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Abstract

This paper is devoted to build the existence of mild solutions of impulsive neutral stochastic functional integrodiffer-
ential equations (INSFIDESs) with infinite delay at abstract phase space in Hilbert spaces. Under the uniform Lipschitz
condition, we obtain the solution for INSFIDEs. Sufficient conditions for the existence results are derived with the help

of Krasnoselski-Schaefer type fixed point theorem. An example is provided to illustrate the theory.

Keywords: Impulsive neutral stochastic integrodifferential equations, infinite delay, Krasnoselski-Schaefer type fixed point theorem,

semigroup theory.

2010 MSC: 34A37, 37TH10, 60H20, 34K50, 34K05. @2012 MJM. All rights reserved.

1 Introduction

Stochastic differential equations are well known to model problems from many areas of science and engi-
neering, wherein, quite often the future state of such systems depends not only on the present state but also on
its past history (delay) leading to stochastic functional differential equations and it has played an important
role in many ways such as option pricing, forecast of the growth of population, etc., [32, 36l [37]. Random
differential and integral equations play an important role in characterizing numerous social, physical, biological
and engineering problems and for more details reader may refer [16], 25] and reference therein.

From time in memory, the theory of nonlinear functional differential or integrodifferential equations has
become an active area of investigation due to their application in many physical phenomena. Several authors
[3. 7, 8, 22] have investigated the integrodifferential equations with or without impulsive conditions in Banach
spaces. Recently impulsive neutral differential and integrodifferential equations have generated considerable
interest among the researchers [20].

Impulsive dynamical systems exhibit the various evolutionary process, including those in engineering, biol-
ogy and population dynamics, undergo abrupt changes in their state at certain moments between intervals of
continuous evolution. Since many evolution process, optimal control models in economics, stimulated neutral
networks, frequency- modulated systems and some motions of missiles or aircrafts are characterized by the
impulsive dynamical behavior. Nowadays, there has been increasing interest in the analysis and synthesis of
impulsive systems due to their significance both in theory and applications. Thus the theory of impulsive
differential equations has seen considerable development. For instance, see the monograph of Lakshmikantham
et al. [35], Bainov and Simeonov [6] and Somoilenko and Perestuk [44] for the ordinary impulsive differential
system and [26], 27], 28|, 29] (411, [42] for the partial differential and partial functional differential equations with
impulses and for more details reader may refer [2, B @, 10, T, 08, 19, B9, [45] and reference therein. The
stochastic differential equations combined with impulsive conditions with unbounded delay have been studied
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by few authors, [1} B 12, [15], 24, 40] and the papers of [8, 13| [14] BT 33, [43], where the numerous properties of
their solutions are studied.

In [9] Balachandran et al. studied the existence for impulsive neutral evolution integrodifferential equations
with infinite delay and Krasnoselski-Schaefer type fixed point theorem, whereas A. Lin et al. [34] proved
on neutral impulsive stochastic integrodifferential equations with infinite delay via fractional operators and
Sadovskii fixed point theorem, and Yong Ren et al. [40] established the controllability of impulsive neutral
stochastic functional differential inclusions with infinite delay and Dhage’s fixed point theorem. Recently, Jing
Cui et al. [23] derived nonlocal Cauchy problem for some stochastic integrodifferential equations in Hilbert
spaces and Leray-Schauder nonlinear alternative fixed point theorem.

Inspired by the above mentioned works [9], 23] [34, [40], in this paper, we are interested in studying the
existence of solutions of the following impulsive neutral stochastic differential equations with infinite delay;

dz(t) — g(t, )] = A[x(t) +e(t,xt,/0f hl(t,s,xs)ds)}dtJrf(t, xt)dtJra(t,xt,/Ot hQ(t,s,xs)ds)dw(t),

teJ:=1[0,b], t#ty, k=1,2,...,m, (1.1)
Azx(ty) =z(t)) —a(ty) = L(z(ty)), k=1,2,...,m,
To = (;5 e By, tedy= (—OO,O]7 (1.3)

where A is the infinitesimal generator of an analytic semigroup of bounded linear operator {T'(¢)};>o in the
Hilbert space H. The history z; : (—00,0] — H,x¢(s) = z(t + s), s < 0, belong to an abstract phase space B,
which will be described axiomatically in Section 2. Let K be the another separable Hilbert space with inner
product (-,-)x and the norm ||||x. Suppose {w(t) : ¢ > 0} is a given K- valued Brownian motion or Wiener
process with a finite trace nuclear covariance operator ¢ > 0 defined on a complete probability space (2, F, P)
equipped with a normal filtration {F;};>¢, which generated by the Wiener process w. We now employing the
same notation ||- || for the norm L(K; H), where L(K; H) denotes the space of all bounded linear operator from
Kinto H. Here g, f: JxBp, = H,e: JxByxH — H, h1,hy: IxJxB;, - Hand o : JxByxH — Lo(K, H)
are given functions, where Lo (K, H) denotes the space of all Q-Hilbert-Schmidt operator from K into H which
will be defined in Section 2. The initial data ¢ = {@(t) : —oo < t < 0} is an Fp-adapted, Bp- valued random
variable independent of the Wiener process w with finite second moment. Furthermore, the fixed times ¢
satisfies 0 = tg < t1 <ty < -+ < t,,, < b, z(t{) and z(t;,) denote the right and left limits of z(¢) at t = .
And Az(t) = z(t)) — z(t;,) represents the jump in the state z at time tx, where I, determines the size of the
jump.

