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Abstract

In this paper a coupled system of nonlinear finite difference equations corresponding to a class of periodic-
parabolic systems with time delays and with nonlinear boundary conditions in a bounded domain is investigated.
Using the method of upper-lower solutions two monotone sequences for the finite difference system are con-
structed. Existence of maximal and minimal periodic solutions of coupled system of finite difference equations
with nonlinear boundary conditions is also discussed. The proof of existence theorem is based on the method
of upper-lower solutions and its associated monotone iterations. It is shown that the sequence of iterations
converges monotonically to unique solution of the nonlinear finite difference system with time delays under
consideration.
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1 Introduction

Many researchers investigated periodic solutions of parabolic boundary value problems. Their work is either
on scalar periodic-parabolic boundary value problem [1,2] or to system of reaction-diffusion type of equations
with specific reaction functions [3,4]. Much of the work for parabolic initial boundary value problem with time
delay [5,6,7] and without time delay [1,2,4,10] is found in literature. The recent work of [12] is on the periodic
parabolic system with time delays under linear boundary conditions. Also Pao [8,9] has discussed system of
periodic parabolic equations with nonlinear boundary conditions with and without time delays. Recently Pao
[7] investigated some numerical aspect of the class of coupled nonlinear systems with time delays. Most of the
works in the literature are devoted to the qualitative analysis of the system and dynamics of the system [6]. In
this paper we give a treatment to a coupled system of finite difference equations of periodic-parabolic system
with time delay and with nonlinear boundary conditions and obtain the results which are motivated by earlier
results of Pao [6,7,8].

2 Finite Difference Equations

Consider the system which consists of an arbitrary number of parabolic equations in a bounded domain
Q in ¥ (p=123,...) with boundary 02 and with fixed period T > 0 in the form.

85—;” —LOy® = fO(z tuu,) , 2€Q, t>0
(2.1) BWy® = ¢O(z, ¢ u), €0 , t>0
u®(z,t) = u®(z,t +T), e, -1 <t<0,
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where u=u(z,t) = (u(z,t),u®(z,), ..., u™) (z,1))

ur = uT(x,t) = (u(l)(x,t - Tl)vu@) (l',t - 7—2)a "'au(N) (mvt - TN))
for some time delays 71, 72, ..., v > 0 and for each | = 1,2, . . ., N ; LOy® and BOy® are given by

Q09 3“( PO

with 8@ denoting outward normal derivative on 9. It is assumed that the diffusion coefficient D®) =
DW(z,t) > 0 and the convection coefficient V) = (V(l) VQ(Z), ..,Vp(l)) of LU where V¥ = ;{V (x,t) for
= 1,2,. . .,p are continuous on Dy = Q x [0,7T] for every finite T > 0. The coefficients a(l) and g =
B (x,t) of BY are continuous on Sy = 9Q x [0, T] with either a() = 0, ) > 0 (Dirichlet condition) or
a) =1, 30 >0 ( Neumann or Robin condition) where Q = QU 9.

It is assumed that £ | ¢ and v are continuous functions in their respective domains and f (l)( u,u,),

LOu® = v (DOVa®) 4+ VO . vy | OO —

AN

g (-, u) are in general nonhnear in u and u,; and satisfy the conditions in hypothesis (H3) of Section 3.

Let x; = (xj,,%j,,...,2;,) be an arbitrary mesh point in Q, where j = (j1,J2,...,jp) is a multiple in-
dex with 5, = 1,2, . . ., M, and for each v = 1,2, . . . , p, M, is the total number of mesh points in the
x,, direction. Denote by Q,, A, and Qél) the sets of mesh points in 2, x (0,00) and Q x [—7, 0] respectively.
Similarly denote by 02, S, and Qz(,l) the sets of mesh points in 9Q, 9 x [0, 00) and Q x [—7, 00) respectively.
Further let Q, = él) X Q§,2) X . X QI(,N). The set of all mesh points in Q and Q x [0,00) are denoted by
Q, and A, respectively. It is assumed that, the domain Q is connected. Let k, = t, — t,—1 be the time
increment and h,, the spatial increment in the x, direction. For each [ =1, 2, . . . , N we choose k,, such that
71 = ki + ko + ... + k5, for some integer s; >0 .

