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1. Introduction

The aim of this paper is to study the existence of continu-
ous solutions to a class of general quadratic integral equations
of Volterra type with deviated argument of the form:

u(x) = f(x,u(x)) + g (x, u(x)) /h(x,y,u(é(y))dy, (1.1

A(x)

for x € Q. Here Q is an unbounded open set of R”, f, g, h, &
are given functions and u is the unknown.

Over the last decade, the solvability of nonlinear integral
equations in Banach spaces has been subject of several works
(see, e.g., [2]). In [6], the existence of integrable solutions to
the nonlinear equation

9(t)
x(t) = ul, x(1)) + (1, x(1)) /0 k(t,5)f (s,x(s))ds,

for 0 < <1 is obtained using the technique of measure of
weak noncompactness combined with the concept of weak-
strong compact operator. Also in [11], a quadratic equation of
the form:

x(t) = f(t.x(91 (1))
a(ex(o2()w (J5 ule.s.x(03(0))ds )

for t € [0,T] was studied and the existence of at least one
positive L'-solution was obtained.

In [15], the authors discussed the existence of nondecreas-
ing continuous solutions for the following quadratic integral
equation of Volterra type on a bounded interval:

x(t) = g(t,x()) (h(t) + /0 k(1) f(s,x(ls))ds) C0<i<1.

Moreover, several authors have been interested in the exis-
tence of continuous solutions to different types of integral
equations on unbounded intervals; most of their results have
been obtained in the setting of the Banach space of bounded
and continuous functions on the nonnegative real half-axis
and have employed the fixed point theory and some properties
of measures of non-compactness.

Indeed, the use of measures of non-compactness turns out
to be a strong technique allowing not only authors to obtain the
existence of solutions but also to derive some characterizations



of the solutions. The efficiency of this technique is shown
in, e.g., [3], where the existence of asymptotically stable and
ultimately nondecreasing solutions to a quadratic functional
integral equation of Hammerstein-Volterra type of the form:

x(0) = m(0) + £0,5()) /O ot Dh(T,x(7))d,

fort > 0, is proved.

In [8], the authors investigated the questions of existence
and asymptotic behavior of solutions of the quadratic Urysohn
integral equation:

(1) = a(t) + £(t,x(1)) /0 "t ,x(s))ds,

for + > 0. However, some restrictive conditions may appear
when dealing with such measures of noncompactness, espe-
cially when these measures are not regular (see, e.g., [2, (3.5),
p.72 ]).

Another approach to discuss the solvability of integral
equations is given in [7], where the authors obtained the ex-
istence of a unique solution to a quadratic integral equation
of Urysohn type in a Fréchet space by using the nonlinear
alternative of Leray-Schauder for contractive mappings.

Recently, in [9, 12], the authors defined a sequence of
measures of noncompactness and obtained existence results in
the Fréchet space of continuous functions on the real half-axis.

More recently, the authors in [14] developed some fixed
point theorems in locally convex spaces and obtained an exis-
tence result in the space C(R™,R?), without appealing to the
technique of measures of noncompactness.

Our aim in this work is twofold: first we extend the results
obtained in [9, 12, 14] to the case of unbounded open subsets
of R” for a quite general quadratic Volterra type equation of
the form (1.1) and secondly we slightly relax the assumptions
in [9]. This is the content of Section 3, where the functions
f and g satisfy some Lipschitz conditions while 4 obeys a
general growth condition in its third argument. Two examples
of applications are provided in Section 4 to illustrate the main
existence result. Comparison with recent results are given in
the last Section 5 to show how Equation (1.1) encompasses
some particular equations already discussed in the very recent
literature. The next section is devoted to presenting some
auxiliary results.

2. Preliminaries
We introduce some notations, definitions, and theorems

which are used throughout this paper. The first one follows
from simple topological arguments (see, e.g., [13]):

Lemma 2.1. Let Q C R" be a nonempty open subset. Then
there exists a sequence (Kj)‘;f’zl of compact subsets of Q with
the following properties:

(a) Q=U7_ K,
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(b) K; CKjy1, forall j€{1,2,...}.

Owing to Lemma 2.1, we can introduce a metric on the
space C(Q) of continuous real functions defined on an open
subset Q of R”". Indeed, for u,v € C(Q), we first define a
family of semi-norms by:

pj(u) =sup{lu(x)|: x€K;}, je{1,2,...}

and then the distance:

Endowed with this metric, C(Q) may be considered as a
Fréchet space satisfying the following property (see, e.g.,

[13]):

Lemma 2.2. Let £ be the collection of all compact subsets
of Q. Then the topology on C(Q) induced by d coincides with
Ty, the topology of uniform convergence on compact subsets.