The outline of the paper is as follows. We review some basic facts about semigroups, the theory of SDEs, as
preliminaries in Section 2. Then, Section 3 is devoted to the development of our main existence results and our
basic tool include Krasnoselski-Schaefer fixed point theorem. Finally, the paper is conclude with an example
to illustrate the obtained results.

2 Preliminaries

Let (K,| - ||x) and (H,|| - ||mr) be the two separable Hilbert space with inner product (-,-), and (),
respectively. We denote by L(K, H) be the set of all linear bounded operator from K into H, equipped with
the usual operator norm || - ||. In this article, we use the symbol || - || to denote norms of operator regardless of
the space involved when no confusion possibly arises.

Let (Q,F,P,H) be the complete probability space furnished with a complete family of right continuous
increasing o- algebra {F;,t € J} satisfying 7z C F. An H- valued random variable is an F- measurable
function z(¢) : & — H and a collection of random variables S = {z(¢t,w) : @ — H \ t € J} is called stochastic
process. Usually we write z(¢) instead of x(¢,w) and x(¢) : J — H in the space of S. Let {e;}2, be a complete
orthonormal basis of K. Suppose that {w(t) : ¢ > 0} is a cylindrical K-valued wiener process with a finite
trace nuclear covariance operator @ > 0, denote Tr(Q) = >_7~; \; = A < oo, which satisfies that Qe; = \e;.
So, actually w(t) = Y7o v Aiw;(t)e;, where {w;(t)}$2; are mutually independent one-dimensional standard
Wiener processes. We assume that 7y = o{w(s) : 0 < s < t} is the o-algebra generated by w and F; = F. Let
U e L(K, H) and define

1W]3 = Tr(PQE) = >~ [V A Ven|*.
n=1
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If || T)lg < oo, then W is called a Q-Hilbert-Schmidt operator. Let L£g(K, H) denote the space of all Q-Hilbert-
Schmidt operators ¥ : K — H. The completion Lq (K, H) of L(K, H) with respect to the topology induced
by the norm || - || where ||\Il||2Q = (U, ¥) is a Hilbert space with the above norm topology.

The collections of all strongly measurable, square integrable, H-valued random variable, denoted by
Ly(Q,F,P,H) = Ly(, H), is a Banach space equppied with norm ||z(-)||z, = (E|lz(-,w)|?)2, where the
expectation, E is defined by Ex = [, z(w)dP. Let C(J,Ly(2, H)) be the Banach space of all continuous
map from J into Lo(€2, H) satisfying the condition sup,¢ ; E||z(t)||?> < co. An important subspace is given by
LY H)={f € Ly(Q,H) : f is Fy— measurable}.

Let A be the infinitesimal generator of an analytic semigroup 7'(¢) in H. Suppose that 0 € p(A) where p(A)
denotes the resolvent set of A and that semigroup 7'(-) is uniformly bounded that is to say, ||T'(¢)| < M; for
some constant M; > 1 and for every t > 0. Then for « € (0,1], it is possible to define the fractional power
operator ((—A)%) as a closed linear invertible operator on its domain D((—A)%). Furthermore, the subspace
D((—A)?) is dense in H and the expression

[ello = l[(=A)%2[|, @ € D((=4)%),

defines the norm on H, = D((—A)%).

It should be pointed out that, to study of abstract impulsive functional differential systems with infinite
delay, the abstract phase space By (which is similar to that used in [46]) is very appropriate. Now we present
we present the abstract phase space By, as given in [21].

Assume that h : (—o00,0] — (0,400) is a continuous function with [ = ff)oo h(s)ds < +o0. For any a > 0,
we define,

B ={¢:[—a,0] — X such that ¢(¢) is bounded and measurable},

and equip the space B with the norm,

[%ll—a,00 = sup ||w<s>||7 Vi € B.

s€[—a,0

Let us define,

By, = {w : (00,0l — H : (E||¢(9)H2)%is a bounded and measurable function on [—a, 0]

0
and/ h(s) sup (E|[w(8)|2)3ds < +oo}‘

—00 s<6<0

If By, is endowed with the norm,

10ls, = / ) sup (EIWO)) ds, forall < B,

then, it is easy to see that (B, || - ||5,) is a Banach space [30].
Now, we consider the space,

b = {x : (—00,b] — H such that ), € C(Ji, H) and there exist z(t])
and x(ty)with z(t)) ==z(t;), zo=¢ € By, k=12, ,m},
where, x, is the restrictions of = to Ji = (g, tky1], £ =1,2,--- ,m. Set || - || be a seminorm in B}, defined by,
lzllo = I]ls, +sup{(Ellz(s)|*)? : s € [0.0]}, = € B},
Next, we recall some basic definitions and lemmas which are used throughout this paper.
Lemma 2.1. ([21]) Assume that x € B}, then fort € J, x; € By,. Moreover,

