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Abstract
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1 Introduction

The notion of generalised closed sets introduced by Levine[7] plays a significant role in general topol-
ogy. A number of generalised closed sets have been introduced and their properties are investigated. Only
a few of the class of generalised closed sets form a topology. The class of g,-closed sets[4] is one among
them. Kelly[5] introduced the concepts of bitopological spaces. Many topologists have introduced different
types of sets in bitopological spaces. We have introduced g,-closed sets in bitopological spaces and discussed
their basic properties. We have introduced (i, j)gq-closure and defined a new topology. We also introduced
(i,5)Ty.., (i, j)# Ty, -spaces and derived a new decomposition of continuity in bitopological spaces.

2 Preliminaries

We list some definitions which are useful in the following sections. The interior and the closure of a subset
A of (X, 1) are denoted by Int(A) and CI(A), respectively. Throughout the paper, (X, 71, 72), (Y,01,02) and
(Z,m,m2) (or simply X,Y and Z ) represent bitopological spaces on which no separation axioms are assumed
unless otherwise mentioned. For a subset A of X, A¢ denote the complement of A.

Definition 2.1. A subset A of a topological space (X, T) is called
(i) an w-closed set [10] if CI(A) C U whenever A C U and U is semi-open in (X,T),
(i) a *g-closed set [11] if CI(A) C U whenever A C U and U is w-open in (X, T) ,

(iii) a #g-semi-closed set[13](briefly # gs-closed)[12] if sC1(A) C U whenever A C U and U is *g-open in
(X,7) and

(iv) Go closed set[}] if aCl(A) C U whenever A C U and U is # gs-open in (X, T)

The complement of w-closed(resp *g-closed,” gs-closed,ju-closed)set is said to be w-open(resp *g-open,* gs-

open,gq-open)
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Definition 2.2. A subset A of a bitopological space (X, 1,72) is called a
(1)(7i,75)-g-closed set[2] if Tj-Cl(A)C U whenever AC U and U € 1,
(11)(7i, 7;)-gp-closed set[1] if 7;-pCl(A)C U whenever AC U and U € 7,
(111)(7;, 7;) -gpr-closed set[3] if T;-pCl(A)C U whenever A C U and U is regular open in 7,
(w)(1i, 7j)-w-closed set[3] if 7;-Cl(A)C U whenever A C U and U is semi-open in T;,
(v)(7;,75)g"-closed set[9] if 7;-Cl(A)C U whenever A C U and U is g-open in T;.

The family of all (;,7;)-g-closed (resp (7;,7;)-gp-closed,(Ti, T;)-gpr-closed and (7;,7;)-w-closed) subsets of a
botopological space (X, 11, 12) is denoted by D(1;, 1) (resp GPC(7i,75),((i,75),C (75, 75) and D*(7;,75)).

Definition 2.3. A function f: (X, 11,7) — (Y,01,02) is said to be

(i) (7i, Tj)-gp-oK-continuous[1] if the inverse image of every oy-closed set in (Y, 01,02) is (1;,7;)-gp-closed in
(Xv T1, 7—2)7

(11)(Ti, 7;) -0 -continuous/3] if the inverse image of every oy-closed set in (Y, 01,02) is (7i,7;)-gpr-closed in
(X7 T1, TQ);

(111)D* (7;, Tj) -0 -continuous[9] if the inverse image of every ox-closed set in (Y, 01,02) is (1, 7j)-g* -closed in
(Xv T1, 7—2)7

()D(7;, 7j)-0)-continuous[2] if the inverse image of every oy-closed set in (Y, 01,02) is (7;,7j)-g-closed in
(X7 71, TQ);

(v)7j-05-continuous/8] if the inverse image of every oy-closed set in (Y,01,02) is 7j-closed in (X, 11, 7T2),
(vi) bi-continuous[8] if f is T1-01-continuous and To-oo-continuous,
(v) strongly bi-continuous[8] if f is bi-continuous,t -o2-continuous and To-01-continuous.
Definition 2.4. A topological space X is called a
(i) Ty, -space[4] if every go-closed set in it is a-closed.

(ii)# T, -space[4] if every Go-closed set in it is closed.
3 (7, 7j)-ga-closed sets

Definition 3.1. A subset A of a bitopological space (X, T1,72) is said to be (7, Tj)-ga-closed if T;-aCl(A) C U
whenever A C U and U is # gs-open in 7; . N
The collection of all (1;,T;)-ga-closed sets is denoted by DGy (7;, 7;).