Definition 2.3. A set E C C(Q) is said to be bounded if for
all j=1,2,..., there are numbers Mj < oo such that

i.e., [u(x)| <Mj, forallu € E and all x € K.

Also we have the following characterization of conver-
gence:

Lemma 2.4. A sequence (uy)g>1 converges to some limit
u in the space C(Q) if and only if for all j > 1, we have
pj(ux—u) — 0, as k — oo.

Finally by the Ascoli-Arzela Lemma and Lemma 2.2,
the characterization of compact subsets with respect to the
topology of C(Q) reads as follows:

Lemma 2.5. A set M C C(Q) is relatively compact if and
only if for each j, the restriction of all functions from M, K;
forms an equicontinuous and uniformly bounded subset in the
Banach space C(Kj).

Let X be a Hausdorff locally convex space with a topology
generated by a family of semi-norms &?. As in Definition 2.3,
a natural definition of the contraction is given by:

Definition 2.6. LetC C X and p € &. A mapping A:C — C
is said to be a p-contraction if there exists o, with 0 < o, < 1
such that

p(Ax—Ay) < app(x—y), Vx,y €C.
We have (see, e.g., [10])

Lemma 2.7. Suppose C is a sequentially complete subset of
X and the mapping A : C — C is a p-contraction, for every
p € P. Then A has a unique fixed point % € C and A*x — %,
for every x € C, where A* is the k-th iterate of the mapping A.

ot
& o 00,
AR

%

40
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The following lemma is then a direct consequence of
Lemma 2.7.

Corollary 2.8. Let M C C(Q) be a closed setand T : M — M
an operator with the property

Vji>1, HOCJ' € [071)7 Yui,up €M,
|Tuy (x) — Tuz (x)| < ajlui(x) —uz(x)|, Vx € K.
Then T admits a unique fixed point in M.

We will also make use of the Schauder-Tychonoff fixed
point theorem (we refer, e.g., to [1, p. 96]):

Lemma 2.9. Let E be a Hausdorff locally convex linear topo-
logical space, C a convex subset of E, and F : C — E a con-
tinuous mapping such that

F(C)CACC,

where A is compact. Then F has at least one fixed point.

3. Main Results

In this section, we present an existence result of continu-
ous solutions for Equation (1.1). The following definition can
be found in [4]:

Definition 3.1. Let Q be an unbounded subset of R". A map-
ping A : Q — Mpn is said to be a continuous function if for
each € > 0, there exists 6 > 0 such that for x,y € Q. :

=y <8 = H(AR) AAY)) <&,

where L is the Lebesgue measure on R" and A denotes the
symmetric difference of sets in the euclidian space R".

Equation (1.1) will be studied under the following assump-
tions:

(Hp) The mappings
A:Q = M, &:UaAX) = Q, f1QAXR R,

g:QxR—-R,andh:Qx J Alx) xR—R
xeQ
are continuous.

Here Mg refers to the family of nonempty, bounded,
and measurable subsets of R”.

(H;) For each K, the set |J A(x) is bounded.
XEK]'

(H>) There exists a nonnegative function a € C(Q) such that
|f(e,u) = f e, v)| < a(x)u—vl,
for all x € Q and all u,v € R.
(H3) There exists a nonnegative function b € C(Q) such that
|g(x,u) = g(x,v)| < b(x)|u—vl,

for all x € Q and all u,v € R.
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(Hy) There exists a nondecreasing function ¢ : R™ — R and

a continuous function k: Q x |J A(x) — R* such that,
xeQ
forallxe Q,y€ U A(x), and u € R, we have
xXeQ

[, y, )| < kx, ) @(Jue])- G.D

(Hs) There exists a continuous function r :  — R™T such that
forallx € Q

a(x)r(x) +b(x)r(x) / k(x,y)@(r(G(y)))dy(3.2)
A(x)

o) [ Ky)@(rE()dy +d) < rlx)

AW)

and forall j > 1

sup
XGKJ'

a0 +b() [ Kry)QUEO)dy < 1,63
A(x)
where d(x) = |f(x,0)| and ¢(x) = |g(x,0)].
Define the nonempty, bounded, closed, and convex subset of

C(Q):

M={uecCQ):|ulx)|<rix), VxeQ},

where the function r is as defined in (Hs).

Remark 3.2. The existence of functions r satisfying (Hs) is
discussed in the examples, Section 4 and in the second remark,
Section 5.

