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Strong convergence theorems for multivalued
o-demicontractive and a-hemicontractive mappings
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Abstract

In this paper, we introduce multivalued a-demicontractive and a-hemicontractive mappings and prove strong
convergence theorems using Mann and Ishikawa iteration process in Hilbert spaces. We present some numerical
examples which emphasize the results proved in the paper. Our theorem and corollaries extend the results of
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1. Introduction

Suppose K is closed and convex subset of a real Hilbert
space H and F(T) = {x € H : Tx = x} denotes the set of
fixed points of 7. A mapping T : K — K is demicontractive if
F(T) # ¢ and there exists k € [0, 1) such that

ITx—p|I® < |lx— plI? +K|lx— T (L1)
forallx € K and for all p € F(T). If k =1, then T is called
a hemicontractive mapping. Hicks et al. [5] and Maruster
[11] studied the above mappings independently. It is well
known that the demicontractive mappings includes quasi-
nonexpansive mapping and every strictly pseudocontractive
mapping with F(T) # ¢ is demicontractive. Every demi-
contractive mapping is a proper subclass of hemicontractive
mappings (see [14]). The Mann [9] iteration process is defined

by many authors (see e.g., [3, 5, 11, 16]). In a paper, Chidume
et al. [2] observed in general that the Mann [9] iteration do
not converge to a fixed point of hemicontractive mapping. The
Ishikawa [6] iteration process is defined by

x0 €K,

Yn = (1 - Bn)xn +BnTxna
Xpp1 = (1 = &)X + 0, Ty, >0

(1.3)

where the two sequences { o, } and {8, } are real sequences in
[0,1] satisfy some appropriate conditions is usually applicable
for hemicontractive mappings. The demicontractivity of the
mapping 7 only may not assure for the convergence of iterar-
ion (1.2). In fact, continuity and demiclosedness principle are
necessary for the convergence. Recall that T is demiclosed
at xg if {x, } is a sequence in the domain of T such that {x,}
converges weakly to xo € D(T) and {Tx, } converges strongly
to yo, then Txp = yp.
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In 1977, Maruster [11] proved the following theorem.

Theorem 1.1. [11] Let T : K — K be nonlinear mapping,
where K is a closed convex subset of a real Hilbert space H.
Suppose the following conditions are satisfied:

(i) I —T is demiclosed at zero;
(ii) T is demicontractive with constant k;
(iii) 0<a<o, <b<1—k

Then the Mann iteration process (1.2) converges weakly to a
point of F(T) for any starting point xo.

In 2011, Maruster et al. [12] introduced o demicontrac-
tivity and obtained strong convergence theorem for this new
class of mapping in Hilbert space.

Definition 1.2. [/2] Let K is closed convex subset of Hilbert
space H, then a mapping T : K — K is said to be o demicon-
tractive if for some @ > 1,

|Tx—apl|* < ||x— opl|* +k|x—Tx||*, k€ (0,1) (1.4)
forallxe Kand p € F(T).

Under the same assumptions of Theorem 1.1, the strong
convergence of Mann iteration process (1.2) is proved by
Maruster et al. [12] with a suitable choice of xo if T is a-
demicontractive for some o > 1 holds.

Remark 1.3. [12] If T is a-demicontractive, then ap is a
fixed point of T for all p € F(T).

Remark 1.4. [12] For a real valued function T : [0,2p] —
[0,2p], the demicontractivity with the condition 0 < 155 <1
and o-demicontractivity with the condition 1 < o0 < 2 to-
gether imply that Tx = x V¥ x € [p, ap)|, where p is fixed point

of T.

Example 1.5. [/4] Let X = R and bounded subset K = [0, 1].
A mapping T : K — K defined by

1.
Tx=1{ %
—{ &

is demicontractive with fixed point + and F(T) = {1}.

0<x<}
%<x§1

An example of a-demicontractive mapping with F(T) #
¢ is given below.

Example 1.6. Let X = R and bounded subset K = [0, %]. De-
fineT : K — K by

1y .

Tr— { )]c.—2.5 (X_Z)’ 1

i 1 <x

is demicontractive for k = 0.2 with fixed point p = % and

F(T)={;}.

