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Abstract

A singularly perturbed boundary value problem for a linear system of two parabolic second order delay differential
equations of reaction-diffusion type is considered. As the highest order space derivatives are multiplied by
singular perturbation parameters, the solution exhibits boundary layers. Also, the delay term that occurs in the
space variable gives rise to interior layers. A numerical method which uses classical finite difference scheme on
a Shishkin piecewise uniform mesh is suggested to approximate the solution. The method is proved to be first
order convergent uniformly for all the values of the singular perturbation parameters. Numerical illustrations are
presented so that the theoretical results are supported.
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1. Introduction

Singularly perturbed differential equations with delay
have a wide range of applications - from population dynam-
ics [1] to human physiology and bio system dynamics [2, 3].

The solutions of these equations exhibit boundary layers due
to the presence of the singular perturbation parameter and
interior layers due to the presence of the delay term. The
derivatives of the solution of these problems exhibit propagat-
ing discontinuities depending on the nature of the problem.
Hence classical finite difference schemes on uniform meshes
are inadequate in providing good approximations. In a series
of papers published by Lange and Miura, [4—7] various as-
pects of solutions of singularly perturbed delay differential
equations were studied through asymptotic analysis and nu-
merical experiments. In [9], parameter uniform convergence
for a parabolic system of singularly perturbed differential
equations is established. In [11], parameter uniform numeri-
cal method has been suggested to solve systems of singularly
perturbed delay differential equations.

Here in this paper, a numerical method which uses stan-
dard finite difference scheme on a Shishkin piecewise uniform
mesh is constructed. It is proved that the numerical approxima-
tions obtained by this method converge to the exact solution
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uniformly for all the values of the parameter in the maximum
norm. The plan of the paper is as follows. In Section 2, the
problem is defined and existence and regularity of the solution
of the problem are discussed. In Section 3, the maximum
principle for the differential operator is proved and conse-
quently the stability result is established. And also standard
estimates of the derivatives of the solution are presented. Fur-
ther, improved estimates for the derivatives of components of
the solution are presented. In Section 4, piecewise-uniform
Shishkin meshes are introduced and in Section 5, the discrete
problem is defined and the discrete maximum principle and
the discrete stability properties are established. In Section 6,
numerical analysis is presented and the error bounds are es-
tablished. In Section 7, numerical illustrations are presented.

2. The Continuous Problem

A singularly perturbed boundary value problem for a system of
two linear parabolic second order delay differential equations
of reaction - diffusion type is considered as follows

dii d%i .
E(x,t)—Eﬁ(x,t)—i—A(x,t)u(x,t)
+B(x,0)i(x—1,¢) = f(x,t) on Q, (2.1)
i givenon T,

i(x,t) =%

where Q = {(x,1) :O<x<2,0<t§T}
((0,1=) x (0, T]) U ((1+,2) x (0,T1),Q
([I—F,Z]X[O T]) I'=T,Ul'psuUl'x Wlthu
I ={(0,1): 0 <t < T}ii(x,0) = ()
0 <x <2}, and i(2,t) = ¢r(?)
TY. Forall (x,t) € Q,ii ) (1 (x),uz (x))"

and B(x,?) are 2 x 2 matrices.

x
(). <>>f<§
: Bx,

Lii(x,1)

/—\A\.

E =diag(€),& = (e1,&) with0 < g1 < & << 1,

B(x,1) = diag(b(x,1)),b(x,1) = (b1 (x,1), ba(x,1)).

For all (x,¢) € [0,2] x [0, T] it is also assumed that the entries
a;j(x,t) of A(x,t) and the components b;(x,t) of b(x,t) satisfy

bi(x,1),a:;(x, )<0 for 1<i#j<2,
a;i(x,t) > Z laij(x,t) +bi(x,1)] 2.2
i#]j
and O<a<( mln o] Zal] , for some
2.3)
The problem (2.1) can be rewritten as,
Lii(x,r) = @(x t)—Eﬁ( ) +A(x,0)u(x,t)
TS ox
= g(x,1),onQ; =(0,1)x(0,T] (24)
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f(x,t) —B(x,t)x(x—1,1)

2#

where g(x,7) =

Zgﬁ(x,l‘)

SIS oSS
o

The reduced problem corresponding to (2.4) - (2.5) is defined
by

8u0
or
ﬁ()(x 0) =
(9”0

> (x,1) +A(x,
on (1,2) x

In general as iip(x,t) need not satisfy #y(0,7) = #(0,¢) and
tig(2,t) = ii(2,1), the solution ii(x,) exhibits boundary layers
atx =0 and x = 2. In addition to that, as #ip(1—,7) need not be
equal to #ip(1+,¢), the solution #(x,7) exhibits interior layers
atx = 1.

