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Abstract
Two types of Quantum Finite Automata are, the Measure once quantum finite automata (MO-QFA) proposed
by Moore and Crutchfield [5] and the Many measure one-way quantum finite automata(MM-QFA) proposed
by Kondacs and Waltrous [2]. In both cases it is proved that the language accepted is a subset of regular
language. In this paper we define a Quantum Finite Automata using quantum logic. The logic underlying
Quantum mechanics is not a Boolean algebra. It is an orthomodular lattice. This logic is called quantum logic By
using this logic we study about various properties of QFA’s.
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1. Introduction
The quantum logic was first introduced by Birkhoff and von
Neumann [1] in connection with Quantum Mechanics. In Von
Neumann’s Hilbert space formalism of quantum mechanics
the behavior of a quantum mechanical system is described
by a closed subspace of a Hilbert space. Since the set of
closed subspaces of a Hilbert space is an orthomodular lattice,
Birkhoff and Von Neumann suggested to use orthomodular
lattice as the logic of quantum mechanics.
The quantum computational model of Finite Automata has
been introduced by multiple authors with two different defi-

nitions. The Measure once one way quantum finite automata
(MO-1QFA) proposed by Moore and Crutchfield [5] and the
Many measure one-way quantum finite automata(MM-1QFA)
proposed by Kondacs and Waltrous [2]. A lot of works were
done to study about the power of QFA. In this paper we define
a QFA with the help of quantum logic. This logical approach
helps to study about the properties of QFA in a different way.
The automata theory based on quantum logic was proposed
by Ying in [3]. In his work he introduced an orthomodular
lattice valued classical Automata and he discussed about its
properties. Many works were done on this line after his work,
like [4] In our QFA model using quantum logic, we used the
concept probability measurement in quantum logic. Detailed
study about probability measurement in orthomodular lattice
were done in [7] and [6].
The rest of the paper is organized as follows. In section 2 we
recall some definitions that we used in this paper. In section
3 we gave the definition of Quantum Finite Automata using
Quantum Logic. Then we give an example of a QFA using
Quantum logic. In section 5 we studied about the closure
properties of Quantum Regular Languages.

2. Preliminaries
In this section, we recall the definitions of two types of Quan-
tum Finite Automata. Then we discussed about the complete
orthomodular lattice which is called the quantum logic.



Quantum finite automata using quantum logic — 8/10

Definition 2.1. A Measure Once Quantum Finite Automata
is defined as a 5-tuple

M = (Q,Σ,δ ,q0,Qacc)

where,
Q is the finite set of quantum states
Σ is the set of input symbols
q0 is the initial quantum state
Qacc is the set of accepting states
For each σ ∈ Σ, δσ is the unitary transformation defined on
the Hilbert space spanned by the states in Q
For a given input w = σ1σ2 · · ·σn automata starts from the
initial state q0. After reading the input σ1 unitary transfor-
mation δσ1 is applied to the state q0. This process contin-
ues until it reads the last input symbol and ends in the state
q= δσnδσn−1 · · ·δσ1q0. At the end a measurement is performed
on q and the accepting probability of the input w is
P(w) = ||Paq||2 where Pa is the projection on to the subspace
spanned by {q : q ∈ Qacc}

Definition 2.2. A Measure Many Quantum Finite Automata
is defined as a 6-tuple

M = (Q,Σ,δ ,q0,Qacc,Qre j)

where Q,σ ,δ ,q0,Qacc are same as those defined in the previ-
ous definition. Qre j ⊂ Q is the set of rejecting states.
For any input string w = σ1σ2 · · ·σn the procedure similar to
that of Measure Once Quantum Finite automata except that
after every transformation measurement is performed on the
resulting states. Here the projective measurement consists
of {Pa,Pr,Pn} where Pa,Pr and Pn are the projections on to
the sub spaces spanned by Qacc, Qre j and Qnon respectively
(Qnon = Q− (Qacc∪Qre j)). The accepting and rejecting prob-
abilities are given by
p(M accepts w) = ∑

l+1
k=0 ||Paδσn ∏

k−1
i=0 (Pnδσi)q0||2

p(M rejects w) = ∑
l+1
k=0 ||Prδσn ∏

k−1
i=0 (Pnδσi)q0||2

In this paper we will define a quantum finite automata
using quantum logic. So now we will give a brief introduction
of quantum logic.

