Malaya Journal of Matematik 4(1)(2013) 76-80

Malaya MIM

Journal of an international journal of mathematical sciences with
Matematik computer applications...

www.malayajournal.org |S§N 1 2319-3786

Contractive modulus and common fixed point for three

asymptotically regular and weakly compatible self-maps

T. Phaneendra,®* and Swatmaram?’
@ Applied Analysis Division, School of Advanced Sciences, VIT-University, Vellore-632014, Tamil Nadu, India.

® Department of Mathematics, Chathanya Bharathi Institute of Technology, Hyderabad-500 075, Andhra Pradesh India.

Abstract

A common fixed point theorem for three self-maps on a metric space has been proved through the notions
of orbital completeness, asymptotic regularity and weak compatibility. Our result generalizes those of Singh
and Mishra, and the first author.
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1 Introduction

Throughout this paper, (X, d) denotes a metric space, Sz the image of z € X under a self-map S on X and
S A, the composition of self-maps S and A on X.

Definition 1.1. Self-maps S and A on X are compatible [I] if

lim d(SAx,, ASz,) =0 (1.1)
whenever (z,) 2, C X is such that
lim Sz, = lim Az, =p for some pe X. (1.2)

If , = « for all n, compatibility of (S, A) implies that SAz = ASz whenever Az = Sz. Self-maps which
commute at their coincidence points are weakly compatible [2].

Definition 1.2. Let ¢ = ¢ : [0,00) — [0,00) be a contractive modulus [3] with the choice ¥(0) = 0 and
¥(t) < t for t > 0. A contractive modulus ¢ is upper semicontinuous (abbriviated as usc) if and only if
limsup ¢(t,) < ¥(tg) for all t = tg and all (t,) 52, C [0,00) with lim ¢, = to.

n—oo

Using these ideas, Singh and Mishra [5] proved the following result:
Theorem 1.1. Let S, T and A be self-maps on X satisfying the inclusions

S(X)CAX) and T(X)C A(X) (1.3)
and the contractive-type condition
Ty, A A
d(Sz,Ty) <1 (max{d(AJ;,Ay),d(Sa:,Ax),d(Ty,Ay), d(Ty, Az) ; d(5z, Ay) }) forallz,y € X, (1.4)

where 1 is an usc contractive modulus. Suppose that
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(a) one of S(X),T(X) and A(X) is a complete subspace of X,
(b) (A,S) and (A, T) are weakly compatible.
Then the three maps S, T and A will have a unique common fixed point.
In this paper, we generalize Theorem by using the notion of asymptotic regularity (cf. Section 2) and

by weakening the condition (b) under a weaker form of the inequality (1.4]), when the contractive modulus
is nondecreasing. Our result also generalizes a result of the first author under an alternate condition.

2 Main Result

We need the following definitions from [4]:

Definition 2.1. Given zy € X and f, g and h self-maps on X, if we can find points x1, x2, ..., Tn, ..., then the
associated sequence (y,) 52 ; with the choice

Yon—1 = S$2n_2 = Aﬁgn_l,ygn = Tl’gn_l = Al’gn, for n = ]., 2, 3, (21)
is called an (S, T, A)-orbit or simply an orbit O(zg) at xo.

Definition 2.2. The space X is (S, T, A)-orbitally complete or orbitally complete at z if every Cauchy
sequence in some orbit O(x() converges in X.

Definition 2.3. The pair (S,T) is asymptotically regular (abbriviated as a.r.) at z¢ with respect to A if there
is an orbit O(xp) with the choice (2.1]) such that lim d(yn,yn+1) =0.

Remark 2.1. Every complete metric space is orbitally complete at each of its points. However the converse
of this statement is not true as in the following corrected form of the example from [4]:

Example 2.1. Let X = {% D, qE€EZy,p<gq,q> 0} with d(z,y) = |z —y| for all z,y € X, where Z; =
{0,1,2,3,...}. Define S,T and A: X — X by

2x .