Remark 3.2. If 1y = 1 then (75, 7j)-ga Set reduces to go-closed set in a topological space.
Proposition 3.3. (i)Every 7;-closed set is (7;,7;)-go-closed.
(i1) Every Tj-c-closed set is (T;,T;)-ga-closed.

Proof. (i) Let A be a 7j-closed set and U be any # gs-open set in (X, ;)

containing A. Then 7;-aCl(A) C 7,-Cl(A) = A C U. Hence A is (7, 7j)-ga-closed.

(ii)Let Let A be a 7j-a-closed set and U be any # gs-open set in (X, 7;) containing A. Then 7j-aCl(A) = A C U.
Hence A is (7, 7;)-ga-closed. O

Remark 3.4. The converse of the proposition 3.3 need not be true.

Example 3.5. Let X = {a,b,c},71 = {9, X, {a}}, 7o = {0, X, {b}, {c},{b, c}}, Déa(Ti,Tj) ={¢, X, {a}, {b},{c},{a,b},{a,c},
The set {b} is (Ti, Tj)-ga-closed but not 7;-c-closed and 7j-closed.
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Proposition 3.6. Every (7, 7;)-go-closed set is (1;,7;) gp-closed and (7;,T;)gpr-closed.

Proof. (i)Let A be a (7;,7;)-ga-closed set and U be any 7;-open set in X. Then 7;-pCI(A) C 7;-aCl(A) C U.
Since every 7;-open set is #gs-open in (X, 7;)[12]. Hence A is (7, 7;)gp-closed.

(ii)Let A be a (73, 7;)-ga-closed set and U be any regular open set in (X, 7;)-open set in X. Then 7;-pCi(A) C 7;-
aCl(A) C U. Since every regular open set is #gs-open in (X, 7;).Hence A is (7, 7;)gp-closed. O

Remark 3.7. The converse of the proposition 3.6 need not be true.

Example 3.8. Let X = {a,b,c,d},7n = {9, X, {b,c},{b,c,d},{a,b,c}},

T2 = {¢a X, {a’}’ {Cv d}’ {av ) d}}7

DGa(Ti’ Tj) = {¢v X, {a}v {b}’ {d}v {av b}v {av d}v {bv d}v {Cv d}v {av ba d}v {av G, d}a {b’ &) d}})

GPC(1i, ;) = {0, X,{a},{b},{c},{d},{a,b},{a,c}, {a,d}, {b,c},{b,d},{c,d}, {a,b,c},{a,b,d}, {a,c,d}, {b,c,d}}.
The set {a,c} is (T;,7;)-gp-closed but not (7, Tj)-ga-closed.

Example 3.9. Let X = {a, b? ¢, d}le = {(bv Xv {a}7 {b}7 {a7 b}}a T2 = {¢7 Xa {a}’ {Ca d}a {aa c, d}}7 Déa(Ti7 Tj) =
{6, X, {b}, {a,b},{b,c,d}},
C(7i,75) = {¢, X, {b}. {c}, {d},{a, b}, {a, c}, {a, d}, {c,d}, {b, ¢}, {b,d}, {a, b, ¢}, {a, c,d}, {a,b,d}, {b, c,d} }.

The set {c} is (7, 7j)-gpr-closed but not (7;,7;)ga-closed.

Remark 3.10. (7;,7;)-go-closed sets are independent of (1;,7;)-w-closed sets,(7;, 7j)-g-closed sets and (1;,7;)-
g*-closed sets.

Example 3.11. Let X = {a,b,c,d}, 71 = {¢, X, {a},{c,d},{a,c,d}}, 72 = {0, X, {a}}, Déa(Ti,Tj) = {¢, X, {b},{c},{d}.,{b, ¢}
C(m, 1) ={¢, X, {b},{a,b},{b, c}, {b,d},{a,b,c}, {a,b,d},{b,c,d}}.

D(r;, 1) = {9, X, {b},{a, b}, {b,c}, {b,d},{a,b,c}, {a,b,d}, {b,c,d}}

D* (13,7 = {¢, X, {b},{a, b}, {b,c}, {b,d}, {a,b,c}, {a,b,d},{a,c,d}}

The set {b} is (7;,7j)-ga-closed but not (7;, 7j)-w-closed. The set {c} is (T;, T;)-ga-closed but not (;, 7;)-g-closed.

