6)  2.73(-7)
lated in table 4. Flg.3 illustrate the comparison of numerical 05 16 525(-7) 287(-7)  154(-7)  L64(-7)  1.76(-7)
. . . 44 o= L 91(— _ _ _ _
solution and analytical solution values forn =20,r=2and ~ °“ "o m °o 0 20 SRS 0T TR Tel)
: _ 2] 2 10 1.80(—5)  2.00(—5) 140(=5)  8.30(—6)  5.70(—6)
time steps-lO. 0.5 16 920(—6)  7.90(—6)  2.80(—6)  9.80(—7)  2.50(—6)
7] 2 10 220(—4) 4.10(—4)  540(—4)  6.20(—4)  6.50(—4)
05 16  250(-5) 470(-5)  6.60(—5)  7.80(—5)  8.20(-5)
: _ : o] 2 10 1.87(—6)  2.13(—5) 1.49(—5)  8.60(—6)  5.96(—6)
Exa.mpl.e 4. Copmder a gonhomogeneous fourth-order parabolic 05 16 9076) 7706 2756 101(-6) 256
partial differential equation [15]: o= 1 210 205(-6)  437(=7)  LOK=T)  LI9(=§)  S6I(-8)
05 16  404(—7) 7.81(-9)  834(-9)  456(—8)  5.10(—8)
0%z 9%z .
5t 35 = (m* +1)e'sinmx, 0<x<1,1>0,
o2 oxt

subject to the initial conditions: Table 2. Observed maximum absolute errors for h=0.1,

z(x,0) = sin7x, z(x,0) =sinmx, 0<x< 1 Example 2.
and the boundary Condltlons Methods r Time steps x=0.1 x=02 x=03 x=04 x=05
(@, B, o)
25
Z(Oat) = Z(lat) =0, Zxx(07t) = Zxx(lat) =0, 1 >0. U(f +7 )
(E-“Z) 4 50 374(—13)  6.88(—13)  2.74(—13)  451(=13) 2.29(-12)
The analytical solution for this example is s 100 210(-13)  768(-13)  205(-12)  3d6(-12)  491(-12)
(%,o.%) 4 50 182(—12)  143(=12)  2.28(—12) 5.44(—13)  6.57(—14)
Z(X, l‘) — et sin 7Tx. % 100 9.26(—14)  731(—13) 2.08(—12) 345(-12)  4.92(-12)
o 100 201(=13)  579(—12)  142(—11) 238(=11) 3.39(—I1)
The maximum absolute errors for this example and compar- T & 0 9IC B 78 1RCn) 18C)
ison with the existing method is tabulated in table 5. Fig.4 (,‘_,4%) 4 50 342(-13)  217(=13)  176(—13)  2.83(~13)  1.98(12)
illustrate the comparison of numerical solution and analytical § 100 7S3(-12)  232(-12)  729(-12)  TA6(-12)  123(-11)
. 1 . (%.72‘ ]'72) 4 50 115(=12)  112(=12)  8.53(—13) 839(—13)  1.56(—12)
solution for n = 10,r = 6 and time steps=100. 1 100 220(—11)  884(=12)  255(—11) 1.02(=11)  1.93(—11)
6% 100 217(=11)  422(—12)  3.67(=11)  321(=11)  1.06(—11)
o 100 1.74(=12)  5.92(—13) 253(—12) 222(=12)  1.16(—13)
C0n0|USIOn (%.4.%) 4 50 3.65(—13)  131(—13) 3.13(—14) 6.57(—13) 2.38(—12)
. . . . . i 100 227(=13)  635(—13)  211(—12) 343(—12)  4.99(—12)
Nonpolynomial cubic tension spline functions have been de- ( Lo ) . © BOB(-13)  095(<13) 4-13) 626(-13) 314(-13)
veloped to obtain three level 1mphclt methods for SOlVil’lg é 100 381(-12)  599(—14)  7.09(-12) 337(-12)  1.02(~11)
fourth-order parabolic partial differential equations. The de- g 0 681y ade(lz) 231D 13D s
. . o 100 334(-12)  9.68(—13) 323(—12) 480(-12) 231(-12)
veloped methods are tested on four numerical examples using fgo-1 4 50 319(4)  619(4)  88I(4) 18703 1L15(-3)
. 1 6. 3
MATLAB and results are tabulated in tables 1-5. The perfor- S S L R R )
X . 2o=1 4 50 321(—4)  577(—4)  7.24(-4)  7.89(—4)  8.10(—4)
mance of these methods have been examined by comparing 1 100 381(-4)  333(4) T4 T8I 766(-4)
. _ I _ _ _ (—3) _
solution of homogeneous and nonhomogeneous fourth-order Bo=m 4 30 ARED BNE)LECY LRy 1)
. . . . . . . i 100 230(—4)  4.08(—4)  540(—4)  6.56(—4)  7.02(—4)
parabohc partlal differential equations with available results. 2= 4 50 100(—5)  500(-5)  L73(—4)  333(-4)  4.10(—4)
. . .. 1 _ 6.30(— 7 T2(— 38(—.
We have also included results given by unconditionally stable 5 fi;ﬁ j; T v o Seoa
& 38— 24~ 05(-5)  340(-4)  9.60(—
methods. Tables show that our results are more accurate than a1 100 353(-5)  622(=5)  71(=5)  611(=5)  553(=5)
. . s el . [10L.0= {5 4 50 266(~12)  548(—12) LI2(—12) 6.07(—13) 742(-13)
the results obtained by previous ex1st1pg rqethods. Figures é 00 191 k1) 112 312 50612
show that the proposed numerical solution gives almost over- 0 LD 401D LB 240(-1) 3N
lapping behavior with the corresponding analytical solution R R
values.
=§°:%n:"2'"”:
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Table 3. Observed maximum absolute errors, Example 3.