For o = 1.5, we define

Ty — { x=25(x—ap);
ap;

0<x<ap
Otp<x§%

Then T is at-demicontractive with o = 1.5 and F(T) = {ap}.

The concept of a-hemicontractivity is recently introduced
by Osilike et al. [15] and proved strong convergence theorem
using Ishikawa iteration process in Hilbert space.

Definition 1.7. [15] A mapping T : K — K is @ hemicontrac-
tive if F(T) # ¢ and there exists o0 > 1 such that

ITx— ap|® < |lx— apl | + [ — Tx]? (1.5)
forall x € K and for all p € F(T).

Example 1.8. [15] Let X = R with bounded subset K = [1,4].
A mapping T : K — K defined by

2.
X7
Tx—{ 1:

is a-hemicontractive mapping with o = 2.

1<x<2
2<x<4

Osilike et al. [15] proved strong convergence of Ishikawa
iteration process (1.3) under some control conditions for L-
Lipschitzian a-hemicontractive mapping in Hilbert space with
a suitable choice of xy (see Theorem 2.2 of [15]).

Above facts inspired us to introduce multivalued ¢ demi-
contractive and hemicontractive mappings and prove strong
convergence theorems using Mann and Ishikawa iteration
process in Hilbert spaces. Our results extend several corre-
sponding results appeared in the current literature.

2. Preliminaries

Let X be a real normed space and CB(X) denotes the
family of all nonempty closed and bounded subsets of X. The
Hausdorff metric H induced by the metric d on X is defined
by

H(A,B) = max < supd(x,B),supd(y,A) ¢,
XEA yEB

for every A,B € CB(X).

Let T : D(T) C X — 2X be a multivalued mapping on X.
A point x € D(T) is called a fixed point of T, if x € Tx. The
set F(T) ={x € D(T) : x € Tx} is called the fixed point set
of T. A point x € D(T) is called a strict fixed point of T if
Tx = {x}. A multivalued mapping T : D(T) C X — 2X is
called L-Lipschitzian if there exists L > 0 such that for all
x,y € D(T),

H(Tx,Ty) < Lljx—y| @.1)

Note that T is called a multivalued contraction if 0 < L < 1
and multivalued nonexpansive if L = 1 in (2.1). The study of
the fixed points for multivalued contraction and nonexpansive
mapping using the Hausdorff metric was introduced by Nadler
[13] and Markin [10].

In 2014, Isiogugu et al. [8] introduced multivalued demi-
contractivity and proved weak and strong convergence theo-
rems in Hilbert spaces (see Theorem 3.1 and 3.2 of [8]).
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Definition 2.1. /8] For a real normed space X, a mapping
T :D(T) C X — 2X is demicontractive (see Hicks et al. [5])
if F(T) # ¢ and for all p € F(T), x € D(T) there exists
k €10,1) such that

H*(Tx,Tp) < |x— pl|* +kd*(x,Tx), 2.2)

where H*(Tx,Tp) = [H(Tx,Tp)]?* and d*(x, p) = [d(x, p)]*.
Ifk=11in(2.2), then T is called a hemicontractive mapping.

Now we introduce the following definitions.

Definition 2.2. For a real Hilbert space H, a mapping T :
D(T) C H — 2" is multivalued o-demicontractive if for some
o> 1and F(T) # ¢, there exists k € [0,1) such that

H*(Tx,Tap) < ||x— ap||?* +kd*(x,Tx), (2.3)

forall pe F(T), x € D(T) and T is multivalued o hemicon-
tractive mapping if k = 1in (2.3), i.e.,

H*(Tx,Tap) < ||x—op|*+d*(x,Tx), 2.4

forallpe F(T), x € D(T).

To prove our main results, the following lemmas are re-
quired.

Lemma 2.3. [19] Let H be a Hilbert space. Then for all
x,y € H and a € [0, 1] the following holds:

llocx+ (1= a)y||* = arllx]| + (1 =) ly[|* — ex(1 —00) x|

Lemma 2.4. [18] For a sequence of nonnegative real num-
bers {pn} satisfying the relation:

Pnt1 < Pp+0,,n=>0

such that y,. | 0, < oo. Then, lim,_. py exists.