The norms, ||V|| = max<z<, |Vi| for any n-vector V, ||y||p =
sup{|y(x,7)| : (x,t) € D} for any scalar-valued function y and
domain D, and |[¥|| = max <<, ||yk|| for any vector-valued
function y, are introduced. When D = Q or Q the subscript
D is usually dropped. In a compact domain D a function is
said to be Holder continuous of degree 4,0 < A < 1, if, for
all (xl,tl), (XQ,IQ) eD,

(x,1) + A(x, 1) (x,7) = g(x,t), on (0,1) x (0,7

Pp(x),0 <x<1-— (2.6)
= f(x.1),

2.7

1) (x,t) + B(x,t)idg(x — 1,1)

(0,T],i(x,0) = Pp(x), 1+ < x < 2.

A/2
s, 1) — 1) < v — 2+ — )"

The set of Holder continuous functions forms a normed linear
space C{ (D) with the norm

|u(x1,01) —u(x2,12)|
A b
(v =22+ |y — 122

lulla,p=lullp+  sup

(*¥1:11):(x2,12) €D

where |[u[p = sup . ,)cp |u(x,?)|. For each integer k > 1, the
subspaces C5 (D) of CY (D), which contain functions having
Holder continuous derivatives, are defined as follows

al+mu

Cﬁ(D):{WW

€ C)(D)forl,m>0and 0 <I+2m<k}.

The norm on CY (D) is taken to be

l+mu

max ||=——— .
0<l4+2m<k l oxlorm 2.0
For a vector function ¥ = (v, vy, ...,
by [[V]|2 k.0 = maxi<i<a||villa xn-
Sufficient conditions for the existence, uniqueness and regu-
larity of solution of (2.1) are given in the following theorem.

el 3. 0.0 =

vn), the norm is defined

009 nn,,
5:

; ‘a’uv
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Theorem 2.1. Assume that a;j(x,t),b;(x,t),i,j = 1,2,f €
C3(Q), ¥ € C'([-1,0] x [0,T]),¢p € C*(T's), ¢& € C'(T'r)
and that the following compatibility conditions are fulfilled at
the corners (0,0) and (2,0) of T,

62, (0) = 1(0.1) and 9p, (2) = g, (0) o
¢5,(0) = 22(0,¢) and ¢5,(2) = &, (0) .
2
%(0,0) — & ddffl (0) +a11(0,0) 95, (0) +a12(0,0)es,(0)
+51(0,0)x1(0,0) = £1(0,0)
2
222.0,0) - &2 (0) + a1 (0.0)63, 0) + @(0.0)6,(0)
+b2(0a0)%2(0a0) = f2(070)
2
D8 (0) e 08 2) a1y (2,0)0m,(2) + 12(2,0)6,2)
1(2,0)65,(2) = £1(2,0)
2
djl’fz (0)— &2 dffz (2)+a21(2,0) 85, (2) + a2 (2,0) 65, (2)
Fha(2,0)65,(2) = (2,0)
2.9)
9% d*gp, d%ar
012 (070) = & A (0) €1 [ o2 (0 O)¢Bl( )
+220,0)45,(0) +221 0,0) 205 o)
2
+2 &512 (0,0) d;”BZ (0) +a11(0,0)° d"’fl 0)
+a0.0) 22 0)+ 22 0.0 (1.0
db; Ix1
28 (00)a (-1,0)
2
010,022 (-1,0)
~1%211(0,0)03, (0) + 222 0,0)5,(0) +
10,00 %2 (-1,0) + 2 0,0)71(-1,0)
2
+81an;1 (0, 0)+%(0 0)
02 d* 0%a
200) = & 0) e[ 2 0,00 (0
+24220,0)45,(0) +2%20,0) 200 g)
2
$22220,0) 1% (0) 4 410,010
2
+an0.0) 00+ 22 0.0)-1.0)
db, X2
+2752(0,0052(~1,0)
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9’20
Ox2
(0,0)¢p,(0) +

ot
I
b>(0,0)—== o

2h
ox?