(El20)?)" < llaills, < llwolls, +1 suwp (Ela(s)]?)",

s€0,t]

where | = fi)oo h(t)dt < +oo.
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Lemma 2.2. ([T7]) Let H be a Hilbert space and ®1, @2 be the two operator on H such that
(a) @1 is a contraction and
(b) @y is completely continuous.
Then either
(i) the operator equation ®1x + Pox = x has a solution or
(ii) the set G = {x € H : \®1(§) + APox = x} is unbounded for A € (0,1).
w(-

Lemma 2.3. ([27]) Let v(-), w(-) : [0,b] — [0,00) be continuous function. If w(-) is nondecreasing and there
exist two constants 0 >0 and 0 < a <1 such that

v(s)

v(t) < w(t) —|—9/0t (7ds7 ted,

t—s)l-a

then

(07

n—1 o
u(t) < 0" T /T (na) Z (ﬂ)]w(t),
j=0

for every t € [0,0] and every n € N such that na > 1 and T'(+) is the Gamma function.
Lemma 2.4. ([38]) Suppose the following properties are satisfied.
(i) Let 0 <« < 1. Then H, is a banach space.

(i) If 0 < B < a <1, then H, C Hg and the imbedding is compact whenever the resolvent operator of A is
compact.

(i1i) For every 0 < o <1, there exists a positive constant My > 0 such that;

I(~A)° T < 22, for all 0 <t < (2.4)

Definition 2.1. A map F : J x B, — H is said to be L?>- Caratheodory if
(i) t— F(t,v) is a measurable for each v € By;
(ii) v — F(t,v) is continuous for almost all t € J;

(iii) for each q > 0, there exist hy € L*(J, Ry) such that

|E(t,v)||? = sup E|f||* < hy(t), forall ||1)H%h <gq and for ae.teJ.
fEF(tv) )

Definition 2.2. An F;-adapted stochastic process x : (—oo,b] — H is called mild solution of the system (1.1)-
(1.3) if xg = ¢ € By, satisfying xo € LY(Q, H), for each s € [0,b) the function AT(t—s)e(s,azs, /Shl(s,T, £T)d7)
1s integrable and the following conditions hold: ’
(i) {x : t € J} is By, valued and the restrictions of x(-) to the interval (tg, tk+1], k =1,2,...,m is continuous;
(ii) Ax(ty) = Ix(zy,), k=1,2,...,m;

(iii) for each t € J, x(t) satisfies the following integral equation

t

z(t) = T()[$(0) — 9(0,9)] + g(t, z:) + /0 T(t—s)f(s,s)ds + ; AT (t = s)g(s, xs)ds

/ AT(t — s)e( s xs,/ hi(s, T, a:T)d7'>ds—|—/OtT(t— s)a(s,xs,/oshg(s,r, xT)dT)dw(s) (2.5)
+ > T —t)k(a(ty)), te

O<tp<t
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3 Existence Results

In this section, we present and prove the existence results for the problem (1.1) — (1.3). In order to prove
the main theorem of this section, we list the following hypotheses:

(Hy) The function f : J x By — X satisfies the following coditions:

(i) For z : (—o0,b] — H such that 9 € Bj, and z|; € B}, the function t — f(¢,2;) is strongly
measurable. i.e., f(.,z;) : J — H is a strongly measurable.

(ii) For each t € J, the function f(t,.) : By, — H is continuous.

(iii) There exists integrable function m(t) : J — [0,00) and a continuous nondecreasing function € :
[0,00) — (0, 00) such that,

E|lf(t ) < mOQ(E|¢lE,):  (t¢) € T x B,

(Hz) A is the infinitesimal generator of a compact analytic semigroup and 0 € p(A) such that

2
Mi_4

||T(t)||2 S M17 for all ¢ Z 0 and ||(—A)1_BT(t — 8)”2 S m

0<t<b.

(H3) There exists a constant M}, > 0, such that

¢
2
| [ 5.0 = stosel < Mz = ol
(Hy4)) There exists constants 0 < 3 < 1, such that e is Hg-valued, (—A)%e : J x B, — H is completely
continuous,

(i) The function e : J x By, x H — H for t € J, 1,29 € By, and y;,y2 € H such that the function M,
satisfies the Lipschitz condition:

E|[(=A) e(t,z1,51) — (=A) e(t, 22, y2)[I” < Me[l|lz1 — 223, + [ly1 — va?]-
Let &1 = b supye [P (t, 5, 0)[%, & = [[(=A)7|* sup,e ;s le(t, 0,0)[1%, [(=A)F|]> = Mo.
(ii) There exist constants 0 < 8 < 1, Cy, c1, c2, M, such that g is Hg-valued, (—A)Bg is continuous, and

Bl(-4)°g(t,2)|* < cil|zlf, +e2 teS w€DBy,
E|[(=A)%g(t,21) = (= A)g(t, 22)[1* < Myllz — yl|3,, t€J, @122 € By, with

Cp =12 {MgMo n [Mg + M,(1 +Mhl)} (M;ﬁ‘fbf)Q} <1

(Hs) There exist constants dj such that || Ix(z)||? < dg, k=1, 2, ..., m, for each z € H.