The set {a,b} is (1;, T;-w-closed, (1;,7;)-g-closed and (7;, T;-g*-closed but not (7;,7;)-ga-closed.

Proposition 3.12. Union of two (7;,7;)-ga-closed sets is (T;, Tj)-ga-closed.

Proof. Let A and B are (7;, 7;)-ga-closed sets and U be any #gs-open set in (X, 7;) containing A and B. Then
7;-aCl(A) C U,1;-aCl(A) C U, 1-aCl(AU B) = 7;-aCl(A) U 7;-aCl(B) € U. Hence AU B is (74, T;)-Ja-
closed. 0

Remark 3.13. Intersection of two (7;,7;)-ga-closed sets need not be a (7;,7j)-ga-closed set. In example 3.11
{a,b,c} and {a,b,d} are (1;,7;)-ga-closed but their intersection {a,b} is not (7;,7;)-gu-closed.

Remark 3.14. In general Déa(ﬁ,Tg) s not equal to Déa(TQ,Tl).
In example 3.8

D(f;ja(Tl, 7—2) = {¢7 X7 {a}v {b}7 {d}7 {a'7 b}7 {a'7 d}7 {b7 d}7 {C, d}7 {a7 b7 d}7 {a'7 ) d}, {b, & d}}:
DG (12, 71) = {9, X, {a},{d},{a,d},{a,b,c}, {a,b,d}}. Hence they are not equal.

Proposition 3.15. If 11 C 75 in (X, 71,72) then Déa(ﬁ,rg) ) Déa(TQ,Tl).

Proof. Let A be (72,71 )da-closed and U be any 71-# gs-open set containing A. Since 71 C 73, U is 7o-# gs-open,
To-aCl(A) C 11-aCl(A) CU. Hence A is (71, 72)-gq-closed. O

Theorem 3.16. For each point x of (X, 71,72), {x} is ;-7 gs-closed or {x}¢ is (11, T2)-Ju-closed for each fived
integer i,j of {1,2}.

Proof. Suppose {r} is not 7;-#gs-closed. Then {z}¢ is not 7;-#gs-open. Then the only 7;-#gs-open set
containing {z} is the set X. 7;-aCl({z}°) C X. Hence {z}° is (71, T2)-ga-closed. O

Proposition 3.17. If a set A is a (71, 72)-Ga-closed set in (X, 71, 72) then
7;-aCl(A) — A contains no non empty 7;-# gs-closed set.

Proof. Let A be a (71, T2)-ga-closed and F be a 7;-# gs-closed set contained in 7;aCI(A) — A. Since A is (11, 72)-
ga-closed 7;-aCl(A) C F°. Hence F C
7;-aCl(A) N (1;-aCl(A))¢ = ¢. O
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Remark 3.18. The converse of the proposition 3.17 need not be true.

Example 3.19. Let X = {a,b,c,d}, 71 = {6, X, {a,b}}, 72 = {0, X,{a,b},{c,d}}. #GSO(X,m) = {¢, X, {a},{b},{a,b}, {a,b
DG (11, 12) = {¢, X, {a,b},{c,d},{a,c,d}, {b,c,d}},
If A= {b},7;-aCl(A) — A= {a,b} — {b} = {a}. But {b} is not (1, T2)-ga-closed.

Proposition 3.20. If A is (7;,7j)-ga-closed in (X, 11, 72) then A is T;-a-closed if and only if T;aCI(A) — A
is 7, —7 gs-closed.

Proof. Necessity implies 7;-aCl(A) — A = ¢ and hence 7;-aCl(A) — A is

7; =% gs-closed.

Sufficiency. If 7;-aCl(A) — A is 7, —# gs-closed then by proposition 3.17

7j-aCl(A) — A = ¢. Therefore A is 7;-a-closed. O

Proposition 3.21. If A is (1;,7;)-a-closed then 7;-aCl({zx}) N A # ¢ for each x € T;-aCl(A).