Define
W =0 (@st) g = @D W@ ),
1 1 2 N
EZL sy _u(l)(xﬁtnfsl) » Win—s :( ;7)L 917’114;12 S27 7" ’ugv")_sN)’

f(l (uj,m uj,n—s) = f(l) (Xja tn, W) p, uj,n—s) , g(l)(uj,n) = g( )(Xja tn, uj,n)'

Define the standard central difference operators as follows:

AEL’;)H = h,? [u(xj + hyey, t) — 2u(x;j, tn) + u(x; — hyey, ty)]
o) — 2h,, [ (x5 + hyey, t) —u(x; — hyey, ty)]

Ujn
where e, is the unit vector in R? with v** component 1 and zero elsewhere. Approximating the parabolic
system in (2.1) by the nonlinear finite difference system, we have

l l 1) )
ko ( 521 ug-’z%l) (l)u( f(l)(u]mujm O in A,
(2.2) BO[u ngL] =g (u;,) on Sy,
WD = QY 1=1,2,,.,N

where

l l v l l l l
LOW, =30 (DY, A0 (V.60 ) DY, = DO, 1), (V) = (VO (1)),

]n
BOW] = a® () e =57 [u® o5, 0) = (@55, 1) | + 50 gt )u (5 10),

and u;fZH_k = u(l)(xj, tpsr), T >0,
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In the boundary conditions #; is a suitable point in €, and |z; — ;| is the distance between z; and ;.
We define upper and lower solutions for the discrete problem (2.2) in the following section.

3 Upper and Lower Solutions

() 72 ﬂ(-N)) in Qp is called an upper solution of (2.2) if

Definition 3.1. A function %;, = (uj o Uy ey U

_1,~( ~(1 1 .
ky 1(u§2«b - u§7ZL—1) - L(Z)U( ) > fj('r)L(u] ns Wjn—s) in Ap
(3.1) BOEN] > ¢\ () on S, ,
W0 >l i Q)

Similarly @;.,, = (4 ﬁ,uffw 7a§1\7/l))

in (8.1) in reverse order.

in Qp is called a lower solution of (2.2) if it satisfies the inequalities

Suppose U, n, U; , exist and Q;, > Ujp.
Define

S ={ujn€Qp , Win < W < Wa} ,
y(Z) :{ijer 5 1tljfn—s < Vin—s < flj,n—s} 5

S ={(Wn,Vin) €EQp X Qp 3 Win < Wi < Wjn » Ujn—s < Vinos < Win—s) -

Also define

1 2 N
fj,n(uj,navj,n) - (f( )(uj,navj,n) i fj("n?(uj,navj,n) LA ;,n)(uj,navj,n)> ’

2 N

8 (Win) = (950 (W) + 9 (W) s s gl (W) -
Definition 3.2. A function f; ,(ujn, vjn) is said to be quasi-monotone nondecreasing in & iffor eachl and
each (jn,vj,) € 7, f;’lz(ujyn, vj ) is nondecreasing in w;, = (u§1717u§27)l ) e u( ) for all u ;é u and
nondecreasing in v, = (Uj(li,vﬁz ) s (N)) for all vj( n) ,m=12, ... ,N.

We now make the following hypothesis
(H,) For each I = 1,2, ... , N the coefficients DV | V() of L() and the functions fj(l)l() g](lzl() and
B(xj,t,) are all k-periodic in n.

(Hz) fjn(Wjn, vjn) and g;,(u;,) are quasi-monotone nondecreasing C' -functions of (u;n,v;,) € & and
u;, €.7" respectively.

The hypothesis (H3) is equivalent to the condition

f(l)
“lin
Oul(m)

l
Ohjin

(Wjn, Vjn) >0 form#1, -85

(Wjn,Vjpn)>0form=1,2,.,N.

where (W;,,Vjn) € 7.