(Hg) Foe each (t,s) € J x J, the function ha(t,s,-) : B, — H is continuous for each = € By, the function
ha(-,,2) : J x J — H is strongly measurable. There exists an integrable function m : J — [0,00) and a
constant v > 0, such that

Ih2(t, s, 2)[* < ym(s)Qs(]|z]5,),

where {23 : [0, 00) — (0,00) is a continuous nondecreasing functions. Let us assume that the finite bound
of fg ym(s)ds is Lo.

(H7) The function o : J x By, x H — H satisfies the following Caratheodory conditions:
(i) t— o(t,x,y) is measurable for each (z,y) € B, x H,

(ii) (z,y) — o(t,x,y) is continuous for almost all ¢ € J.
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(Hg) Ello(t,z,y)|I> < p(t)Qa(|lzlli, + llyl|*) for almost all ¢ € J and all z € By, y € H, where p € L*(J,Ry)
and Qo : Ry — (0,00) is continuous and increasing with

ﬁz(s) < /OO ds where
= JBorc, Qu(s) + Qa(s) + Qs(s)’
No = 22{64)/(~4) 7 |%e1 |, (3.6)
Ny =2||¢|5, + 21°F, (3.7)

Ny = 1281°bM7_4(c1 + Mc(1 + My,)),
m(t) = max[BoKsm(t), BoKyp(t), ym(t)],

2 1
By = K3 (0@8-1)"0" T (n (20— 1>Z<K2bﬁ ) ,

26 -1
N3 = 12812 M, Ny = 128l2M1Tr(Q), (3.8)
Nl N2 N3 N4
1 (1_NO)7 2 (1_N0)7 3 (1_N0)7 4 (1_N0)7 ( )
F = 64M[|¢||5, + 64(1(=A) [P Mi(ei|| 6], + c2) + 64][(=A) 7> Myeo
M?_ge0b™ o MR b2ﬁ
+ 64W + 64(Méy + é2)— 51+ 64 M, Z dy. (3.10)

k=1

We consider the operator @ : B) — Bj, defined by
B(t), t € (—o0,0],
t
T()(6(0) ~ 9(0,0)] + g(t.20) + | T(t = 5)1(s,)ds
0

/ATt—s S, xs)ds
Da(t) = (3.11)

AT(t — s)e (s, T, h1 (s, T, JCT)dT) ds
0 0

+/O T(t— 5)0(375,387 /()Sh2(87T7 xT)dT)dw(S)
D 0ctct Tt =) Ik(x(ty)), ted

From, hypothesis (Hz) — (H4) and Lemma 2.4, the following inequality holds:

t t

||[AT(t — s)e(s,ws,/ hi(s, T, xT)dT)H2 < H(—A)lfﬂT(t— s)(—A)Be(s,xs,/ hi(s,T, xT)dT)HQ
0 0

M1276

S m[Me(l + Mhl)HxS”QBh, + Meél + 62]

¢

Then, from the Bochner theorem, it follows that AT(t — s)e(s, xs,/ hi(s,T,2.)dT) is integrable on [0,t). For
. 0

¢ € By, we defined ¢ by

and then, ¢ € B,. Let z(t) = y(t) + ¢(t), —oo < t < b. Tt is easy to see that x satisfies (2.5) if and only if y
satisfies yo = 0 and

y(t) = =T(t)g(0,6) + g(t, ye + &) + /O T(t = 5)f(s,ys + s )ds

+ | AT(t = 5)g(s,ys + ds)ds

t

+

J
J

AT(t — S)e(S)ys + éta/ hl(S,T, Yr + &T)dT)dS
0
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S

+AT(t_S)J(S>ys+¢S7A h2(8,7,y7+¢)d7)dw(s)
+ Z t—tk Ik (tk)+(;)(tl;))'

0<tp<t

Let B) ={y € B}, :yo =0 € B,}. For any y € B}/, we have

1 1
lylle = llyolls, + sup (Elly(s)I*)z = sup (Elly(s)[?)>.
0<s<b 0<s<b

Thus, (B}, || - |ls) is a Banach space. Set
B,={yeB :|ylly <q} forsomeq>0,
then B, C By is uniformly bounded. Moreover, for y € B, from Lemma 2.1, we have

E(llye + oell5,) < 2(lyellz, + oell,)
<21* sup Elly(s)|I> + 2llyollz, + 2% sup Ello(s)|* + 2]l doll,
0<s<t 0<s<t

< 20%(q* + M1 E|¢(0)]*) + 2] 915,
—q. (3.12)

Define the operator ® : B — By by

0, te(—o0,0],

~T(t)9(0,¢) + g(t,y: + ¢1) + /OtT(t — 5)f(5,ys + ¢s)ds
(/ATt—@(S%+¢J
/ AT(t — s)e (s Ys +¢t,/ hi(s, T, y7+¢7)d7')d5

"‘/0 T(t—s)o (Srys +¢s,/ ha(s, T, yr + (b)dr)dw( )
+ 2 0<tpet T = ti) Ie(y(ty ) + o(ty)), ted.