Proof. If 7,-aCl({z}) N A = ¢ for each x € 7;-aCl(A) then A C (r;aCl({x}))°. Since A is (7;,7;)-ga-closed,
we have 7;-aCl(A) C (r;-aCl({x})¢.[Since (1j-aCl({z})¢ is Ti-a-open and therefore 7;-semi-open, 7;-#gs-open].
This gives x ¢ 7,aCI(A). A contradiction. O

Proposition 3.22. If A is (7;,7;)-ga-closed A C B C 1;-aCl(A) then B is (T;, T;)-ga-closed.

Proof. Let B C U where U is 7;-#gs-open. Then A C B C U.Since A is (7;,7;)-ga-closed 7j-aCl(A) C U.
Therefore 7;-aCl(B) C 1;-aCl(1j-aCl(A)) =
7;-aCl(A). Thus 7;-aCl(B) C U. Therefore B is (7;, 7j)-ga-closed. O

Proposition 3.23. If ACY C X and A is (7, 7j)-Ga-closed then A is (7;,7;)-ga-closed relative to Y.

Proof. Let S be any 7;-7 gs-open set in Y such that A C S. Then S = UNY for some U €% GSO(X, ;). Thus
ACUNY and A CU. Since A is

(73, 7j)-ga-closed in X, 7;-aCl(A) C U. Therefore Y N 7;-aCIl(A) C Y NU.That is 7;-aCly(A) C S. Since
7;-aCly (A) =Y N1j-aCl(A). Hence A is

(73, Tj)-ga-closed. O

Definition 3.24. A subset A of a bitopological space (X, 71, 7s) is said to be (7i, 7;)-ga-open if its complement
is (T3, T;)-ga-closed in X.

Theorem 3.25. In a bitopological space (X, 71,72)
(i) Every Tj-open set is (7;,T;)Ga-0pen.
(i1) Every T;-a-open set is (T;, T;)Ga-0pEN.
(tii) Every (74, Tj)-ga-open set is (7;,T;) gp-open.
(iv)Every (Ti, Tj)-Ga-open set is (T;,T;) gpr-open.
Remark 3.26. The converse of the theorem 3.25 need not be true.

Theorem 3.27. A subset A of a bitopological space (X, T1,T2) is (7, Tj)-Ga-open if and only if F C 1j-alnt(A)
whenever F is Ti-#gs-closed and F C A.

Proof. Necessity. Let A be a (7;,7;)-ga-open set in X and F be a 7;-# gs-closed set such that FF C A. Then
A¢ C F¢ where F¢ is 7;-# gs-open and A€ is (7, 7;)-ga-closed implies 7;-aCl(A¢) C (F¢),r;-(alnt(A))¢ C Fe.
Hence F' C 7j-aInt(A).

Sufficiency.Let F' C 7j-alnt(A) where F is #gs-closed and F C A. Then A° C F¢ = G and G is 7;-* gs-open.
Then G° C A implies G° C 1j-alnt(A) or 7;-aCl(A°)= (1;-alnt(A))® C G. Thus A°is (7;, 7j)-ga-closed or A
is

(Ti» Tj)-ga-open. O
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4 Applications

Definition 4.1. A bitopological space (X, 11,72) is said to be a (i, j)Ty, -space if every (7;, 7;)-ga-closed set in
it 1s T;j-a-closed.

Remark 4.2. If 71 = 15 then (i, j)Tj, -space becomes a Ty, -space.

Theorem 4.3. A bitopological space (X, 7i,72) is a (i,))Ty, -space if and only if each {x} is T;-c-open or
1;-#gs-closed for each x € X.

Proof. Suppose that {z} is not 7;-#gs-closed then by theorem 3.16, {x}¢ is (7;,7;)-ga-closed. Since X is a
(1, J)Ty, -space, {x}¢ is 7;-a-closed. Therefore {x} is 7;-a-open in X.

Conversely let F be a (7;,7j)-ga-closed set. By assumption {z} is 7;-a-open or 7;-#gs-closed for any z € 7;-
aCI(F).

case(i) {z} is 7j-a-open. Since x € 7;-aCl(F), {x} N F # ¢. Hence x € F'.

case(il) Suppose {z} is 7;-#gs-closed. If z ¢ F, then {2} C 7;-aCI(F) — F which is a contradiction by
proposition 3.20. Therefore z € F'. Hence F is a 7ja-closed subset of X. O

Definition 4.4. A bitopological space (X, T1,72) is said to be (i, §)# Ty, -space if every (7i, 7j)-Ga-closed set in
it 1s T;-closed.