2.1 Quantum Logic
The set of all closed subspace of a Hilbert space L(H) is a
lattice under ⊂. It is also an orthomodular lattice.The fun-
damental assumption in quantum physics is that the experi-
mental propositions form a logic which is isomorphic with
L(H) for some Hilbert space H. So the orthomodular lattice
is sometimes called quantum logic.

Definition 2.3. A 7-tuple (L,≤,∧,∨,⊥,0,1) is called a com-
plete orthomodular lattice if it satisfies the following condi-
tions:

1. (L,≤,∧,∨,⊥,0,1) is a complete lattice, 0 and 1 are
the least and the greatest elements of L. ≤ is the partial

ordering in L and for any M ⊆ L, ∧M and ∨M stands
for the greatest lower bound and least upper bound of
M respectively.

2. ⊥ is a unitary operation on L called orthocomplement
and it is required to satisfy the following conditions:
for any a,b ∈ L

(a) a∧a⊥ = 0, a∨a⊥ = 1

(b) a⊥⊥ = a

(c) a≤ b implies b⊥ ≤ a⊥

(d) a≥ b implies a∧ (a⊥∨b) = b

Definition 2.4. A mapping p : L→ [0,1] is called a probabil-
ity measure if

1. p(1) = 1

2. p(
∞

∨
i=1

ai) = ∑
∞
i=1 p(ai) whenever ai ≤ a j

⊥ for any dis-

tinct indexes i, j ∈N

3. Quantum Finite Automata using
quantum logic

Let (L,≤,∧,∨,⊥,0,1) be a complete orthomodular lattice.
Then a quntum finite automata is defined using L as follows.

Definition 3.1. A qantum finite automata using quantum logic
is defined as

M = (Q,Σ,δ ,q0,Qacc)

where,
Q is finite set of states
Σ finite set of input alphabets
q0 initial state
Qacc ⊂ Q is the set of accepting states
δ transition function,

δ : Q×Σ×Q→ l

If w = σ1σ2 · · ·σn then the lattice value of the word w is de-
fined as

lM(w)
de f
= ∨{δ (q0,σ1,q1)∧·· ·δ (qn−1,σn,qn) :

q0,q1, · · ·qn−1 ∈ Q,qn ∈ Qacc}

Then we measure this lM(w) using a probability measure
defined on L and denote it as p(w). Quantum finite automata
accepted a language L with probability λ if p(w)≥ λ for all
w in L. A language accepted by a QFA is called Quantum
Regular Language(QRL).
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4. Example

Let⊗2C2 be the 2 qubit space , where C denote set of complex
numbers. The set of all closed subspaces of the Hilbert space
⊗2C2,l form an orthomodular lattice (l,≤,∧,∨,⊥,0,1). q0 =
|0 > |0 >, q1 = |0 > |1 >, q2 = |1 > |0 > and q3 = |1 > |1 >
are the basis states in the 2- qubit state space. The automata
is defined as M = (Q,Σ,δ ,q0,Qacc) where Q = {q0,q1,q2},
Σ = {a,b}, Qacc = {q2}. ai j = span{|i > | j >} denote the
closed subspace spanned by |i > | j >, i, j = 0,1.
δ (q0,a,q0) = a00, δ (q0,b,q2) = a11, δ (q0,a,q1) = a00,
δ (q1,b,q2) = a00

Now lM(w) =

a00, if w = anb, n > 0
a11, if w = b
0, otherwise


In this example we use the probability measure pφ : L→ [0,1]
where
pφ (S) = ||PSφ ||2 where PS is the projection operator corre-
sponding to the closed space S and φ is the initial state of the
QFA.
Now the language accepted by the QFA is
L(M) = {anb : n > 0} with probability 1.