Now, we decompose ® as ®; + ®, where
t
P1y(t) = —T(t)9(0,¢) + gty + ) + / AT(t = 5)g(s,ys + &s)ds
0
t ~ s -
+/ AT(t — 5)€<3, Ys + ¢s,/ hi(s, 7, yr + ¢T)d7')ds, tedJ,
0 0

t s t
<i>2y(t) = /0 Tt — s)a(s,ys + és,/o ho(s, 7,2, + qB)dT)dw(s) + /0 T(t—s)f(s,ys + (;NSS)ds

+ Y Tt —t)I(y(ty) + 6(t)), ted.

0<tp<t

Obviously, the operator ® having a fixed point is equivalent to ) having one. Now, we shall show that the
operator ®1, @5 satisfy all the conditions of Lemma 2.2.

Theorem 3.1. If assumption (Hy) — (Hg) hold, then ®, is a contraction and ®y is completely continuous.

Proof. Let u,v € B}/. Then, we have to show that ®, is a contraction on Bj/, we have
E||®yu(t) — 1o(t)||?

~ ~ t ~ ~
< Bllatt,u -+ 1) = gt + 30l + B | AT = 5) g+ ) = (5,0 +6) s

+ E||/OtAT(t —3) [e(s,us + s, /Oshl(S,T, Uy + qBT)dT) — e(s,vs + s, /Oshl(s,r, vy + éT)dTﬂdSHQ
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t
<16 {EHg(t»Ut + 1) = g(t, v+ o0)|* + EII/O AT (t — 5)[g(s, us + &s) — g(s,vs + 6s)]ds|?

+ E||/OtAT(t —5) {e(s,us + s, /Oshl(s,T7 U, + (iT)dT) — e(s,vs + s, /Oshl(S,T, vy + ér)dTﬂdsHQ}

_ M;_gbP)?
<16 {0, (A P2 Elfuc — wal, + My B — wiy, T2
(My—5b7)?
o MelBllu — vl + Mo, Bl — vl ]}
M, _pbP)?
<16 {0y Mo + [M, + M(1+ My,)] %}Enut —
M, _gb")?
<16 { M Mo + [ My + M(1+ My,)] (17&)} 2% sup Elu(s) — v(s)|* + 2lluol, +2lvoll3, |
26-1 s€[0,t]
(M;_pb")?

< 3202 {0, My + [M, + M.(1 + M) FElu(s) — v (s)]?

25 -1
< sup CoEllu(s) —v(s)[*.
s€0,b]
Since, |luoll, =0, [|vollg, = 0. Taking the supremum over ¢,

1®1u — @10]* < Collu — v]|?,

and so, by assumption 0 < Cy < 1, we see that ®, is a contraction on Byl

Now, we show that the operator ®, is completely continuous. First, we show that ®, maps bounded sets
into bounded sets in B). It is enough to show that there exists a positive constants r such that for each
y € By ={y € B} :|yll? < q} one has E||y||? < r. Now for t € J,

t

é’zy( ) /tT(t — s)f(s Ys + (E)S)ds + /0 T(t — S)J (57 ys + (ng, /03h2(3, T, Yr + gg,,.)d’r) dw(s)

+ > Tt —t)(y(ty) + 6(ty), te T

O<tp<t

Therefore, by the assumption, for each ¢t € J, we have
E|bsy(®)* <901 | m(s)0(Ell. + 6.1, )ds + 9Tr(Q) [ pl)0a(Elye +ul,
0 0

+ [ ame0a(Ely. + 6., )dr)ds +93 Y d
0 k=1

b b m
< IM 4 (q) / m(s)ds + IMTr(Q)0 (¢ + LoQs(q")) / p(s)ds +9My Y di
0 0 k=1

=T.

Then, for each y € ®ay(B,), we have ||Pay|? < 7.
Next, we show that ®, maps bounded set into equicontinuous sets of Bj.
Let 0 <73 < 7o <b. Then for each y € B, = {y € B} : |ly|ly < ¢} and y € Poy. Then for each ¢t € J, we have

t

<i>2y( ) /tT(t — s)f(s Ys + (Z)S)ds + /0 T(t — S)o (57 ys + QES, /05h2(s’ T, Yr + QZ)T)dT) dw(s)

+ Y T(t—t)In(y(ty) + 6(ty)), te

0<tp<t

Let 7,71 € J — {t1,t2, -+ ,tm}. Then, we have
E||®2y(rs) — i’231(71)”2

< 9E||/ T(ra —s)—T(m1 —3)|f(s,ys + (;Bs)dsH2



34 C. Parthasarathy et al. / Existence results for ...

T1

+9E|| [T(r2 = 8) = T(11 = ) (5,95 + ¢s)ds]|”

T1—€

+ 98| / [T = )| (5,55 + 64)ds]?
9E - T - y Ys ~s> sh s Iy Yt ~-rd d 2
" H/ = 8) = Trs = )l (s + G [ hals, e + 00 ) ()]

98] [ [T =) =T = s)lo (s + 6 [ a5, 7or + dr)dr ) du(s)

9B [ (0ra = 5o (s.0e + dus [ hals,gr + 6 )dr)du(s)|?
T1 0

+9E(| Y T2 = t) = T(r — i)l a(y(ty) + o8 )12

0<trp<71

+9B| D 1T — i) Iy (ty) + S(t)I?