Lemma 2.5. [8] Let A, B € CB(K) with B weakly closed and
a € A, then there exists b € B such that d(a,b) < H(A,B).

Recall that a mapping T : K — CB(K) is completely con-
tinuous, if T is continuous and for any bounded sequence
{xn} in K, {Tx,} has a convergent subsequence in K.

3. Main Results

Theorem 3.1. Let K be a closed convex subset of a real
Hilbert space H, T : K — CB(K) is L-Lipschitzian multival-
ued demicontractive with constant k € (0,1) and I — T is
demiclosed at 0 and F (T) # ¢. Suppose also that T is mul-
tivalued o-demicontractive for some @ > 1. Assume that
T(ap) ={op} V p € F(T). For suitable xy € K, the se-
quence {x,} defined by

Xnt1 = (1= An)x0 + Apyn, n >0 3.1

where y, € Tx, and A, € (0,1) with conditions (i) A, — A <
1 —k; (ii)) A > 0. Then lim,, e d(x,,, Tx,;) =0 as n — oo,

Proof. Let p € F(T). Using equations (3.1), (2.3) and Lemma
2.3, we have

[[%+1 _OCPHZ

= [[(1 = An)xn + Anyn — apl®

= [1(1 = A0) (¥ — @p) + A (3n — @p) ||*

= (1= )llxn = &p|* + Aulyn — atpl|?
= (1= 2n) [l —ynH2

< (1= 2)|Pn — apl|* + A (H(Txa, T aep))?
= A (1 = ) || *ynHz

< (1= "2)[Pon = 0pl[* + 2 ([l — atp||?
+ kd* (%, Tx,)
— A (1= 2n) [ —ynH2

= (1 _
+ Akl xn = ya®
= Dn (1= 2on) [ = ya®

= I = ap* = Aa(1 = A = k) ln = yu®

) || — aPHZJF)Lonn - aP”z

Thus,
[[xn+1— O‘P”z <o — O‘PHZ =X (1 =2y =) || —)’nH2 (3.2)

By Lemma 2.4, lim,,_,. ||x, — @p|| exists and {x, } is bounded.
From (3.2),

Ao =) 130 = yall* < [lxo — ap||* < oo (3.3)

s

An(1—

Il
—

n

This implies that

Yl —yall* <o (34)
n=1

Using the condition A > 0, we have lim,,_,e ||, — y4|| = 0.
Since, y, € Tx,, we have that

lim d(x,,Tx,) =0.

n—yoo

O

Corollary 3.2. Let K be a closed convex subset of a real
Hilbert space H, T : K — CB(K) is L-Lipschitzian multi-
valued demicontractive with constant k € (0,1) and I — T
is demiclosed at 0 and F(T) # ¢. Let T is multivalued «-
demicontractive for some o > 1 and T(ap) = {ap}V p €
F(T). If T is completely continuous, then for suitable x €
K, the sequence {x,} defined as in Theorem 3.1 converges
strongly to a point of F(T).

Proof. By Theorem 3.1, we have lim,,_. d (x,,, Tx,,) = 0. Since
K is closed and {x,} C K so {x,} is a bounded sequence
and T is completely continuous so that {7x,} must have a
convergent subsequence {7, }. Since lim,,_e. d(x,,Tx,) =0,



Strong convergence theorems for multivalued a-demicontractive and a-hemicontractive mappings — 4/6

therefore {x,} must have a convergent subsequence {x,, }.
Let x,, — Qq as k — oo. Since,

d(ag,Tag) <|agq _xnkll +d(Xnk7Txnk)
+H(Tx,,,Tag)
< Haq*xnk” er(xnvaxnk)
+ L[y, — 0q|
—0ask— oo

Hence, aig € Tag, i.e., agq is a fixed point of T. Therefore,
{xn} has a subsequence which converges to the fixed point
ag of T. Using inequality (3.2) and Lemma 2.4, we get
lim,,_ye0 ||, — 0tg|| = 0. Thus {x,,} converges strongly to cg.
This completes the proof. O

Recall that a mapping T : K — CB(K) is hemicompact if,
for any sequence {x,} such that lim,,_,. d(x,,Tx,) = 0, there
exists a subsequence {x,, } of {x,} such thatx,, — p € K.