Proposition 4.5. Every (i, j)# T, -space is a (i, )Ty, -space
Proof. Since every Tj-closed set is 7;-a-closed, the proposition is valid. O

Remark 4.6. The converse of the proposition 4.5 need not be true. Let X = {a,b,c}, 71 = {¢, X, {a, },{b,c}}, 7
{¢,X,{a}}. The space X is a (i, )T, -space but not a (i,7)#T;,_ -space.Since the set {b} is not 7j-closed.

Definition 4.7. For a subset A of a bitopological space (X, T1,72), the (i,])ga-Cl(A) is defined as (i,7)Ga-
CI(A) ={F: AC F,F € DGy(7i,75)}.

Proposition 4.8. Let A and B be two subsets of (X, 7;,7j).

(i) If A C B then (i, j)ga-Cl(A) S (i, 7)ga-Cl(B),

(i@)If 71 C 1o then (1,2)g,-Cl(A) C (2,1)g,-Cl(B).
Proof. Tt follows from proposition 3.15. O
Proposition 4.9. For a subset A of (X, 71,72),

(i) A € (i,§)ga-Cl(A) C 7;-CI(A),

(ii)If A is (7i,7j)-Ga-closed then (i, §)go-Cl(A) = A.

Proof. (i) By definition A C (7,5)ga-Cl(A). By Proposition 3.3 7,-Cl(A) is (7;,7;)-ga-closed. Therefore
A C (i,5)ga-Cl(A) € 75-CI(A).
(ii) Follows from (i) and the definition 4.5. O

Remark 4.10. The converse of the proposition 4.9 need not be true. In example 3.11 if A = {a,b} then
(2,7)9a-Cl(A) = {a,b}. But A is not (7;,7;)-ga-closed.

Theorem 4.11. The closure operator (i, j)ga-closure is the Kuratowski closure operator.
Proof. (i)From proposition 3.3 and proposition 4.9 (ii) it follows that (i, 7)g.Cl(¢) = ¢.

(i) From proposition 4.9 (i) A C (i,5)da-CIl(A).

(iii) If A and B are two subsets of X then (%, j)go-Cl(A) U (7, )ga-Cl(B) C (i,7)ga-Cl(AU B). If 2 does not
belong to (i, 7)Ga-CLA)U(4, §)Ga-CL(B), then there exist C, D € DGy (7, 7j) such that AC C,x ¢ C,B C
D,z ¢ D. Hence AUB CCUD and z ¢ CUD. Since CUD is (7;, 7j)-g-closed by proposition 3.12,
does not belong to (i,7)go-Cl(C U D). Hence (i,5)ga-CI(AU B) C (i,))ga-Cl(A) U (i, 7)go-Cl(B).Thus
(i,7)ga~CU(AU B) = (i, §)ga-CL(A) U (i, j)§a-Cl(B).
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(iv) Let E be a subset of X and A be a (7;, 7j)-ga-closed set containing E, We have (7, j)go-CI(E) C A, we have
(i, )3a-CU(E) 2 (i, ))a-CU{(i, /)Ga-CUE)). Conversely (i, /Ja-CUE) C (i, /)ga-Cl{(i, /)ga-CI(E)).(By
proposiotion 4.8 (i)). Hence (4, j)ga-CU(E) = (4, J)Ga-Cl((i, ) Ga-CIl(E).

O

Definition 4.12. (i, j)gq-closure defines a new topology on X. The topology defined by (i, j)ga-closure is defined

as and denoted as Go(7;,7;) = {E C X : (4,5)§a-CIl(E®) = E°}.

Example 4.13. Let X = {a,b,c,d}, 71 = {$,X,{b,c},{b,c,d}, {a,b,c}}, 2 = {¢, X, {a}, {c,d}, {a,c,d} }.
QGQ(Ti’Tj) = {¢>Xa {CL}, {b}’ {d}7 {a7 b}7 {a’ d}7 {b7 d}> {Cv d}> {a7 b, d}7 {a’ Cy d}7 {b7 ) d}}
Ga(Ti’T]’) = {¢a X7 {a}7 {b}) {C}, {avb}v {avc}v {bv C}’ {C, d}’ {a’ b> C}v {avc’ d}’ {b’ G, d}}

Proposition 4.14. Leti,j € {1,2} be two fized integers.
(i)7; € Gal7i 7).
(i1) If a subset A of X is (7;,7j)-Ga-closed then A is éa(Ti,Tj)—ClOSEd.

