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The purpose of present paper is to considered a special (α,β )-metric under which various conditions reduces to
a Douglas type Finsler space.

Keywords
Finsler space,(α,β )-metrics, Riemannian metric, One form differential,Randers metric,Douglas Space.

AMS Subject Classification
53C60,53B40.

1Department of Mathematics, Digvijaynath P.G. College Gorakhpur-273001, Uttar Pradesh, India.
2Department of Mathematics, L.D. College of Engineering, Navrangpura, Ahmedabad-380015, Gujarat, India.
*Corresponding author:2brijeshkumartripathi4@gmail.com,drbrijeshtripathi@ldce.ac.in
Article History: Received 13 September 2018; Accepted 22 February 2019 c©2019 MJM.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

3 Special (α,β ) metric. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .133

4 Finsler space with the metric L = c1α +c2β +c3
β 2

α
+ β 3

α2

134

5 Finsler space with metric L = c1α +c2β +c3
α2

β
+ β 2

α
135

6 Finsler space with metric L = c1α +c2β +c3
α2

β
+ α2

β
136

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

1. Introduction
In the year 1997, S. Bacso amd M. Matsomoto [4] in-

troduced the notion of Douglas space as a generalization of
Berwald space from the viewpoint of geodesic equations.It
is remarkable that a Finsler space is a Douglas space or is of
Douglas type, if and only if the Douglas tensor Vanishes iden-
tically.Further M. Matsumoto [11] has studied the conditions
for some Finsler spaces with (α,β )-metric to be of Douglas
type.

The theories of Finsler spaces with (α,β )-metric have
contributed to the development of Finsler geometry [10] ,and
Berwald spaces with (α,β )-metric have been studied by many
authors [1, 7, 12] .Since Berwald space is also a kind of
Douglas space, the impotant point of the paper [11] is to
observe that,comparing with the condition of Berwald space,

to what condition of Douglas spce relaxes.In continuous the
present paper is to considered a special (α,β )-metric under
which various conditions reduces to a Doglas type Finsler
space.

2. Preliminaries
Let α(x,y) and β (x,y) be a Riemannian metric

α =
√

ai j(x)yiy j and a differentiable one - form β = bi(x)yi

in an n-dimensional differentiable manifold Mn. If a Finsler
fundamental function in Mn is a function L(α,β ) of α and
β which is positively homogeneous of degree one, then the
structure Fn = (Mn,L(α,β )) is called a Finsler space with
(α,β )− metric [10]. The space Rn = (Mn),α is called a Rie-
mannian space associated with Fn [4]. In Rn, we have the
christoffel symbols γ i

jk(x). and the covariant differentiation ∇

w.r.t γ i
jk(x) We shall use the symbols as follows:

ri j =
1
2
(∇ jbi +∇ib j),si j =

1
2
(∇ jbi−∇ib j),

si
j = airsr j,s j = brsr

j.

It is to be noted that si j =
1
2 (∂ jbi− ∂ib j). Throughout the

paper the symbols ∂ j and ∂̇ j stand for ∂

∂x j and ∂

∂y j respec-
tively. We are concerned with the Berwald connection BΓ =
(Gi

jk,G
i
j) which is given by 2Gi(x,y) = gi j(yr∂̇ j∂rF), where

F = L2

2 ,Gi
j = ∂̇ jGi and Gi

jk = ∂̇kGi
j. The Finsler space Fn is

said to be of Douglas type or called a Douglas space [4] if
Di j = Gi(x,y)y j−G j(x,y)yi are homogeneous polynomial in
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yi of degree three. It has been shown that Fn is of Douglas
type iff Douglas tensor

Dh
i jk = Gh

i jk−
1

n−1
(Gi jkyh +Gi jδ

h
k +G jkδ

h
i +Gkiδ

h
j )

vanishes identically, where Gh
i jk = ∂̇kGh

i j is the hv-curvature
tensor of the Berwald connection BΓ,Gi j = Gr

i jr and Gi jk =

∂̇kGi j. [3] Now we consider the function Gi(x,y) of Fn with
(α,β ) -metric. According to [8, 12] they are written in the
form