Corollary 3.3. Let K be a closed convex subset of a real
Hilbert space H, T : K — CB(K) is L-Lipschitzian multival-
ued demicontractive with constant k € (0,1) and I —T is demi-
closed at 0 and F(T) # ¢. Suppose also that T is multivalued
o-demicontractive for some o > 1 and T (ap) = {ap}Vp e
F(T). If T is hemicompact, then for suitable xy € K, the se-
quence {x,} defined as in Theorem 3.1 converges strongly to
a point of F(T).

An example of multivalued demicontractive and multi-
valued o-demicontractive mapping with F(T') # ¢ is given
below for which the iteration process (3.1) converges with a
suitable choice of xj.

Example 3.4. Let X = R and bounded subset K = [0, %]. De-
fine T : K — 2K by

Tx—25>x-D1};
e { e 3

Then T is multivalued demicontractive for k = 0.2 with fixed
point p= 3 and F(T) = {1}. For a = 1.5, we define

= {

Therefore, T is multivalued a-demicontractive with o0 = 1.5
and F(T) = {ap}. Taking A, = ﬁ and starting with initial
value xy = 0.4, the sequence generated by (3.1) converges
strongly to ap € F(T).

0<x<ap
Otp<x§%

{ap,x—25(x—ap)};
{ap}:

Theorem 3.5. Let K be a closed convex subset of a real
Hilbert space H, T : K — CB(K) is L-Lipschitzian multival-
ued 0-hemicontractive mapping with & > 1 and [ —T is demi-
closed at 0. Assume that T(ap) = {ap} for all p € F(T).
For suitable xo € K, the sequence {x,} defined by

(3.5)

Yn = (1 - ,un)xn + Unltn
Xn+1 = (1 *z'n)xn“i’lnwm n 2 0

where u, € Tx,, w, € Ty, satisfying the conditions of Lemma
2.5 and {A,} and {,} are real sequences satisfying (i) 0 <
An < Wy < 1 (i) liminf, e Ay = A > 0; (iii) sup,> ty <
u< ﬁ Then lim,,_,0ed(x, Tx,) =0 as n — co.
Proof. Let p € F(T). Using equations (3.5), (2.4) and Lemma
2.3, we have
a1 — aep?
= [[(1 = An)%n + Auwn — ap||?
= [[(1 = 2) (0 — @p) + A (w — ap) ||
= (1= 2)|lxn — apl|* + A || wy — apl|?
— (1 *ln)”xn*WnHz
< (1= 2)|bn — apl|* + AuH? (Tyn, Ttp)
— (1 _)Wl)”)Cn_WnH2
< (1= )|l = apll* + ullyn — ap|®
+d (3, Tyn)] = (1= ) 0 — w1
= (1= ) |50 — ap|* + Aullyn — ap?
+)~nd2(yanYn) = (1 =2 |0 — Wn”2
Thus,

41 — axpl|?
< (1 =) [0 — OCPHZ‘FA,,,H}/" - (Xp||2

+ A (v, Tyn) = ML= A Jou = wa > (3.6)
and
lyn — ap]?
= [|(1 — )X + Mt — O‘I’H2
= (1 = ) (X — @p) + ttn (un — 0tp)[|>
= (1= o) [0 — 0p||* + o — p|?
— (1= ) 60 — 0|
= (1= ) |Pon — ap || + taH* (T xs, Tatp)
— (1= ) |20 — 10|
= (1= o) [0 = 0p||* + o[ |} — axp|®
+d (60, )] = (1= ) |00 — ]|
= (1= ) [Pen — &p1* + palln — p|>
+ 1 (%, Tn) = (1= ) [0 =t |*
= llxn = ap® + b lxn = un® 3.7
Also,
& (vns Tyn) < [y —wal
= 1| (1= )X + Bt — w||>

= [J(1 = ) (n — W) + o (14 *Wn)”Z

= (1= y)Jxn — WnHZ + o ||t — Wn||2
= (1= ) |20 — n|? (3.8)
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and
[| st — Wn||2 = Hz(Txanyn)
< L2||x,, _Yn”2