Proof. (i) Let U be any 7j-open set, by proposition 3.3 and proposition 4.9 (ii) (¢, j)ga-Cl(U®) = U°. Hence
U S GQ(TZ’, Tj).

(ii) It follows from proposition 4.9(ii). If A is (7i,7;)-ga-closed then (i,7)ga-CI(A) = A, this implies A° €
Go(Ti, ;) or Ais Gy (7, 7;)-closed.
O

Proposition 4.15. If 11 C 75 then éa(ﬁ, T2) D éa(rg, T1).

Proof. Let A € Go(72,71) then (2,1)a-Cl(A) = A°. Since 71 C 72, (1, 2)ga-ClU(A) C Ga-CU(A), A° C (1,2)ga-
CI(A°) C (2,1)g-Cl(A®) = A°. Thus A° = (1,2)g-CI(A). Therefore A € G,(1,2). O
5 éa(n, 7;)-Continuity

Definition 5.1. A function f : (X, 71,72) — (Y,01,02) is called Déa(Ti,Tj)—Uk—COntiTLUOUS if the inverse
image of every oy-closed set in (Y,01,02) is a (74, Tj)-ga-closed set in (X, 11, 72).

Remark 5.2. If ; = 79 = 7 and 01 = 09 = o then the Déa(nmj)—ak—continuous function coincides with
Ja-continuous function. [6]

Definition 5.3. A function f : (X,71,72) — (Y,01,02) is called 7;-o-0)-continuous if the inverse image of
every oy-closed set in (Y, 01,02) is a 7j-a-closed set in (X, 71, T2).

Proposition 5.4. If a function f : (X, m1,7) — (Y, 01,02) is T;-0k (resp Tj-c-0p-continuous) continuous then
it is DG (T, T;)-0%-continuous.

Proof. Let V be any o-closed set in (Y, 01, 02) then f~1(V) is 7j-closed (resp 7j-a-closed). Since every 7;-closed
(resp Tj-a-closed) set is (75, 7j)-ga-closed. Hence f is DGy (7, T;)-0-continuous. O

Remark 5.5. The converse of the proposition 5.4 need not be true.

Example 5.6. Let X =Y = {av ba C}v T = {¢7 X7 {a’}}ﬂ T2 = {¢a Xa {b}}7 o1 = {(ba K {CL, b}}a 02 = {¢a K {a}}
The function f is defined as f(a) = b, f(b) = a, f(c) = c. Here fis DG (i, Tj)-0k-continuous but not 7;-oy, (resp
T;-Q-0, )continuous.

Proposition 5.7. If a function f : (X,71,72) — (Y,01,02) is Déa(Ti,Tj)-ak-contmuous then it is (1;,7;)-gp-
oy continuous and ((7;, 7;)-0y continuous.

Proof. Let V be any oj-closed set in (Y, 01, 02) then f~1(V) is (7, 7j)-ga-closed which is (7;, 7;)-gp-closed and
(73, 7j)-gpr-closed. Hence fis (7;, 7;)-gp-0y continuous and ¢(7;, 7;)-0) continuous. O

Remark 5.8. The converse of the proposition 5.7 need not be true.
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Example 5.9. Let X =Y = {a,b,c}, 71 = {9, X, {a}}, 2 = {9, X, {a}, {b, c}},

o1 ={0,Y,{a,b}},00 ={¢,Y,{a,c}}. The function f is the identity map. Here f is (7;,T;)-gp-o)-continuous
but not DG (;, Tj)-05-continuous.

Example 5.10. Let X =Y ={a,b,c}, 71 = {0, X, {a}}, =2 = {0, X, {a,b}},

o1 ={0,Y.{a,b}}, 00 = {0, Y, {a,c}}. The function fis the identity map. Here fis ((7;, T;)-0)-continuous but
not DG o (Ti, Tj) -0k -continuous.