2Gi = γ
i
00+2Bi,Bi =

E
α

yi+
αLβ

Lα
si

0−
αLαα

Lα

C∗(
yi

α
− α

β
bi)

(2.1)

where we put,

E =
βLβ

L
C∗,C∗ =

αβ (r00Lα −2αs0Lβ )

2(β 2Lα +αr2Lαα)
, (2.2)

bi = ai jb j,r2 = b2
α

2−β
2,b2 = ai jbib j

and the subscript α and β in L denote the partial differentia-
tion w.r.t α and β respectively.

Since γ i
00 = γ i

jky jyk is homogeneous polynomial in (yi) of
degree two, we have [11].

Proposition 2.1. A Finsler space Fn with (α,β ) - metric is
a Douglas space if and only if Bi j = Biy j−B jyi are homoge-
neous polynomials in yi of degree three.
Equation (2.1) gives

Bi j =
αLβ

Lα

(si
0y j− s j

0yi)+
α2Lαα

βLα

C∗(biy j−b jyi) (2.3)

Here we state the following lemma for the latter frequent
use [6].

Lemma 2.2. If α2≡ 0(modβ ), i.e. ai j(x)yiy j contains bi(x)yi

as a factor, then the dimension is equal to two and b2 van-
ishes. In this case we have δ = di(x)yi satisfying α2 = βδ

and dibi = 2.

Through out the paper, we shall say ”homogeneous poly-
nomial (s) in yi of degree r” as hp(r) for brevity. Thus γ i

00
are hp(2) and if the space is of Douglas type then Di j and
Bi j are hp(3). Also, we have assumed that α2 � 0(modβ ),
throughout the paper.

3. Special (α,β ) metric

We shall apply the proposition (2.1) to the (α,β ) - metric

L =
b1α3 +b2α2β +b3αβ 2 +b4β 3

a1α2 +a2αβ +a3β 2

Where a’s and b’s are constants. It is obvious that by ho-
mothetic change of α and β this kind of the metric may be

classified as follows:
(I) If a1 6= 0,a2 = 0,a3 = 0, we have the Rander’s metric
L = α + β (for b3 = b4 = 0) the metric L = c1α + c2β +
β 2

α
( f or b4 = 0,b3 6= 0)

L = c1α +c2β +c3
β 2

α
+

β 3

α2 ( f or b4 6= 0,b3 6= 0) (3.1)

The metric (3.1) is approximate Matsumoto metric of second
order.
(II) If a2 6= 0,a1 = 0,a3 = 0, we have the Rander’s met-
ric L = α +β (for b1 = b4 = 0) the metric L = c1α + c2β +
α2

β
( f or b4 = 0,b1 6= 0)

L = c1α +c2β +c3
α2

β
+

β 2

α
( f or b4 6= 0,b1 6= 0) (3.2)

(III) If a3 6= 0,a1 = 0,a2 = 0, we have the Rander’s metric
L = α +β ( f orb1 = b2 = 0) the metric L = c1α + c2β + α2

β

(for b1 = 0,b2 6= 0)

L = c1α + c2β + c3
α2

β
+

α2

β
( f orb1 6= 0,b2 6= 0) (3.3)

Theorem 3.1. A Randers space is of Douglas type, if and
only if si j = 0. Then 2Gi = γ i

00 +
r00yi

L .

As the metric L = c1α + c2β + β 2

α
we have [14].

Theorem 3.2. A Finsler space Fn with (α,β ),L = c1α +

c2β + β 2

α
for which c2 6= 0,b2 6= c1andα2 � 0(modβ ), is a

Douglas space if and only if there exist a scalar function h(x)
such that

∇ jbi = h(x)[(c1 +2b2)ai j−3bib j]

holds. In particular if h(x) = 0, then Fn is a Berwald space.
As for metric L = c1α + c2β + α2

β
, we have [14].