+b,(0,0) ===

_[36121

(=1,0)]

daxn
ot

+ 220, 0)0(-1

(O 0)¢Bz( )
(=1,0)+

df2
ot

0]

+8—=22(0,0) + ==(0,0) (2.10)

92
&1 55 (2.0)05, 2)
dop,
dx
d> s,
dx2

d g,

d4
dr? € 2

VA

d%ar,

to2 (2,0)98,(2) +

daip dos,
Jx dx

(0) (2)—-

3a11
8

(2) +a11(2,0)——5+

98 ()4 200 2.0)00, (1)

Ao, &0,
ox dx dx? (1)
daii
o

(551 2,008, )+ 512 (2,000, (2)
db;

W81 (1) 4 212,000, (1)

dt
21
2.0+

d%ay)

ox?
(2,0)95,(2) +2

(2,0) ij2

(2,0)

(2)

+2 (2)

(2,0)

+a12(2,0)

db
22t

(2,0)—=(1) +51(2,0)

8a12

+b1(2,0)

9% fi
+& =5 2
d* 0,
827
82a22
o2
dax
ox

+ax(2,0)

b,
-l

aaZl
+b2(2,0)

(2,0)

(2) -

82[

(2 O)¢Bl( )

day dog,
ox dx

@) +an(2,0) L0

dx?
%
L0 () + 22 2,095, (1)

d¢32 d? ¢32
dx 22 W]
(2,000, (2) + Z22.(2,0)0, (2)

d¢32 ( )

ot
dt
*f> f>
T
Then there exists a unique solution #(x,#) of (2.1) satis-
fying @i(x,1) € € = C3 ([0,2] x [0,T])NC} ((0,2) x (0,T]) N

ci (D).

+

(2,0)

(2)
(2)

+2

L (2,0)

(1)+b2(2,0)

daxn

ot
b,
tor

(2,0)

(2,0)¢8,(1)]

+8=22(2,0) @2.11)

It is assumed throughout the paper that all of the assump-
tions (2.2), (2.3), (2.8), (2.9), (2.10) and (2.11) of this section
hold. Furthermore, C denotes a generic positive constant,
which is independent of x,7 and of all singular perturbation
and discretization parameters.
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s
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3. Analytical results

Lemma 3.1. Let conditions (2.2) and (2.3) hold. Let l// =
(l//l,lllz) be any function in € such that w(x 1) >0 on
L. Lyy(x,t) >0 on (0, 1) (0,T), L% (x,t) > 0 on (1,2) x
(0,T] and [y](1,t) =0, [%—i’](lﬁ) < 0 then y(x,t) >0 on
[0,2] x [0,T].

Proof. Leti*,x*,t* be such that

i* ) = i i(X,1).
v ()C ) i=1,2;()c,z‘r)nel[gQ]><[0.T]l,/()C )

If i« (x*,¢*) > 0, there is nothing to prove. Therefore sup-
pose that W (x*,7*) < 0. Then (x*,r*) ¢ T, a;’/t‘ (x*,1") <
2y * g% * g%

O_a}nd T"g(x 1) > 0. I (x*,1%) € (0,1) x (O,T],then

(L1y) (x*,1*) <0, which is a contradiction. And if (x*,1*) €
(1,2) x (0,T], then (L §) (x*,#*) < 0, which is also a con-
tradiction. Because of the boundary values, the only other pos-
sibility is that (x*,#*) = (1,#*). In this case, the argument de-
pends on whether or not - is differentiable at (x,7) = (1,7).