(O}
and ggﬂf) (0 >0 for m # [ where u;,, € W for l,m=1.2. N.

The subsets .77 , (1) and .72 are the sectors between the pairs of upper and lower solutions.
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Assume that the quasi-monotone condition in (H3) holds in the above subsets . and (V). Let

! afs" .
’Yj('ﬁ)l > Max{ 8uj(z) (u] ns Vj, n) ) (]7”) € Ap , (uj,nzvj,n> € y}

(3.2) z
0 99, ‘ x (1)
Ojn > Max —W%(uj,n) ) (Jan) € AP » Win € =
Define

l l l l l l

LOW] =k (), = uf), ) = LOuf) + 4O ull)
1 l l l

AOW)) = BOW )]+ of)ul!),

(3.3)

! l !
F) (w0, vim) = 750l + £ (050, v5.0)

G () = oD ull) + g\ (), 1=1,2, NV,

By hypothesis (Hs) , F®) and G possess the property,

F) (W0, Vi) = FO (0], V)

Wjns Vin

when (Wjn, Vjn) < (W, v ,) < (Wn, Vin) < (@Win, Vin)

(3.4) . .
Gln(Win) = G (w5
when 0;, < <uj, <u,,l=12 N
Using either ufg =1, or u§?n = 0, as the initial iteration we construct a sequence
m m m
{U;TL)} = {(uglz) ) (u§2n) e ,(ugﬁ)) } from the linear discrete system

20w = F @V alnm)) in A,
(35) O =R o s,
)" = @ )" in QY
wheren=0,-1,-2,...,-s , (=12,... N k>0,andm=1,2,

From the above , it is clear that, the sequence {u(?} is well defined. Denote this sequence by
{ ETL } if u§07)L =u;, and by { ;Tg)} if ul? = W) p.

j,n

Now we prove the monotone property of these sequences.
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Lemma 3.1. The sequences {ﬂgnfl)} , {gﬁ?} possess the monotone property,

™ < uj, on @Qp

jn

(36) ﬂjn < u(m) < u('m+1) f(m-&-l)

-5n — —=n - ] n

A
IN

where m =1, 2,

Proof. Let [ (l)]( : [ﬂ(-l)}m) —[ ;lzl](l) where {Egl” ) = ﬂgl

J,n >

By (3.3), (3.5) and (3.1) we have

(0) (0)
—(1 —1/~0 l l 1) ~(1 l l 1) (—=(0) —(0
R ) 1 ()]

(1 ) (1 .
_ngz 1) — L(l)u f( ( ugylfs) > 0 in A,

20w = (B0 + o] - o ()" >+g;> ()]

ZZL] gj(lzl< (0)> >0 on S,

n

0
wh)” =l — il = 0 ).

By positivity Lemma of [11 | for finite difference equations of parabolic initial boundary value prob-
lem

),
@]
(0) _

1
Thus (T (lZL) > [u.zl}() on Q,(,l). This yields ﬁg?r)b > (1) on Qp.

> 0 on Qg)

A similar argument using the property of a lower solution gives u (1) > ©)

1
Put @] = @21" — @)™ Then by (3.4) and (3.5),we have

200 = pO (u<o> —(0) )—F.(” (EQ? ul® ) > 0 in A,

jn J,n? ]n s

1
95’”)[@%]() G(l ( (0)) G;li (25011) >0 onS,

Jn

D (1 (0) 1 (0) l
@] = @) —[u{’ [ >0 on QY.

It follows again from positivity lemma of [11]that [w; (l) ] > 0.

1
ie. (ﬂ(lzl) > (u(-l) )( ) on Q](;l). This gives ﬁﬁi > (1).

=j,n
The above conclusions show that

—(0 (1 1 0
ugg > uir)l > ug) > 752 on @Qp

The monotone property (3.6)follows by an induction argument as in [11]. O

Tt is clear from the monotone property (3.6) that the point-wise limits

(3.7) lim u™) = U;, and lim ug L) = u;,

m—0o0 Jmn m— 00

exist and satisfy the relation
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(38) @, < u™ < u™V <u <w, <t <@ < g, o Q

Now we show that W ,, and u,,, are respectively maximal and minimal k-periodic solutions of (2.2).