Theorem 3.3. Let Fn be a Douglas space with metric L =

c1α + c2β + α2

β
for which b2 6= 0 and α2 � 0(modβ ), then

there exist a scalar function u(x) and a tensor function vi j(x)
such that ∇ jbi(= ri j + si j)

where ri j =
c2

2c1
(bis j +b jsi)−uai j and

si j =
1
b2 (bis j−b jsi)− 4

n−1 vi j

Now as for metric L = c1α2+c2αβ+c3β 2

α+β
, we have [14].

Theorem 3.4. Let Fn be a Douglas space with(α,β ) met-

ric L = c1α2+c2αβ+c3β 2

α+β
for which b2 6= 0 and α2 � 0(modβ ),

then (∇ jbi−∇ib j)=
µ

k0(n−1) (bis j−b jsi) where µ = 2nc0(c2−
c1)− k0

b2 ,c0 = c1− c2 + c3 and k0 = (c2− c1)(c1 +2c0b2)
We shall discuss the condition for Fn with metrics (3.1),(3.2)
and (3.3) to be of Douglas type in the following articles.
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4. Finsler space with the metric
L = c1α + c2β + c3

β 2

α
+ β 3

α2

For the metric L = c1α + c2β + c3
β 2

α
+ β 3

α2 ( f or b4 6= 0,b3 6=
0), we have

Lα =
c1α3− c3αβ 2−2β 3

α3 ,Lβ =
c2α2 +2c3αβ +3β 2

α2 ,

Lαα =
2αβ 2c3 +6β 3

α4

Therefore the value of C∗ given in (2.2) becomes

C∗ = αβ

2 [ r00(c1α3−c3αβ 2−2β 3)−2s0(c2α2+2αβc3+3β 2)α2

c1α3β 2−c3(3αβ 4−2b2β 2α3)−8β 5+6b2α2β 3 ]

From (2.3), we have
Bi j = α2 (c2α2+2c3αβ+3β 2)

(c1α3−c3αβ 2−2β 3)
(si

0y j− s j
0yi)

+α2 c3αβ 2+3β 3

(c1α3−c3αβ 2−2β 3)

×
[

r00(c1α3−c3αβ 2−2β 3)−2s0(c2α2+2αβc3+3β 2)α2

c1α3β 2−c3(3αβ 4−2b2β 2α3)−8β 5+6b2α2β 3

]
(biy j−b jyi)

(4.1)

Which may be written as

(c1α3− c3αβ 2−2β 3)(c1α3β 2−3c3αβ 4+
2c3b2β 2α3−8β 5 +6b2α2β 3)Bi j−α2(c2α2

+2αβc3 +3β 2)(c1α3β 2−3c3αβ 4

+2c3b2β 2α3−8β 5 +6b2α2β 3)(si
0y j− s j

0yi)
−α2(c3αβ 2 +3β 3)[r00(c1α3− c3αβ 2−2β 3)
−2s0(c2α2 +2αβc3 +3β 2)α2] · (biy j−b jyi) = 0

(4.2)

Since α is irrational in (yi), the equation (4.2) are divided
into two equations as follows:

[c2
1α6−4c1c3α4β 2 +2c1c3b2α4 +3c2

3α2β 4

−2c2
3b2β 2α4 +16β 6−12b2α2β 4]Bi j

−α2[6c2b2α4β +2c1c3α4β −8c2α2β 3

−6c2
3α2β 3−24β 5 +18b2α2β 3+

4c2
3b2βα4](si

0y j− s j
0yi)−α2[c1c3α4r00− c2

3β 2

−2s0(2c2
3α2β +3c2α2β +9β 3)α2−

6β 4r00](biy j−b jyi) = 0

(4.3)

And
[−10c1β 3α2 +6c1b2βα4 +14c3β 5

−10c3b2α2β 3]Bi j−α2[c1c2α4−3c2c3α2β 2

+2c2c3b2α4−25c3β 4 +18c3b2α2β 2 +3c1α2β 2]

(si
0y j− s j

0yi)−α2[−5c3β 3r00−2s0(c2c3α2

+9c3β 2)α2 +3c1α2β r00](biy j−b jyi)

(4.4)

Only term 14c3β 5Bi j of (4.4) seemingly does not contain α2.
Therefore there exists a hp(6)Ki j

(6) such that it is equal to

α2Ki j
(6).