Before stating the main existence result, we need to prove
two technical lemmas:

Lemma 3.3. Under (Hy)— (H,) and (Hy) — (Hs), the Volterra
operator H : M — C(Q) defined by

Hlu(x) = /h(x,y,u(ﬁ(y)))dy7 forallxe Q (3.4)
A(x)

is continuous and H(M) is relatively compact in C(Q).

Proof.

Claim 1. H(M) is relatively compact in C(Q). Given u € M,
it is easy to check that Hu is continuous on € for, by (Hp),
the functions &, A, and h are continuous. The restriction of all
functions of H(M) forms a uniformly bounded set on K. In
fact, for all x € K;, we have by (H) and (Hs) — (Hs):

|H[u](x)] < A{)|h(x,y7u(§(y)))|dy
< A{)|k(x7y)¢(r(§(y)))|dy
< kio(R)A,



where K ; is the image under the continuous function & of the
set |J A(x) which is bounded and closed in R", and where

xek;
we have set
R; = sup{r(x),xe E,}
A = sup{m(A(x)),x €K}
ki = sup{k(x,y),x€Kj,ye U Ax)}.

XGK]'

The next step consists in showing that, for all j > 1, the restric-
tion of all functions from H(M) to K; are equi-continuous.
For this, let j > 1 be fixed and € > 0. Since % is uniformly
continuous on the compact

K]'X UA(X)X

XEK/'

[=R;j,Rj],

then there exists 6; > 0, such that forallu e M,y € | A(x),
xEKj

and x1,x; € K; with [x; —x| < &;, we have
£

b1, E D))~ Ay u(EOD)] < 55

and there exists &, > 0 such that for all x;,x, € K; with |x; —
x| < &, we have

4

‘U(A(Xl) A A(xz)) < m

Taking
6 =min{d;,6,},

we find that for all u € M and x1,x; € K; with |x; —x| < 8,
we have the estimates:

|H[u] (x1) — Hlu] (x2)| =
[ h(xryuE)))dy— [ h(xa,y,u(E)))dy
A(xy) A(xp)
< A(f )h(xl,w(é(y)))—h(xz,y,u@(y)))dy
I h(eayy,uEO)))dy— [ hlx,yu(E(y)))dy
A(x ) A(xz)
M) 4 Fp(R)M(A() & Ax2))
<3 +2_s

From its uniform boundedness and equicontinuity, we deduce
that the set H(M) is relatively compact in C(Q).

Claim 2. Continuity of the operator H on M. Since C(Q) is
a metric space, it is sufficient to show that H is sequentially
continuous. Let (u,), be a sequence which converges to some
limit u € M, i.e., it converges uniformly on each compact
subset of Q. Due to the continuity of / and the convergence of
u,, we have that for all j > 1 and x € K;, there exists N € N,

such that for all n > Ng and y € |J A(x), we have
X€K;

h(x,y,u(EW))| < 5

€

|h(x,y,ua(§ (1)) — AT
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Hence
| H [un] (x) — H[u] (x)| =
A{;C)h(x,y, un(&(y))) = h(x,y,u(G(y)))dy
< GH(A®X))
<gN =e
Therefore the operator H is continuous on M. O

Lemma 3.4. Under Assumptions (Hy) — (Hs), for each v € M,
there exists a unique W, € M such that, for all x € Q, we have

W (x) = f o ¥ (x)) + g (x, v (x) /h(xvy,V(é(y)))dy-

A(x)

Proof. Letv € M be fixed and define the operator .7, by

T () (x) = f (¢, u(x)) + g (x, u(x)) /h(x,y,V(i(y)))dy-
Ax)

Making use of (H,) — (Hy), we find that, for each u;,uy € M
and for all x € Q, we have

T (u2) (x)]
[ ua(x))|
gxua(x)) [ |h(x,y,v(§(¥)))ldy

A(x)

b(x) f Ih(x Y,V (é(y)))ldy> |1 (x) — 2 (%)

.X

| Z (ur) (x) —
< (eun (x)) =
+g (e, u1 (x)) =

< (al)+

< | alx)+b(x) [ k(x,y)o(r(E(y)))dy

Ax)

> |1 (x) = w2 (x).

Writing this for x € K, passing to the supremum over Kj,
and appealing to (Hs) shows that .7 is a contraction. Then
Corollary 2.8 guarantees that the operator .7, : M — M admits
a unique fixed point y, in M. 0

We are now in position to state and prove the main exis-
tence result of this paper:

Theorem 3.5. Under assumptions (Hy) — (Hs), Equation
(1.1) has at least one solution in the Fréchet space C().