Theorem 3.1. Let @;,, and &, be ordered lower and upper solutions of (2.2) and let hypothesis (Hq), (Hz) be
satisfied. Then the problem (2.2) has a mazimal k-periodic solution u; ,, and a minimal k-periodic solution U
in .M . Moreover the sequences { " n)} and { (m n)} converge monotonically to w; n, and w; ,, respectively and
satisfy the relation (3.8). If in addition U;o = w; o then U;, = u;,, (= uj,), and u},, is the unique solution

of (2.2) in 7M.

Proof. The sequence {ugnfi)} constructed from the linear system (3.5) with initial iteration either upper or
lower solution of (2.2) converge to U; ,or u, , according to initial iteration as u;, or u;, respectively and
using (3.7) it shows that both W;, and u;,, satisfy the equations

l l .
L0 = FD (), uj,0-5) in A,

@(Z)[ugm G\ (W), ) on Sy,

J,n

l . l
=, n Q.

In view of (3.3) W;, and u; ,, are solutions of (2.2).

To show that u;, and u, ,, are k-periodic solutions we let w(l) ul) — o ®

g~ Wintk
where ugzl stands for either ﬂ;lzl or gzl , =12, , N.
By Hypothesis (H;) and mean value theorem, we have
ot (il = wiin ) = EPwi =k, =l ) = Eug,
- [k; (uéfzwk uﬁwk 1) — Lgikugfzz%}

l l
= F (s ) = (W W)
N () (1)
f;in Ofjn (m) .
-3 () o e 3 (Mo i,
m=1

l l 1 l l
(3.10) BOW) = B\ - B [ul) ]

=

= ¢\ (W) — 9\ (W)
N[ ag"
=3 (8557;3 (5’)) w™ on S,

O]
and  w; St
where { =&, , & =¢,, and n = n,,, are some intermediate values in W) and .7 respectively and
® u® ®
(311) wj,n—s jn EY u] n+k—s;*

Let s =min{s; , s >0 ,1=1,2,..,N} > 0 and consider the system (3.10) in the domain A; = Q,x [0, g]

. From (3.10) and (3.11) we have w](ZL < =0on A
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This implies that
n Jsn Jim—1 Jn g gsm

N
k=t w® —w® )= LOpO — 5 phn gylm) in A, .
m=1

N
(3.12) B [wﬁl} S cbm g™ on Sy,
m=1

wj(()) =0 in Q ,
where
Ss =08, x [0,s] ,

L, 0F%)
bj,n = au(Jm) (gj,mnj,n) )

. 89<l) ,
mo J,mn
and ¢}, = o855 (Efn) -

From the hypothesis (Hx) it is clear that ™ > 0 and ¢/™ >0 on A, when m # 1.
By Lemma 10.9.1 of [10] we obtain wglzl = 0 on Ay = Q, x [0,s]. This shows that wj(-fzks =0 on Ay =

)
s
of [10] that w](l; =0 on Ags.

A continuation of the similar argument shows that wyzl =0 on , x [0, Ms] for every positive integer M.
This proves the periodic property u;, = Ujn+r on Qp.

Q, x [0,2s] and so w; , satisfies the equations in (3.12), in the domain Ass. It follows again from Lemma 10.9.1

Since by definition every k-periodic solution u} ,, of (2.2) is an upper solution as well as a lower solution, the
consideration of (u;n, ﬁj,n) and (flj’n, u ) as the pair of upper and lower solutions in the above argument,
leads to the relation u;,, < wuj, <U;, on @p. This ensures the maximal and minimal property of u;, and
u; . Finally if @; 0 = u; o (= u;,0) then by considering problem (2.2) as an initial boundary value problem with
condition u;¢ = u;, the standard existence-uniqueness theorem for finite difference system of initial boundary
value problem of parabolic type ensures that ;. = u,, on )p. This completes the proof. O

*
J,m
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