If agf( (1,7*) does not exist then [81’/’*} (1,2) # 0 and since
“| (1)

%(1— *) <0, ag:{* (1+4,6*) >0, it is clear that [
> 0, which is a contradiction. On the other hand, let y;+ be dif-
ferentiable at (x,7) = (1,7). As la, i(x,)yj(x,1) <0and
all the entries of A(x,7) and y; (x t) are in C([0,2] x [0,7T]),
there exist an interval [1 — A, 1) on which 25:1 ap j(x,1)yj(x,1)
< 0. 1F 2% (%) > 0 at any point (£,1) € [1—h,1) x (0,7,
then (L1 %);(x,1) < 0, which is a contradiction. Thus we
2

Y& (x,t) <Oon [I —h,1) x (0,T]. But this
(x t) is strictly decreasing on [1 —h, 1) x
(0,7]. Already we know that ag; (1,/) =0 and V/, (x,1) €
C((0,2) x (0,T)), s0 2 (x,r) > Oon [1 =, 1) X (O,T].Con-
sequently the continuous function y;«(x,f) cannot have a

minimum at (x,#) = (1,¢), which contradicts the assumption
(x*,1*) = (1,%). O

As a consequence of the maximum principle, there is estab-
lished the stability result for the problem (2.1) in the follow-
ing.

Lemma 3.2. Let conditions (2.2) and (2.3) hold. Let i be
1) =0 and [ } (1,1) =0,
[0,2] x [0,T],

any function in €, such that [y](1,
then for each i = 1,2 and (x,t) €

lyi(x,1)| < Il 1IIEHHIIILq*II
i(x max — — .
Vilx,1)| < V’r,a 11I/,a 2y
Proof. Let
M =max || y|| 1IILﬁ*H 1IIE*II
= X y y .
14 Fa 1y o 2

Define two functions 6+ (x, )
Using the properties of A(x,) and B(x,t), it is not hard to ver-

ify that 6% (x,7) > 0 for (x,¢) € Tand L16% >0 on (0,1) x

=Mé+y(x,t) whereé = (1,1)7.

—

(0,T] and L,6* >0 on (1,2) x (0,T]. Moreover [0%](1,1) =
+[§](1,1) = 0 and [9‘#} (1,1) = + [‘L"’} (1,1) = 0. It fol-
lows from Lemma 3.1 that 6% (x,r) >0 on [0,2] x [0,T]. O

Standard estimates of the solution of (2.1) and its derivatives
are contained in the following lemma.

Lemma 3.3. Let conditions (2.2) and (2.3) hold. Let ii be

the solution of (2.1). Then for all (x,t) € [0,2] x [0,T] and
i=1,2,
akui 8f,
e (o0l Cllulle+ X5 H)k:o,l,z
*u;
Gl nl<ce? (\|Mz|\r+||fz||+\| H) =12
ok = af; % f;
< 172
2 ) < ce'e, e 14122 CyE
+E z Ha 2 H)vk:374
oku; % dfi 9*f;
i< Ul 1+ 151415

Proof. The proof is by the method of steps. First, the bounds
of i and its derivatives are estimated in [0, 1—] x [0,7]. Next,
these bounds of i and its derivatives are used to get the es-
timates in [14,2] x [0, T]. The bound on # is an immediate
consequence of Lemma 3.2 in [9]. To bound %(x,t) and
24 (x,1), on [0, 1] x [0,7] and [1+,2] x [0, T, differentiat-
ing (2.1) partially with respect to time once and twice respec-
tively, and applying Lemma 3.2 in [9] in the domain [0, 1—] x
[0,T], the bounds on %"t’( ik ' (x,1) are ob-
tained. To bound %(x,t), on the interval [0, 1-] % [0,T],
consider an interval I = [a,a++/€,;],i = 1,2,a > 0 such that
x € 1. Then for some y such thata < y < a++/¢€; andt € (0,T|

t), respectively 5

%( )= ui(a+€;,t) —ui(a,t)

dx »= VE;

du; 1

|52 00| < Ce 2 ull. G.1)
Then for any x € 1,

u; _814,

Frii */ 72
% (1) = G (yt) + & [F (G (s,0) — fils,1)
—FZ?:laij(S,l‘)M,(SJ)-l-b(SJ)X,( lJ))dS
a 4 a i — a 1
)| <15+ e [ lale+11A1 41152 s

Using (3.1) in the above equation

u; dfi

|55 (0l < Cei™ (IquHr+HﬁII+II -
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Rearranging the terms in (2.1), it is easy to get

dfi

(xt)l<C8Fl(llulllr+\|ﬁ|\+ll i)

| 2
To bound 8”’ (1), %Z’ (x,t) on [14,2] x [0,T], following the
same steps and using the bounds established for [0, 1—] x
[0, 7], it is not hard to get the bounds in the domain [1+4,2] x
[0,T].