Hence we have Bi j = α2Ki j where we put Ki j
(6) = 14c3β 5Ki j

with hp(1)Ki j.
Therefore (4.4) reduces to

[6c1b2βα4 +14c3β 5−10c1β 3α2−10c3b2α2β 3]ki j

−[c1c2α4−3c2c3α2β 2 +2c2c3b2α4−25c3β 4

+18c3b2α2β 2 +3c1α2β 2](si
0y j + s j

0yi)
−[−5c3β 3r00−2s0(c2c3α2 +9c3β 2)α2

+3c1α2β r00](biy j−b jyi) = 0

(4.5)

The term in (4.5) which seemingly does not contain β are

−(c1c2α4 +2c2c3b2α4)(si
0y j + s j

0yi)+2c2c3s0α4(biy j−
b jyi)

Hence we must have hp(1)mi j Such that above is equal to
c2α4βmi j.
Therefore we have{

−(c1 +2c3b2)(si
0y j + s j

0yi)+2c3s0(biy j

−b jyi) = βmi j (4.6)

By putting mi j = mi j
k (x)y

k then equation (4.6) may be written
as 

−(c1 +2c3b2)[si
hδ

j
k + si

kδ
j

h − s j
hδ i

k− s j
kδ i

h]

+2c3[(shδ
j

k + skδ
j

h )b
i− (shδ i

k + skδ i
h)b

j]

= bhmi j
k +bkmi j

h

(4.7)

Contracting (4.7) by j = k, we get{
n[−(c1 +2c3b2)si

h +2c3shbi]
= bhmir

r +brmir
h

(4.8)

Transvecting (4.7) by b jbh, we obtain{
−(c1 +2c3b2)[b2si

k− sibk−bisk]
= b2brmir

k +bkbrmir
s bs (4.9)

Further transvecting (4.9) with bk, we get

brmir
s bs = (c1 +2c3b2)si, provided b2 6= 0

Thus (4.9) gives

b2brmir
k = (c1 +2c3b2)(bisk−b2si

k) (4.10)

From (4.8) we have

bhmir
r = n[−(c1 +2c3b2)si

h +2c3shbi]−brmir
h (4.11)

Using (4.10) in (4.11), we have

bhmir
r =−(n−b2)k0si

h +µbish (4.12)

Where k0 = c1 +2c3b2 and µ = 2c3(1−b2)− c1
If we put mir

r = µmi then (4.12) gives

(n−b2)k0si
h = µ[bish−bhmi]

Or equivalently

si j =
µ

(n−b2)k0
(bis j−b jmi)
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Since si j is skew-symmetric, we have mi = si i.e. mi and si
have the same direction, therefore we have

si j =
λ

(n−b2)k0
(bis j−b jsi) (4.13)

Theorem 4.1. Let Fn be a Douglas Space with (α,β ) met-

ric L = c1α + c2β + c3
β 2

α
+ β 3

α2 for which b2 6= 0 and α2 �
0(modβ ) then

(∇ jbi−∇ib j) =
µ

(n−b2)k0
(bis j−b jsi),

Where µ = 2c3(1−b2)− c1 and k0 = c1 +2c3b2.