< L2||x,, — (1= tn)xn _“n"‘nHz

< L4 0 — un||? (3.9
From (3.8) and (3.9), we get

dz()’mT)’n) < (1= ) xn _WnHz +L2‘u3||xn - ”nHz

— (1 _.un)”xn_“nH2 (3.10)
Using (3.7) and (3.10) in (3.6), we obtain
[lxn+1 _O‘PH2
< (1= ) [%n — O‘PHZ
+ Anllxn = OCP||2 "‘.uf%”xn - ”n||2]
+ A [(1 = ) [0 — wa >
+L2u,?||xn _"tn”2
— (1 = ) || _"‘nHz]
— (1 _)%)”xn_WnH2
< b — ap?
— At (1 =2 — ‘u,%Lz)Hxn - ”n||2
_)“n(.un_zw)Hxn_Wn”z
< | — ap|®
*lnﬂn(lfzunf y%Lz)Hxn*unnz (311)
Using Lemma 2.4, we get
lim ||x, — ap|| exists.
n—roo
Hence {x,} is bounded so {u,} and {w,} are also.
Z A2(1 =20 — 2L |[x — ua?
n=0
< Z Al (1 =241 —,u,%LZ)Hxn - "‘nH2
n=0
< Y [l — apll® = [Pens1 — apl|’]
n=0
<|lxo—ap|* < (3.12)
It follows that
lim ||x, — u,|| = 0.
n—yoo
Since u, € Tx,, we have
d(xn, Txy) < ||xn —uy]| = 0 as n — oo,
O

Corollary 3.6. Let K be a closed convex subset of a real
Hilbert space H, T : K — CB(K) is L-Lipschitzian multival-
ued a-hemicontractive mapping with o > 1 and I —T is demi-
closed at 0. Assume that T(ap) = {op} for all p € F(T).
If T is completely continuous, then for suitable xy € K, the
sequence {x,} defined as in Theorem 3.5 converges strongly
to a point of F(T).

Proof. By Theorem 3.5, we have lim,,_. d (x,,, Tx,,) = 0. Since
K is closed and {x,} C K so {x,} is a bounded sequence and
T is completely continuous so that {7'x, } must have a conver-
gent subsequence {7, }.

Since limy,_ye d(xp, Tx,) = 0, therefore {x,} must have
a convergent subsequence {x,, }. Letx, — 0q as k — oo.
Since,

d(ag,Tag) <|log—xu || +d(xXn, Txn,)
+H(Tx,,,Tog)
< |lag = xu || +d (X, , T X, )
+L|xn, — aq]|
—0ask—oo

Hence, atg € T oig and {x,, } converges strongly to ag. Since
im0 || X, — 0tg|| exists, therefore {x,} converges strongly
to oig € F(T). This completes the proof. O

Corollary 3.7. Let K be a closed convex subset of a real
Hilbert space H, T : K — CB(K) is L-Lipschitzian multival-
ued o-hemicontractive mapping with o0 > 1 and I —T is demi-
closed at 0. Assume that T(ap) = {op} for all p € F(T).
If T is hemicompact, then for suitable xo € K, the sequence
{xn} defined as in Theorem 3.5 converges strongly to a point

of F(T).

The following example shows the multivalued hemicon-
tractivity and multivalued ot-hemicontractivity of T with F(T)
# ¢ for which the ietration process (3.5) converges with a
suitable choice of x.

Example 3.8. Let X = R and a multivalued mapping T : R —
2R defined by

[—\/Ex,O}; 0<x<oo
Tx=
[0,—\@)(}; —o<x<0

Then T is multivalued hemicontractive mapping with fixed
point 0 and F(T) = {0}. It is also clear that for any ot > 1, T
is multivalued o-hemicontractive and F(T) = {ap}. Taking
Ay = ﬁ, Wy = Fll and starting with initial value xo = 0.4,
the sequence {x,} generated by (3.5) converges strongly to
op e F(T).

4. Conclusion

Our theorem and corollaries extend the results for multivalued
demicontractive and hemicontractive mappings given in [§]

0gl0
S0,
S5027:

(N
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to the more general class of multivalued a-demicontractive
and a-hemicontractive mappings. Our results also extend the
results for multivalued k-strictly pseudocontractive mapping
given in [4] to more general class of mappings.
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