2 ifx<1
szg,Tac:gandAm:{S

3 ifr=1

1 ifx )

Then X is incomplete. For instance, the sequence 0.7, 0.705, 0.707, 0.7071, 0.707105, 0.7071065, ... is Cauchy

n—1
which converges to % ¢ X. Given zp € X, we choose (x,) 52, C X such that z,, = (%) (%) 2 g9 or

(%) (%)% xo according as n is odd or even. Then O(zg) = {(%) Zo, (%) To, (%) T, (1—16) xo,...} with 4, =

n— n_
Ax, = (%) (%) 2 zg or (é) (%) 27! xo according as n is odd or even and O(zg) converges to 0 € X. Thus X
is orbitally complete at x.

The following is our result, which was presented in the National Conference on Applications of Mathe-
matics in Engineering, Physical and Life Sciences, Tirupaty (7-9 December, 2012):

Theorem 2.1. Let S, T and A be self-maps on X satisfying the inclusions (1.3) and the inequality
d(Sz,Ty) < Y(d(Azx, Ay),d(Azx, Sx),d(Ay, Ty),d(Ax, Ty), d(Ay, Sz)) for all =,y € X, (2.2)

where Y is a nondecreasing and usc contractive modulus.
Given xg € X, suppose that

(¢) the pair (S,T) is a.r. at xo with respect to A
(d) any one of S(X),T(X) and A(X) is orbitally complete at xg.
Then S, T and A will have a common coincidence point. Further, if

(e) either (A,S) or (A,T) is a weakly compatible pair,
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then A, S and T will have a unique common fixed point.
Proof. Let g € X. Using the inclusions (1.3]), we can inductively find points x1,xa, ..., Ty, ... in X to define
O(z9) = (Yn) 22, with the choice ([2.1]).

We show that (y,) 2, is a Cauchy sequence. Suppose that it is not Cauchy. Then for some € > 0, we
choose sequences (2my) 32, and (2my) 72, of even integers such that d(yom, , Yan,) > € for 2my, > 2ny, > k for
all k. Let 2my, be the smallest even integer with this property so that d(yom, -2, y2n, ) < €.

Using the triangle inequality of d and asymptotic regularity (c), above inequalities give
lim d(y2m,, Y2n,) = Hm d(y2m,, Y2n,+1) = 0m d(Yom,+1, Y2n,+1) = m d(yam,+1, Y2n,+2)- (2.3)
n—oo n—oo n—oo n—oo
Since 1 is nondecreasing, from the inequality (2.2]) we have
d(Sernk ) T277,k+1) S '(/J(maX{d(Al‘ka ) A2nk+l)7 d(Amek 9 S.’L‘ka),
d(A2n, 11, T2, 1+1), Ad(AT2m,,, TT2n, 1), A(AT2p, 41, STom, ) })-

Proceeding the limit as & — oo in this, then using (c), (2.3) and the upper semicontinuity of v, we get
0 <e<tP(max{0+¢€0,0,0+¢,e}) =1(e) <e. This contradiction establishes that (y,) > ; must be a Cauchy
sequence and its subsequences (y2,) 52 ; and (yan4+1) 52 are also Cauchy.

Case (i): A(X) is orbitally complete at zg.
Then

lim yo, = lim Azs, = z= Au for some wu € X. (2.4)
n—oo n—0oo

Thus (ya2n) 22, is a subsequence of the Cauchy sequence (y,) 5 ; converging to z. Hence (y,) 52, also con-

verges to z = Au.

But then, with x = u and y = ®9,4+1 gives
d(Su, Txont1) < Y(max{d(Au, Asni1),d(Au, Su), d(Azant1, Tont1), d(Au, Txoni1), d(Azoni1, Su)}).
Since v is usc, applying the limit as n — oo, this implies
d(Su, z) < (max{d(Au, z), d(Au, Su),0,0,d(Su, z)}) = ¥ (d(Su, 2))

or Sz = z. That is
Su = Au = z. (2.5)

Writing x =y = z in and using , it follows that
d(Su, Tu) < Y(max{d(Au, Su),d(Au,Tu)}) = (d(Su, Tu))
or d(Su,Tu) = 0 so that Su = Tu. Thus
Su=Au=Tu = z. (2.6)

Thus u is a common coincidence point for A, S and T and z, their common point of coincidence.