T1<tp<T2

T1 € T1
< 9/ B|T(rs — 8) — T(my — 8)|2hy () + 9/ E|T(rs — 8) — T(r1 — 5)|[2hy (s)ds
0 T1—€

o [ " B T(ry — 8)|Phy (s)ds + 9BTr(Q) / " BT (r — ) — T(r — $)|Pp(s)Ra(¢)ds

T1

+ 9077 (Q) E|T(r2 = s) = T(r1 — )| *p(5)Q2(q")ds

T1—€
T2
+9T7(Q) [ ET(r2 = 8)’p(s)%(q)ds +9 > E|T(ra — tx) — T(r1 — tx)]|*d
1 0<tr<T1
+OMy > dy
71 <tr<To

The right-hand side of the above inequality is independent of y € B, tends to zero as 7, — 73 — 0, and for €
sufficiently small, since the compactness of {T'(t)}+>o implies the continuity in the uniform operator topology.
Thus the set {@gy 1y € By} is equicontinuous. Here we consider only the case 0 < 71 < 75 < b, since the other
cases 71 < 10 <0 0r 71 <0< 7 <D are very simple.

Next, we show that ®, : Bj — Byl is continuous.

Let {y™(t)}52, C BY, with y(™ — y in BY. Then, there is a number ¢ > 0 such that |y (t)| < ¢ for all
nand a.e. t € J, so y™ € B, and y € B,. Using (3.12), we have ||yt") + étH%’h < ¢',t € J. By Definition 2.1,
(Hg), I, k=1,2,--- ,m, is continuous

f(t, yt )+ &) — ft,ye + bo),
(”)+¢/h () 4 §r)dr) = oty + & /th(ST + b )dr)
’ 5T, T - ) ’ s Iy IT T 9
( t 2 Yy Yt t ; 2 Y
for each t € J, and since
E|f(t,y" + 60) = f(tye + &)1 < 204 (2),
t
E||J(t y(n) + (ygt,/ hQ(S T, yr +¢T) ) - J(ta Yt +(Z;t7/ hQ(SaTa Yr +€5‘r)d7—)||2 S 2p(t)Q2(q/)
0

By the dominated convergence theorem that,
t t
E||®yy'™ — doy* = iggE"/() T(t—s) [a(t,ys") + 455,/0 ha(s, 7,y + éf)dT)
t
- J(ta Ys + (i;s,/o ha(s, T, yr + QET)dT>:| dw(s)
t ~
+ [T [1007 +6) = 103+ 3]s
- - 2

+ Y T =) [By ) + 60 — Lew(t) + 62 |

0<tp<t
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t t
< MlTT’(Q)/ EHO’(t’ ysn) +¢s;/ hQ(S,Ty Yr + d)q—)d’r)
0 0
~ t ~
~ ot b [ halsiyr + 6 )ar) s
0

t B -
+ Ml/o EHf(taysn) +és) — f(tys + ¢S)||2d5

+ Y T = )IPEN (" (1) + 6(t) — Iy (ty) + o)

0<tp<t
—0 as n— oo.
Thus, @, is continuous.

Next, we show that ®, maps B, into a precompact set in H. Let 0 <t < b be fixed and € be a real number
satisfying 0 < e < t. For y € B,, we define

@0 = [T )0ty + [ a7+ o)) )

+/O_ET(t—s)f(t,ys+<z>s)ds+ ST ) Ly(ty) + 6(E)

0<tp<t—e

_ T(e)/ot_eT(t _s— e)o(t, Yo + Ga, /Othz(&ﬂ yr + &T)dT)dw(s)

+ T(e)/o _ET(t — 5 —€)f(t,ys + bs)ds

+T(e) Y T(t—te — ) Iu(y(ty) + o(ty ).

0<tp<t—e
Since T'(t) is a compact operator, the set Vi(t) = {(®5y)(t) : y € By} is relatively compact in H for every e,
for every 0 < € < t. Moreover, for each y € B, we have

E|[(®2y)(t) — (®5y) (¢

t ~ t _
< [ =Bt + b [ halsirue + b)) Pus)
t—e 0

+/ IT(t = ) IPEf(tys + So)lIPds + D> Tt = t)IPENTk(y(ty) + ()1
t—e t—e<tp<t

<MTHQ) [ p9%(@)E) + 3 [ ap()is+ M Y

= t—e<tp<t
Therefore,
E[(D29)(t) — (®5y)()]|> — 0, as €— 0.

and there are precompact sets arbitrarily close to the set {(®oy)(t) : y € B,}. Thus, the set {(®5y)(t) : y € By}
is precompact in H. Therefore, from Arzela- Ascoli theorem, the operator ®, is completely continuous.

In order to study the existence results for the problem (1.1)-(1.3), we consider the following nonlinear
operator equation,

(1) = AT(OL6(0) = 9(0.9) + dg(t.) + X | AT(t = )g(s.2,)ds
+ )\/0 T(t—s)f(s,xzs)ds + /\/0 AT(t — s)e(s,xs,/o hi(s, 7,2 )dr)ds

4 )\/tT(t ~ $)o(s, s, /Oshg(s, 7,2 )dr)duw(s)

+A DY T —te)Ie(x(ty), teE, (3.13)

O<tp<t

for some 0 < A < 1. The following lemma proves that an a priori bound exists for the solution of the above
equation. O
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Theorem 3.2. If hypothesis (Hy) — (Hg) are satisfied, then there exist an a priori bound K > 0 such that
Ho:tH%h < K,t € J, where K depends only on b and on the function Q1,Qs,m and Q3.