5. Closure properties of quantum regular
language

Theorem 5.1. If A and B are quantum regular languages
with probability λ and µ respectively then A∩B is also a
quantum regular language with probability less than or equal
to min{λ ,µ}.

Proof. Let A be a QRL with accepting probability λ and B be
a QRL with accepting probability µ . That is there exist two
Quantum finite automata MA and MB such that L(MA) = A
and L(MB) = B. Now we construct a QFA, MC that accepts
A∪B. MC = (QC,Σ,δC,r0,FC) where
QC = QA×QB
FC = FA×FB
r0 = (q0,s0)
δC((p,q),a,(r,s)) = δA(p,a,r)∧δB(q,a,s)
Let x = a1a2 · · ·an ∈ A∩B. Then there exist a path q0q1 · · ·qn
in MA and a path s0s1 · · ·sn in MB labeled by x and whose
lattice value is greater than zero. Therefore there exist atleast
one path (q0,s0)(q1,s1) · · ·(qn,sn) which is labeled by x in
MC whose lattice value is greater than zero.
Since x ∈ A∩B pA(x)≥ λ and pB(x)≥ µ .

Now

pC(x) = p(lC(x))

lC(x) = ∨{δC((q0,s0),a1,(q1,s1))

∧δC((q1,s1),a2,(q2,s2))∧·· ·
∧δC((qn−1,sn−1),an,(qn,sn))}

= ∨{δA(q0,a1,q1)∧δB(s0,a1,s1)∧·· ·
∧δA(qn−1,an,qn)∧δB(sn−1,an,sn)}

≤ lA(x)∧ lB(x)

Therefore
pC(x) ≤ p(lA(x)∧ lB(x))

Since
lA(x)∧ lB(x) ≤ lA(x)and
lA(x)∧ lB(x) ≤ lA(x),

p(lA(x)∧ lB(x)) ≤ min{pA(x), pB(x)}

⇒ pC(x) ≤ min{λ ,µ}. Therefore A∩B is accepted by the
QFA MC with a probability less than or equal to min{λ ,µ}

Theorem 5.2. If A and B are Quantum Regular Languages
with accepting probability λ and µ respectively then their
union, A∪B is a QRL with probability greater than or equal
to max{λ ,µ} .

Proof. Let MA =(QA,Σ,δA,q0,FA) and MB =(QB,Σ,δB,s0,FB)
be the QFA’s accepting A and B. To prove the theorem we
will construct an automata MC which will accept the language
A∪B. MC = (QC,Σ,δC,r0,FC) where,
QC =QA∪QB∪{r0}, we takes the assumption that QA∩QB =
/0

δC(p,a,q) =

δA(p,a,q) if p,q ∈ QA
δB(p,a,q) if p,q ∈ QB

0 otherwise

 δC(r0,ε,q0) = 1

and δC(r0,ε,s0) = 1
FC = FA∪FB
Let x ∈ A∪B. Then there exist a path in MA or MB labeled by
x and whose lattice value is greater than zero. Therefore the
accepting probability of x in MC is greater than zero.
We know that

pC(x) = p(lC(x))

lC(x) = ∨{δC(r0,ε,r1)∧δC(r1,a1,r2) · · ·∧δC(rn−1,an,rn)}

Since δC(p,a,q) = 0 if p ∈ QA and q ∈ QB,

lC(x) = ∨{δA(q0,a1,q1)∧δA(q1,a1,q2)∧·· ·
∧δA(qn−1,a1,qn)}∨
{∨{δB(s0,a1,s1)∧δB(s1,a1,s2)∧·· ·
∧δB(sn−1,a1,sn)}}

= lA(x)∨ lB(x)

pC(x) = p(lA(x) ∨ lB(x)) ≥ max{λ ,µ} Therefore A ∪ B is
a QRL with accepting probability greater than or equal to
max{λ ,µ}.
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Theorem 5.3. If A and B are Quantum Regular languages
with accepting probability λ and µ respectively then their
concatenation, AB is also a QRL with probability less than or
equal to min{λ ,µ}.