Proof. The proof of this theorem is based on an application of
the Schauder-Tychonov fixed point theorem, namely Lemma
2.9. Using Lemma 3.4, we first define the mapping </ : M —
M which assigns to each v the image /v solution of the
following nonlinear equation:

[, v(x)) +8(x, o/ v(x)) HV|(x),

where H is defined by (3.4). It is clear that a fixed point of the
mapping & is a solution to Equation (1.1).

Av(x) = xXeQ,

Claim 1. </ is a continuous operator on M. It is sufficient to
show that it is sequentially continuous.



Let (v,), be a sequence which converges to v € M, let
J > 1 be fixed, and x € K. Using (Hp) — (Hs), we get the
estimates:

| /v (x) — o/ v(x)]

< |F (e, @ v (x)) = f (x, & v(x))]

) —
+‘g(x,%vn x)) [ h(x,y,va(E(¥)))dy
A(x)

—8(x, v(x)) | h(x,y,va(E(y)))dy

A(x)
+1g(x v)| [ n] () = H[v](x)

|
< 05| v (x) — v (x)| + & [Hva) (x) — H[V] (x)],

sup{a(x) +b(x) [ k(x,y)o(r(§(y)))dy},

xEKj A(x) ' '
sup {|g(x,u)|, x € K, u € [ 7]},
Sup{r(x)7 X e K}}

Hence

|/ v (x) —

Av(x)| < 1 |H V] (x) = H[V](x)].

Since H is continuous, from the last estimate we deduce the
continuity of the operator .« on M.
Claim 2. </ (M) is equi-continuous. Given j > 1, for all x,x; €

K; and v € M, we have the estimate:

|/ v(x1) — 2/ v(x2)]|
<|f(x1, & v(x1)) —

+1f (2, @v(x1)) — fx2, 27 v(x2))]|
+|g(x1w®fv(x ) — 8(x2, &/ v(x1))|[Hv(x1)]|
+|g(x2, Zv(x1)) — g(x2, & v(x2)) [|HV(x1)|
+g(x2, & v(x2))|[H[V](x1) — H[V](x2)].
Hence

|/ v(x1) — 2 v(xz)]

< |fCer, @ v(x1)) — fx2, 2 v(x1))]

+g(x1, @ v(x1)) — g(x2, @v(x1))||H[V](x1)]

+od | v(x1) — Av(x)| + g/ |H[v](x1) — H[vV](x2)]-

By the uniform continuity of functions f and g on the compact
set K; x [—7/,7/] and the equicontinuity of H(M), for all
€ > 0, there exists § > 0, such that for all x;,x, € K; with
|x1 —x2| < O, we have

|f (o1, v(x1)) = f (2, @ v(x01))| < w’
(1—ai)e
8(x1, o/ v(x)) =g, V)| < s
and J
[H)(x1) — HV](x2)] < (1_35)8
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Therefore

| v(x1) — o v(x2)| < §+f+§ —¢

33

which means that the restriction of all functions from o7 (M)
forms an equi-continuous set, for each j > 1. As a conse-
quence, the set <7 (M) is relatively compact by Lemma 2.5.
Now applying the Schauder-Tychonov fixed point theorem,
i.e., Lemma 2.9, we conclude that ./ has a fixed point in M,
that is a solution to Equation (1.1). O

4. Examples

In this section, we illustrate the applicability of Theorem 3.5
by giving two concrete examples.

Example 4.1. Consider the following integral equation posed

n (0,+o0) X (0,+00):
M()C],Xz)
= (x] +xz) exp™1 T2
uxi o) \ o g Aoy ()
arctan (3+x‘1‘+x‘2‘) 00 (T4af+ad) (142 (v1.32)) yidyz.
4.1)
Let
A(x17x2) = (val) X (Ov-xZ)v é(xth) - (X17X2)7
Flxr,x2,u) = (x1 +x2) exp142),
( ) = arctan "
X1,X2,U) = A~ . 4. 4 >
s 34xb+xd
42 x3 u?

h(xlax27YI7)’27 ) )YI)’Z-

(1+xf+x3) (1+u?
We have for all x1,x2,y1,y2 € (0,+00) and u,v € R

| f (1, x2,u) — f(x1,x2,v)| =0,
1
x1,X2,u) — g(x1,X%2,V)| < - fu— |,
|g(x1,x2,u) — g(x1,%2,v)] (3+X1+x2)| |
4x3 52
h X 7)6 ) ) 7” < #
|h(x1,x2,y1,2 )I,(lJr Ty ))’Iy2
So we can take a(x) = c(x) =0, b(x) = W’ ou) =1,
and )y
XX
k(-xl,XZ,y],yZ): -2 Y1y2,
1+ x}+x5

such that Assumptions (Hy) —
(Hs), we choose

(Hs) are satisfied. To check

x| +x7) exp1H22)
r(x) = ( ) T4

1— X%

(B+xt+xd) (14} +23)



which is a continuous function from (0,+o0) x (0,+o0) — R
that further satisfies (Hs) for

1 Xz x1 423y y2
G+d+ad) xl-‘rx) (1+x‘11+x‘2‘)

* <1
(Bxt+ad) (1+xf+23) ’

dyidy; =

By Theorem 3.5, Equation (4.1) has at least one solution in
the space C((0,+o0) x (0,+00)).