Proof. From (3.13), we have

Ellz(t)|* < 640|615, + 64](=A4) PP M (ea|8]1F, + c2)

t M127/3b61 2 d M127,662b2ﬁ
/0 (t — 5)20-0) I, ds + 26 -1
b

+ 64 (=AM (cr|lze g, + c2) + 64

t
+MMJ%WWMW%JEHWM&+Q)%ﬁ
0

bl
) s,
+ 64bM1_6Me(1 + Mhl)A (t _ 8)2(1—[3) ds

+64M1TT(Q)/O p(S)QQ(HxS”%h /Sm( )2 (2| )dT)ds+64 Mlzdk

k=1

Now, we consider the function p defined by

w(t) = sup Elz(s)]|?, 0<t<b.
0<s<t

From, Lemma 2.1 and the above inequality, we have
Ellz)]? = 2(6ll5, +20* sup (Ellz(s)]*)
0<s<t
Therefore, we get
t) < 2|3, + 22{F + 64]|(—A)~?|2c1 pu(t) + 64bM2 I
u(t) < 2(|8ll5, + { +64([(=A) "7 |[Feru(t) + 1-8C€1 ) (E—s20 s

+ 64 Ml/otm(s)Qlu(s)ds 64| (—A) P PMo (1 + My, )u(t)

t
+ 64bM2_ 5 M, (1 +Mh1)/( ) ~ds

+64 MlTr(Q)/Ot +/0 ))dT)dS}

where F is given in (3.10). Thus, we have
fn(s) N
u(t) < Ky + K ; mdS‘FKi% ; m(s) p(s)ds
t s
K [ p6)9(us) + [ ym(r)Qalur))dr) s
0 0

where K1, Ko, K3 are given in (3.9). By Lemma 2.3, we have

u(t) < By <K1 + K3/O m(s)Qu(s)ds

+K4/Otp(8)92 (M(S) + /Osvm(T)qu(T)dT)d8>,

where

2 1
By = K3 T@B=1))"6"7 71 /T(n (26~ 1)2 (K2b - )
28 -1

Let us take the right-hand side of the above inequality as v(¢). Then v(0) = BoK7, u(t) < v(t),0 <t <b, and

v'(t) < Bo| Ksm(t)Qqu(t) + Kap(t)Qo (,u(t) —I—/O Vm(s)Qg(u(s))ds)}.
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Since, 1 is nondecreasing,

V' (t) < By [Kgm(t)szlv(t) + Kap(t)Qs (v(t) n /0 tym(s)ng(v(s))ds)].

w'(t) = v'(t) +ym(t)Qs(v(t))
oK3m () (w(t)) + BoKap(t)Qa(w(t)) + ym(t)Qs(w(t))

B
m(t) [ (w(t) + Qa(w(t)) + Qs (w(t))]-

This implies that,

/w@ ds / . / ds
wo) 21(s) +Qa(s) + Q3(s Boi, S (8) + Qa(s) + Qa(s)

This implies that v(t) < co. So the inequality shows that there is a constant K such that v(¢t) < K, t € J. So,
QB’L <u(t) <o(t) < K, t € J, where K depends only on b and on the functions Q1,Qs, Q3 and m. O

Theorem 3.3. Assume that the hypotheses (Hy) — (Hg) hold. Then problem (1.1)-(1.8) has at least one mild
solution on J.

Proof. Let us take the set,

G®)={yeB)l y= /\<I>1( )+ Aoy, for some X e (0,1)}. (3.14)

Then, for any y € G(®), we have by Theorem 3.2 that =3, < K,t € J, and hence

lyllz = llvollE, +sup{Elly(t)|* : 0 <t < b}
= sup{E|ly(t)||> : 0 < ¢ < b}
< sup{E|[z(t)[|* : 0 < t < b} +sup{[|$(t)|*: 0 < ¢ < b}
< sup{l” ||z, 1 0 <t < b} +sup{[|T(£)(0)[|* : 0 <t < b}
<17 K + M||¢(0)]%.