5. Finsler space with metric
L = c1α + c2β + c3

α2

β
+ β 2

α

For the metric L = c1α + c2β + c3
α2

β
+ β 2

α
( f or b4 6= 0,b1 6=

0), we have

Lα =
c1βα2 +2c3α3

ffl
−β 3

α2β
,Lβ =

c2αβ 2− c3α3 +2β 3

αβ 2 ,

Lαα =
2c3α3 +2β 3

βα3

Then the value of C∗ given in (2.2) becomes

C∗ = α

2 [
β r00(c1βα2+2c3α3−β 3)−2s0(c2αβ 2−c3α2+2β 3)α2

c1β 3α2−3β 5+2c3b2α5+2b2α2β 3 ]

Therefore from (2.3), we have
Bi j = (c2α3β 2−c3α5+2β 3α2)

β (c1βα2+2c3α3−β 3)
(si

0y j− s j
0y j)

+ α2(c3α3+β 3)
β (c1βα2+2c3α3−β 3)

×
[

β r00(c1βα2+2c3α3−β 3)−2s0(c2αβ 2−c3α2+2β 3)α2

c1β 3α2−3β 5+2c3b2α5+2b2α2β 3

]
(biy j−b jyi)

(5.1)

This equation may be written as

β (c1βα2 +2c3α3−β 3)(c1β 3α2−3β 5

+2c3b2α5 +2b2α2β 3)Bi j− (c2α3β 2− c3α5

+2β 3α2)(c1β 3α2−3β 5 +2c3b2α5

+2b2α2β 3)(si
0y j− s j

0yi)−α2(c3α3

+β 3)[β r00(c1βα2 +2c3α3−β 3)−
2s0(c2αβ 2− c3α2 +2β 3)α2](biy j−b jyi) = 0

(5.2)

Since α is irrational in yi, the equation (5.2) are divide into
two equation as follows:

β [c2
1α4β 4−4c1β 6α2 +2c1b2α4β 4 +4c2

3b2α8

−2b2α2β 6 +3β 8]Bi j− [2c2c3b2α8β 2−2c2
3b2α10

+2c1α4β 6−6β 8α2 +4b2β 6α4](si
0y j

−s j
0yi)−α2[2c2

3β r00α6 + c1β 5r00α2−β 7r00
−2s0(c2c3β 2α4− c2

3α6 +2β 6)α2](biy j−b jyi) = 0

(5.3)

And
β [2c1c3b2βα7 +2c1c3β 3α5−6c3α3β 5

+2c3b2α5β 3]Bi j− [c1c2α5β 5−3c2α3β 7

+2c2b2β 5α5− c1c2β 3α7 +3c3α5β 5 +2c3b2α7β 3]

(si
0y j− s j

0yi)−α2[c1c3β 2r00α5 + c3r00α3β 4

−2s0(c3α3β 3 + c2αβ 5)α2](biy j−b jyi) = 0

(5.4)

Only the term 3β 9Bi j of (5.3) seemingly does not contain α2.
Therefore there exists a hp(10)Ki j

(10) such that it is equal to

α2Ki j
(10).

Hence we have Bi j = α2Ki j, where we put Ki j
(10) = 3β 9Ki j

with hp(1)Ki j.
Therefore (5.3) reduces to

β [c2
1β 4α4−4c1β 6α2 +2c1b2α4β 4 +4c2

3b2α8

−2b2α2β 6 +3β 8]ki j− [2c2c3b2α6β 2

−2c2
3b2α8 +2c1α2β 6−6β 8 +4b2β 6α2]

(si
0y j− s j

0yi)− [2c2
3β r00α6 + c1β 5r00α2−β 7r00

−2s0(c2c3α4β 2− c2
3β 6 +2β 6)α2](biy j−b jyi) = 0

(5.5)

The term in (5.5) which seemingly does not contain β is

2c2
3b2α8(si

0y j− s j
0yi)−2s0c2

3α8(biy j−b jyi)

Hence we must have hp(1)mi j such that above is equal to
−2c2

3α8βmi j.
Therefore we have{

−b2(si
0y j− s j

0yi)+ s0(biy j−b jyi) = βmi j (5.6)