Now with z =y = z, (2.2) again implies
d(Sz,Tz) < ¢p(max{d(Az, Sz),d(Az,Tz)}). (2.7)
If (A, S) is weakly compatible, from (2.6) we get Az = Sz and hence yields d(Sz,Tz) = ¢ (d(Sz,Tz)) or
d(Sz,Tz) =0 so that Sz =T=z.

Similarly if (A,T) is weakly compatible, from (2.6) we get Az = Tz, which together with (2.7)) implies
that Sz = Tz. Thus
Sz=Az="Tz, (2.8)
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whenever (e) holds good.

Finally, writing x = z and y = 9,1 in , we see that
d(Sz,Tran-1) < Y(max{d(Az, Axan_1),d(Az,Sz),d(Axon_1,Txon—_1),d(Az, Txon_1),d(Axan_1,52)}).
In the limit as n — oo, this along with will give
d(Sz,z) < ¢(max{d(Sz,2),0,0,d(Sz, z),d(z,Sz)}) = ¢¥(d(z, Sz))

so that d(Sz,z) = 0 or Sz = z. This again in view of (2.8)) reveals that z is a common fixed point of A, S and T.

Case (ii): Let S(X) be orbitally complete at xg. Then (y,) 2, converges to z € S(X) C A(X). The conclu-
sion follows from Case (i).

Case (iii): Let T'(X) be orbitally complete at zo. Then (y,) 52, converges to z € T(X) and hence z € A(X),
in view of (1.3). Again the conclusion follows from Case (i).
Uniqueness of the common fixed point follows directly from (2.2]). O

Remark 2.2. Let 29 € X be arbitrary and r,, = d(yn—1, yn) for n > 2.
We now show that (1.4)) of Theorem [I.1] implies the condition (c) of Theorem 2.1}

In fact, by a routine procure, it follows that
rn < Y(max{r,_i,m,}) for n>2. (2.9)

If v, > 7pp—1 for some m > 2, then the choice of ¢ and (2.9) would give a contradiction that 0 < 7, < () <
Tm. Therefore r, < r,_q for all n > 2. Using this again in (2.9)), we get

rn < P(rp—1) for n=23,4,.. (2.10)
Repeated application of (2.10)) and the choice of ¢ will imply that r1 > re > r3 > ... > r,_1 > r, > ..., where
T, > 0 for all n. Hence lim 7, = a for some a > 0. Then employing the limit as n — oo in (2.10) and the

n—o0

upper semicontinuity of 1, we get a <1 (a) so that a = 0, which the condition (c).

Further if ¢ is nondcreasing, we see that the right hand side of (|1.4]) is less than or equal to the the right hand
side of ([2.2) due to the fact that “T“’ < max{a,b} for any a > 0 and b > 0. That is, (2.2 is weaker than (|1.4)
if ¢/ is nondcreasing.

Moreover, (a) of Theorem implies (d) of Theorem in vew of Remark 291 Therefore, a unique common
fixed point of S,7 and A can be ensured by Theorem 2.1l Thus Theorem follows as a particular case of
Theorem [2.1] when ¢ is nondecreasing.

Our proof requires weak compatibility of only one of the pairs (A, S) and (A, T), where as Theorem required
weak compatibility of both the pairs.

Corollary 2.1. Let S, T and A be self-maps on X satisfying inclusions (1.3|) and the inequality
d(Sz, Ty) < w(d(Az, Ay), (A, Sz), d(Ay, Ty), d(Az, Ty), d(Ay, Sz)) for all zyeX,  (211)

where w : [0,00)% — [0,00) is nondecreasing and usc in each coordinate variable with w(t,t,t,t,t) <t fort > 0.
Given xg € X, suppose that (¢) holds good and

(f) X is orbitally complete at x,
(g) any one of S, T and A is onto.

If either (A, S) or (A,T) is compatible, then S, T and A will have a unique common fixed point.
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Proof. We write ¢¥(t) = w(t, t,t,t,t) for t > 0. Then (2.11)) is a particular case of (2.2)), and the conditions (f)
and (g) imply (d). Also every compatible pair is weakly compatible. Therefore A, S and T will have a unique
common fixed point, by Theorem O

Remark 2.3. When (g) is replaced by the condition that A is orbitally continuous at xq in the sense that A is
continuous at every point of some O(xy), Comllary gives Theorem B of the first author ([4], p.46).
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