This implies that G is bounded on J. Consequently, by the Krasnoselski-Schaefer type fixed point theorem the
operator ® has a fixed point y* € Bj. Since z(t) = y*(t) + ¢(t), t € (—o0,b], x is a fixed point of the operator
® which is a mild solution of problem (1.1)-(1.3). O

4 Example

In this, we present the application for the problem (1.1)-(1.3), we consider the following impulsive neutral
stochastic partial integrodifferential equation of the form

y / [ ats = tenanas] = 2 [ote) + [ orttves R0 0

+ /0 - k(s — 7)Pa(v(T,y ))dT] ds + ko(y)v(t,y) + /0 as(t,y,s —t)Q1(v(s,y))ds

—I—/O /_; k(s —7)Q2(v(7,y))drdB(s), y € [0,n], t€0,b], t+#ty. (4.1)
v(t,0) =v(t,m) =0, t>0 (4.2)
U(ta y) = ¢(t7y)ﬂ te (700, 0}7 (JBS [Ovﬂ}v
Mo(t)(y) = [ alti— syu(s.y)ds, y < (0,7, (4.4)
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where 0 < ¢; < -+ < t, < b are prefixed numbers and ¢ € By and §(t) is a one-dimensional standard Wiener
process. Let us take H = L?[0, 7] with the norm | - ||. Define A: H — H by A(t)z = —a(t,y)z” with domain,

D(A) ={z(:) € H : 2,2, are absolutely continuous, 2" € H,z(0) = z(m) = 0},

Then

Az = ZnQ (2, 2n) zn, 2z € D(A),

n=1
where z,(s) = \/gsin(ns), n =1,2,--- is the orthonormal set of eigenvector of A. It is well known that A is

the infinitesimal generator of an analytic semigroup 7'(¢), t > 0 in H and is given by

oo

T(t)z = Z expfn% (2,2n) 2n, z€ H.

n=1

For every z € H, (—A)2z =35> 1 (2,2,) z,, and ||(=A)2||2 = 1. The operator (—A)z is given by

n=1n
00
E z Zn Zns

M»—-

on the space D((—A)z) = {z € H : S n(z,z,) 2z, € H}. Since, the analytic semigroup T'(¢) is compact
[38], there exists a constant M; > 0 such that || T'(¢||> < M; and satisfies (Hs).
0

1
Now, we give a special B,- space. Let h(s) = e%*,s <0, then [ = / h(s)ds = B and let

0 1
Iols, = [ nts) swp E(Jo@))"ds

— 00

It follows from [30], that (B, || - ||5,) is a Banach space.
Hence, for (£, @) € [0,5] x By, where 6(6)(y) = 6(6,y), (6,y) € (—00,0] x [0, . Set

o(t)() = v(ty),  glt.d)y = / / b y)dnds,
FE )W) = koy)é(ty),
0
b(t, 6, Br)(y) = / ar(t, . 0) Py (6(0)(1))d8 + Bro(y),
and
0

o (t, 6, Bad)(y)) = / as(t,,0)Qu (6(0) (v))d + Bad(y),

where

Bidy / / (s — ) Pa(6(0) (y))dods,

Bot)= [ [ Ko~ Qo0 ) asiss)
Then, the above equation can be written in the abstract form as system (1.1)-(1.3). The function a4, k and Py, Ps
0
are assumed to satisfy the conditions of [27] and ¢; : R — R are continuous and d; = / h(s)q?(s)ds < oo for

i=1,2,-- ,n. Moreover, ¢([0,b] x B, x L?) € D((=A)7) and [|(=A)2e(t, o1, u1)(y) — (—A) Ze(t, b2, us) (v)|* <
M.[||¢1 — ¢2llB, + [ur — uz|?] for some constants M, > 0 depending on ay,k, Py, P, and |u; — up|* = ||[B1¢y —
Bl¢2||2 < Mh1 ||(b1 — ¢2||28h for Mh1 > 0 such that %Me(l + Mhl)(l + QC%\/E) < 1.

Suppose further that :
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0
(i) The function as(t,y,0) is continuous in [0,b] x [0, 7] X (—o0,0] and as(t,y,0) > 0, / as(t,y,0)d0 =

b1 (ta y) < 00.
t 0
(ii) The function k(t — s) is continuous in [0,b] and k(t — s) > 0, / / k(s —0)d0ds = pa(t) < oco.
0

(iii) The function Q;(-),7 = 1,2 are continuous and for each (6,y) € (—o00,0] x [0,7],0 < Q;(v(0)(y))

IN

<I>(/ e*||v(s, )| 1,ds), where ® : [0, +00) — (0, +00) is a continuous and nondecreasing function.
— 00

Now, we can see that,
E‘a(tv ¢a B2¢)|L2

=[[ ([ estvo@oman s moow) s)’

— 00

<f[/ (/O 2(t, %9>¢(/0 625||¢<s>,(~>\|L2ds)da)2dyf

/ A / (r—9 /000 625||¢>(S)7(')IILst)dadﬂ(T))zdy]%
<\f[/0 (/ as(t, y,0)<1>(/0 028 51[1p llo(s )\|L2d5>d9)2dy]%

[e'e) selo

car@[ [ ([ [ re-on( [ s jotouis)aar)'a)’
[ ([t or)'a ]% ®(ol)
cvam@ [ ([ [ s o)) sqrort

_ 2,12 . " 5
ﬁ([/ (P (t,y))dy| +T<Q>[/O (pa(t, ) dy] ) (ll613)
= V2 (1) + VATr( Qb2 ()] B([16]13).

Since, ® : [0,4+00) — [0,-+00) is continuous and nondecreasing functions, we can take p(t) = v/2[pi(t) +
VT (Q)p2(t)] and Qa(r) = Q3(r) = @(r) in (Hg). If (Hs), (H7) and the bounds in (Hg) are satisfied then
equations (4.1)-(4.4) have a mild solution on [0, b].
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