By putting mi j =mi j
k (x)y

k, then equation (5.6) may be written
as 

−b2[si
hδ

j
k + si

kδ
j

h − s j
hδ i

k− s j
kδ i

h]

+[(shδ
j

k + skδ
j

h )b
i− (shδ i

k + skδ i
h)b

j]

= bhmi j
k +bkmi j

h

(5.7)

Contracting (5.7) by j = k, we get

n[−b2si
h + shbi] (5.8)

= bhmir
r +brmir

h (5.9)

Transvecting (5.7) by b jbh, we obtain{
−b2(b2si

k− si
kbk−bisk)

= b2brmir
k +bkbrmir

s bs (5.10)

Further contracting (5.9) by bk, we get brmir
s bs = b2si, pro-

vided b2 6= 0.
Thus (5.9) gives

b2brmir
k = b2(bisk−b2si

k) (5.11)

Then (5.8) is written as

bhmir
r = n[−b2si

h + shbi]−brmir
h (5.12)

Using (5.10) in (5.11), we get

bhmir
r =−b2(n−1)si

h +(n−1)shbi (5.13)

If we put mir
r = (n−1)mi, then from (5.12) we have
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b2(n−1)si
h = (n−1)[bish−mibh]

⇒ b2si
h = [bish−mibh]

or equivalently
si j =

1
b2 [bis j−b jmi]

Since si j is skew-symmetric, then we have mi = si, therefore

si j =
1
b2 [bis j−b jmi]

Theorem 5.1. Let Fn be a Douglas space with (α,β )− met-

ric L = c1α + c2β + c3
α2

β
+ β 2

α
for which b2 6= 0 and α2 �

0(modβ ), then

(∇ jbi−∇ib j) =
1
b2 [bis j−b jsi]

6. Finsler space with metric
L = c1α + c2β + c3

α2

β
+ α2

β

For the metric L= c1α+c2β +c3
α2

β
+ α2

β
( f orb1 6= 0,b2 6= 0),

we have

Lα = c1β+2c3α+2α

β
, Lβ = c3β 2−c3α2−α2

β 2 , Lαα = 2c3+2
β

Therefore the value of C∗ given in (2.2) becomes

C∗ = α

2

[
β r00(c1β+2c3α+2α)−2αs0(c2β 2−c3α2−α2)

c1β 3+2c3α3b2+2b2α3

]
Then from (2.3), we have

Bi j = α(c2β 2−c3α2−α2)
β (c1β+2c3α+2α) (s

i
0y j− s j

0yi)

+ α3(c3+1)
β (c1β+2c3α+2α)

×
[

β r00(c1β+2c3α+2α)−2αs0(c2β 2−c3α2−α2)
c1β 3+2c3α3b2+2b2α3

]
×(biy j−b jyi)

(6.1)

Which may be written as

β [c2
1β 4 +2c1c3b2α3β +2c1βb2α3 +2c1c3αβ 3

+4c2
3b2α4 +8c3b2α4 +2c1αβ 3 +4b2α4]Bi j

−α[c1c2α5 +2c2c3b2β 2α3 +2c2b2α3β 2

−c1c3α2β 3−2c2
3α5b2−4c3b2α5− c1α2β 3

−2b2α5](si
0y j− s j

0yi)−α3[c1c3β 2r00
+2c2

3αβ r00 +2c3αβ r00 + c1β 2r00
+2c3αβ r00 +2αβ r00−2αs0(c2c3β 2− c2

3α2

−2c3α2 + c2β 2−α2)](biy j−b jyi) = 0

(6.2)

Since α is irrational in yi, then the equation (6.2) are divided
into two equations as follows:

β [c2
1β 4 +4c2

3α4b2 +8c3b2α4 +4b2α4]Bi j

−[2c2c3b2β 2α4 +2c2b2α4β 2−2c2
3b2α6

−4c3b2α6−2b2α6](si
0y j− s j

0yi)− [2c2
3α4β r00

+4c3α4β r00 +2α4β r00−2α4s0(c2c3β 2

−c2
3α2−2c3α2− c2β 2−α2)](biy j−b jyi) = 0

(6.3)

And
β [2c1c3b2α3β +2c1b2α3β +2c1c3αβ 3 +2c1αβ 3]

Bi j− [c1c2αβ 5− c1c3α3β 3− c1α3β 3](si
0y j− s j

0yi)
−[c1c2α3β 2r00 + c1α3β 2r00](biy j−b jyi) = 0

(6.4)

Only term c2
1β 5Bi j of (6.3) seemingly does not contain α2.

Therefore there exists a hp(6) Ki j
(6) such that it is equal to

α2Ki j
(6).

Hence we have Bi j = α2Ki j, where we put Ki j
(6) = c2

1β 5Ki j

with hp(1) Ki j.
Therefore (6.3) reduces to

β [c2
1β 4 +4c2

3α4b2 +8c3b2α4 +4b2α4]Ki j

−[2c2c3b2β 2α2 +2c2b2α2β 2−2c2
3α4b2

−4c3b2α4−2b2α4](si
0y j− s j

0yi)− [2c2
3α2β r00

+4c3α2β r00 +2α2β r00−2α2s0(c2c3β 2

−c2
3α2−2c3α2− c2β 2−α2)](biy j−b jyi) = 0

(6.5)

The terms in (6.5) which seemingly does not contain β are

−2α4[−c2
3b2−2c3b2−b2](si

0y j− s j
0yi)+2α4s0[−c2

3−
2c3−1](biy j−b jyi)

We can write this in the form

−2α4{−(c3 +1)2}b2(si
0y j− s j

0yi)+2α4s0{−(c3 +
1)2}(biy j−b jyi)

Hence we must have hp(1) mi j such that above is equal to
2α4{−(c3 +1)2}βmi j.
Then we have{

−b2(si
0y j− s j

0yi)+ s0(biy j−b jyi)
= βmi j (6.6)

By putting mi j = mi j
k (x)y

k, equation (6.6) may be written as
−b2[si

hδ
j

k + si
kδ

j
h − s j

hδ i
k− s j

kδ i
h]

+[(shδ
j

k + skδ
j

h )b
i− (shδ i

k + skδ i
h)b

j]

= bhmi j
k +bkmi j

h

(6.7)

Contracting (6.7) by j = k we get

n[−b2si
h + shbi] = bhmir

r +brmir
h (6.8)

Transvecting (6.8) by b jbh we get

−b2(b2si
k− sibk−bisk) = b2brmir

k +bkbrmir
s bs (6.9)

Further transvecting (6.9) by bk, we get

brmir
s bs = b2si provided b2 6= 0.

Thus (6.9) gives

b2brmir
k = b2(bisk−b2si

k).

Therefore we get

brmir
k = (bisk−b2si

k) (6.10)

Equation (6.8) may be written as

bhmir
r = n[−b2si

h + shbi]−brmir
h (6.11)

Using (6.10) in (6.11) we have

bhmir
r =−b2(n−1)si

h +µbish (6.12)

Where mu = (n+1)
If we put mir

r = µmi then equation (6.12) gives
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b2(n−1)si
h = µ[bish−mibh]

Or equivalently

si j =
µ

b2(n−1) (bis j−b jmi)

Since si j is skew symmetric, we have mi = si i.e. mi and si
have same direction, therefore

si j =
λ

b2(n−1)
(bis j−b jsi) (6.13)

Theorem 6.1. Let Fn be a Douglas Space with (α,β )-metric
L= c1α+c2β +c3

α2

β
+ α2

β
for which b2 6=0 and α2 � 0(modβ ),

then

(O jbi-Oib j)=
µ

b2(n−1) (bis j−b jsi),

Where µ = n+1.
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