Example 4.2. Consider the following integral equation on
(0,+e0) x (0, +o0)

u(xy,x2)

_ 1 u(xy %)

= 5X]X2C08 (ﬁ) 4.2)
u(x1,x2) x24+1 2u(y1.y2)

T2+ ol T Ty y2dyidy:.

For all x1,x2,y1,y2 € (0,400) and u,v € R, let

A(x,x) = (xhx% +1) x(0,x2), &(x1,x%2) = (x1,%2),

f(x17x27u) =

—x1xzc0s(

t )
2 1+x2x27

12
u
(1+x7)2(14x3)°
2u
1+ |ul

g(xr,x,u) =

]’l(X[,Xz,y],yz, ) T Y1y2.

Thus

X1X2
X1,x2,u) — f(x1,x2,V)| < ————|u—
|f( 1 2 ) f( 1 2 )l 2(1+X%X%)
1
(14x3)%(14x3)
|h(x1,x2,y1,y2,4)| < 2y1y2.

(123)( 7y blx) =

|g(-x1,x27 ) (xlax2a )|— |M_V‘7

So we can choose a(x) =
0, o(u) =1, and

1 —
a0 =

k(x1,x2,y1,y2) = 2y1y2,

such that assumptions (Hy) — (Hs) are satisfied. To verify

(Hs), we consider the function

1

r(x) = jjﬂxz 3 3
1— LY N G et 0
2(14x7x3)  2(1+x7)2(1+x3)

which is a continuous function from (0,+o0) x (0,400) — R
that satisfies (Hs) for
X1 X 1 Xy x241
0+0d) T R Jo S 2yiyadyrdy,
< % + 2 =1.

Applying Theorem 3.5, we conclude that Equation (4.2) has
at least one solution in the space C((0,4o0) x (0,4c0)).
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5. Concluding Remarks

1. Example 1 cannot be covered by the method used in [4]

because the function (x1 +x;) exp* ™2 is not bounded.
Example 2 cannot be treated by the method in [9] be-
cause Q C R? and f depends on the unknown u.

. The nonlinear quadratic Volterra equation:

u(x) = a(0)+ f(ru() [ vinut)dy, x=0,

is solved in [9] via a measure of noncompactness and
it is clearly covered by Equation (1.1). From Theo-
rem 3.5, the existence of solution is obtained when
A(x) = (0,x), the nonlinearity f satisfies the Lipschitz
condition (H3) in the second argument, and the function
V is variable-separated dominated as in (Hy) while it is
assumed bounded in the third argument in [9, (H3)',
(33)], namely |v(x,y,u)| < g(x,y). Our assumption
(Hs) then reduces to [9, (Hs)', (34)]. In this case, notice
that if we take @(s) = 1 in Hypothesis (Hy), then the
function r introduced in (Hs) becomes:

V()C) — |f(xa0)| f(;g(x’y)dy‘f' |a(x)|
I—ky Jog(x.y)dy 7

where k¢ is the Lipschitz constant of f and

X
kf/o g(x,y)dy <1

by [9, (Hy)', (34)], i.e., by Hypothesis (Hs). This shows
that a direct application of Schauder-Tychonoff fixed
point theorem leads to the same existence result.

. The nonlinear (non-quadratic) Volterra equation with

deviated argument:

0+ [ Vi

discussed in [5] is also covered by Equation (1.1). The
Schauder fixed point theorem was employed for the
nonlinearity v was assumed to satisfy the sublinear
growth condition (see [5, (i), (6)]):

V(xy,w)| <1 (6y) + al)B(y)ul,

for some positive continuous functions, o, 3, and 7.
This is of course a more restrictive condition than Hy-
pothesis (Hs). Further conditions (ii) and (iii) are im-
posed in [5, (8)].

())dy, x>0,

. The usage of MNC in the space BC(R* x R*) in [4]

has generated several boundedness conditions on the
nonlinear functions of the functional-integral equation
in consideration (see [4, (i)-(v)]), which did not occur
in this work.

. It may be of interest to relax Lipschitz conditions in

(H,) — (H3) which are intrinsic to the method used in
this work.
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