Methods v W 10Gmesteps 20 Gmesteps 30 ime steps
(@ B, o)
(%.OA 7}> 2ol 5.67(-3) 4.98(-3) 3.84(=3)
05 1.45(-3) 1.43(-3) 1.41(=3)
2005 1.48(-3) 1.48(-3) 1.45(-3) —
0.5 3.63(—4) 3.62(—4) 3.62(—4) HAMBIE
1 o1 2 ol 6.70(=3 5.88(—3 4.50(—3 O
1) 70(=3) 88(-3) 50(=3) 7 “
0.5 1.42(-3) 1.41(-3) 1.39(-3) 0ar // % 1
2 005 1.73(-3) 1.72(=3) 1.70(-3) _ r ®
05 6.22(—4) 6.22(—4) 6.22(—4) 5 oaf o M, J
] ’
(%.71. %) 2 o0l 6.56(—3) 5.76(~3) 4.45(-3) 7 7 \‘\{
2 07F # \ 1
05 2.14(-3) 2.12(-3) 2.10(-3) i ; -
= = AMpproximate solution X
2 005 1.70(-3) 1.69(~3) 1.67(-3) = — b A gt e i | |
05 5.36(—4) 5.35(—4) 5.35(—4) S5 i %
5 N
= v \ 1
5 {5 s r=2, Time steps= 10 A
= # %
Zoab [/ IR
= 5
& & \
o
03 b %
"
s A
o2}/ ]

I I . L I I L L L
o1 0.2 03 0.4 05 0B 0.7 08 09
Interval h=1720

Table 4. Observed maximum absolute errors for h=0.05,

Example 3. Figure 1. Comparison between analytical and approximate
solution for example 1.
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Table 5. Observed maximum absolute errors, Example 4.
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Figure 2. Comparison between analytical and approximate

solution for example 2.
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Example 4
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Figure 4. Comparison between analytical and approximate
solution for example 4.
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