Proof. Let MA =(QA,Σ,δA,q0,FA) and MB =(QB,Σ,δB,s0,FB)
be the QFA’s accepting the languages A and B. Now we will
construct a QFA, MC which accepts the language AB.
MC = (QC,Σ,δC,r0,FC) where,
QC = QA∪QB
r0 = q0
FC = FB

δC(p,a,q) =
{

δA(p,a,q) i f p,q ∈ QA
δB(p,a,q) i f p,q ∈ QB

}
δC(p,ε,s0) = 1 for every p ∈ FA
Let x ∈ AB. Then x = σ1σ2 where, σ1 ∈ A and σ2 ∈ B. There
is a path q0q1 · · ·qm in MA labeled by σ1 and a path s0s1 · · ·sn
in MB labeled by σ2 whose lattice values are greater than
zero. So q0q1 · · ·qms0s1 · · ·sn is a path in MC labeled by x
whose lattice value is greater than zero since δC(qm,ε,s0) = 1
(qm ∈ FA).
Let σ1 = a1 · · ·am and σ2 = b1 · · ·bn

pC(x) = p(lC(x))

lC(x) = ∨{δA(q0,a1,q1)∧·· ·∧δA(qm−1,am,qm)

∧δC(qm,ε,s0)∧δB(s0,b1,s1)∧·· ·
∧δB(sn−1,bn,sn)}

Suppose that the supremum over all paths labeled by x occur
along the path q0kq1k · · ·qmks0ks1k · · ·snk.
Then

lc(x) = δA(q0,a1,q1)∧·· ·δA(qm−1,am,qm)∧δC(qm,ε,s0)

∧δB(s0,b1,s1)∧·· ·
∧δB(sn−1,bn,sn)

≤ ∨{δA(q0,a1,q1)∧·· ·δA(qm−1,am,qm)}∧
∨{δB(s0,b1,s1)∧·· ·δB(sn−1,bn,sn)}

≤ lA(σ1)∧ lB(σ2)

pC(x) = p(lC(x))

≤ p(lA(σ1)∧ lB(σ2))

≤ min{λ ,µ}

Therefore the concatenation of the QRL’s A and B, AB is a
QRL with a probability less than or equal to min{λ ,µ}

Now we gives a pumping lemma for the Quantum Regular
Languages.

6. pumping lemma for
Quantum Regular Language

Theorem 6.1. Let L be an infinite Quantum Regular Lan-
guage. Then there exist some positive integer m such that
for any w ∈ L with |w| ≥ m can be decomposed as w = xyz
with |xy| ≤ m, |y| ≥ 1 such that wi = xyiz is also in L for all
i = 0,1, · · · . Also p(wi) = p(w).

Proof. The proof is similar to that in classical automata the-
ory.
If L is a QRL then there exist a QFA, M recognizing L. Let
{q0,q1, · · · ,qn} be the set of states of M. Now consider
the string w ∈ L such that |w| ≥ n+ 1. Now consider the
path through which M processes the string w. Let it be
p0, p1, · · · , p f , where p f ∈ Qacc. Since this sequence has ex-
actly |w|+1 states, atleast one state must be repeated. There-
fore the sequence is of the form p0, p1, · · · , pr, · · · , pr, · · · , p f .
Let p0, p1, · · · , pr be labeled by x; pr, · · · , pr be labeled by
y and pr, · · · , p f be labeled by z. Then |xy| ≤ n + 1 and
|y| ≥ 1. Let w = a1a2 · · ·an. Then l(w) = ∨{δ (p0,a1, p1)∧
δ (p1,a2, p2)∧·· ·∧δ (pn−1,an, pn)}
Let wi = xyiz. Then clearly l(wi) = l(w) from the above for-
mula. Therefore p(w) = p(wi)

7. Conclusion
In this paper we defined Quantum Finite Automata using
quantum logic and give an example of a QFA using quantum
logic. We also studied about some closure properties of QRL’s.
The quantum logic approach makes it easier to study about the
properties of Quantum Finite Automata. Also we introduced
a pumping lemma for the Quantum Regular Languages.
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