Remark 5.11. DG, (7, Tj)-0k-coninuity is independent of D(7;, Tj)-0-coninuity and C(T;, T;)-0k-continuity.
Example 5.12. Let X =Y ={a,b,c}, 71 = {0, X, {a,b}}, 2 = {¢, X, {a}}, _

o1 =1{¢, Y, {a},{a,b},{a,c}},00 = {0,Y, {a,c}}. The function f is the identity map. Here fis DG (i, T;)-0%-
continuous but not D(1;, 7;j)-0k-continuous and C(1;, T;)-gp-ox-continuous.

Example 5.13. Let X =Y ={a,b,c}, 71 = {0, X, {a},{b,c}}, 20 = {¢, X,{a,b}},

o1 = {,Y, {b}}, 02 = {¢,Y, {c}}. The function f is the identity map. Here f is D(7;,7;)-0k-continuous and
C(m;, 7j)-0k-continuous but not DG (T;, T;)-0k-continuous.

Definition 5.14. A function f: (X,m1,72) — (Y,01,02) is called go-bi continuous if f is both DGo(2,1)-01-
continuous and DG (1,2)-03-continuous.

Definition 5.15. A function (X, 11,72) — (Y, 01,02) is called strongly G, -bi continuous if it is o, -bi continuous,Déa (2,1)-
oa-continuous and DG (1,2)-01-continuous.

Proposition 5.16. Let f: (X, 7,72) — (Y,01,02) be a function.
(i) If f is bi-continuous then it is §o-bi continuous.
(i1) If f is strongly -bi-continuous then it is strongly go-bi continuous.

Proof. (i)Let f be bi-continuous. Then f is 71-0;-continuous and 7o-02-continuous. By proposition 5.4 f is g,-bi
continuous.

(ii)Let f be strongly bi-continuous then f is 71-09-continuous and 79-01-continuous. Then by proposition 5.4 f
is strongly g,-bi continuous. O

Example 5.17. Let X = {a,b,c}, 71 = {6, X,{a}}, 2 = {6, X, {b,c}},

YV ={p,a},01 = {6, Y. {p}}, 02 = {9, Y, {p}, {a}}. The function [ is defined as

f(a) =p, f(b) = f(c) = q. Here fis go-bi continuous and strongly G -bi continuous but not bi-continuous and
strongly bi-continuous.

Proposition 5.18. If f: (X, 71,72) — (Y,01,02) is strongly g,-bi continuous then it is go-bi continuous.

Proof. Tt follows from the definitions. O

Example 5.19. Let X = {a,b,c}, 71 = {¢, X, {a}}, 2 = {4, X, {a}, {b}, {c}, {a, b}, {a,c},{b,c}},

Y ={p,qt, 01 = {0, Y, {p}}, 02 = {9, Y, {q}}. The function f is defined as f(a) = p, f(b) = f(c) = q. Here fis
Jo-bi continuous but not strongly g.-bi continuous.

Proposition 5.20. A function f: (X, 11,m) — (Y,01,02) is Déa(n, ;)oK -continuous if and only if f~1(U)
is (7i,7;)-ga-open in (X, T1,T2) for every op-open set in (Y,01,02).

Proof. Let f be Déa(Ti,Tj)ak—continuous and U be a oj-open set in (Y,01,02).Then f~1(U°) is (7, 7;)-ga-
closed. But f~1(U¢) = (f~}(U))¢ and so f~Y(U) is (7, 7;)-Ga-open.

Conversely let for any oj-open set U in (Y,01,02) then f~'(U) be (7;,7j)-ga-open in (X, 71,72).Let F be a
ox-closed set in (Y, 01, 09) But f~1(F°) = (f~1(F))° and so f~(F) is (1, 7;)ga-closed. Hence fis DG (7, 7)-
o-continuous. O

Theorem 5.21. If a function [ : (X, 71,72) — (Y,01,02) is Déa(Ti,Tj)—Uk—contz'nuous and if (X,71,72) is a
(i,7)# 15, -space then f is

(i) T;-0%-continuous.

(11)D(1;, T;) -0 -continuous.

(111)C (i, T} ) -0k -continuous.

Proof. Let V be any oj-closed set in Y then f~!(V) is (7, 7j)-go-closed in X. Since X is a (i, j)#Tj_-space
f7Y(V) is 7j-closed in X. Hence f is 7;-0%-continuous. Since 7j-closed set is 7;-g-closed and 7j-w-closed, f is
D(7;, 7j)-0k-continuous and C(7;, 7j)-0%-continuous. O
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