Analogous steps are used to get the rest of the estimates.
Rearranging the differential equation (2.1) and differentiating

i Ve QUi Ay
once and twice glve 53 (x,1), 54 (x,¢) and the bounds on

Pu;
S (1) and 2 S (x,

2 (1), O

dx?

t) follow from those on %(x,t) and

The Shishkin decomposition of the exact solution i of
(2.1) is i = V+ w where the smooth component V is the solu-
tion of

—

7
(0,1

io(x,0),v(14,1) = up(1+,1)

and the singular component w is the solution of

Lyw=00n(0,1) x (0,T],Lyw=0on (1,2) x (0, T]
with w(0,7) = #(0,¢) —¥(0,2), [W](1,2) = —[V](1,¢), (3.4)
25)(0,0) = ~(20)(1,0).2.0) = (2.0) ~ 7).

The singular component is given a further decomposition

u2,1)—

W(x,1) = w(x,1) +w(x,1) (3.5)
where 1 is the solution of
oW 82_’ R
S0 B () + A i) =Don (0,1) x (0,7],
w(0,1) = w(0,1),w(1,1) = Ki,w=0on (1,2) x (0,T]
and W is the solution of
% 5% } .
W(X’[) fEW(x,t) +A(x, )W (x,1) +B(x,)W(x—1,) =0
on (1,2) x (0,77,

W(l,1) = Ko, w(2,1) = w(2,1),w = Oon (0,1) x (0,T]

Here, K; and K, are constants to be chosen in such a way
that the jump conditions at x = 1 are satisfied. Bounds on
the smooth component and its derivatives are contained in the
following lemma.

151

Lemma 3.4. Let conditions (2.2) and (2.3) hold. The smooth
component V and its derivatives satisfy, for each (x,t) €

02 0,T|andi=1,2,
[ ] [0,7]
x,1)| <C, fork=0,1,2
ak
_k
x1)| <C(1+€ ), fork=0,1,2,3,4
ak
ak
x,t)| <C, fork=2,3.
Ixk—1ot

Proof. The proof is by the method of steps. Applying lemma
3.2 in [9], the estimates of derivatives of ¥ on [0,1—] x [0,T]
follow. The arguments used to bound v and its derivatives in
the interval [1+,2] x [0,T] are given below. The bound on
V is an immediate consequence of the defining equations for
¥ and Lemma 3.2 in [9] in the domain [1+,2] x [0,T]. The
bounds on the partial derivatives of V with respect to x and ¢
are found as follows. Differentiating the equation (3.2) twice
partially with respect to x and applying Lemma 3.2 in [9] in

the domain [1+,2] x [0,T] we get
82
152 3 ()] < +||*||) (3.6)
Let
i ov
8v)lc (x*1 *)—Ha [[{1,2)x[0,r) for some i = i*, x =x",t = 1"

3.7

Using Taylor expansion, it follows that, for some y € [1 —
x*,2 —x*] and some 7, such that x* <1 < x*+y,

Wi, o oo ¥ P
t‘ pa—
ox (.17 + 2 oJx2

Vir (X 4, 1) = v (x5, 5 ) +y (n,t").

(3.8)
Rearranging (3.8) yields
81),'*

Vie (X 3, 1%) — v (2%, 1%) y d%v

ax(xat): y 282(’7J)
i, . 2. y, 0%

AN 2xq0,77 < <1Vl 2«7+ 5115z <01
156 o < W aeom+ 31531

3.9

Using (3.7) and (3.9) in (3.6),

2\/. = 21—;
|%(x,l)|[1,z]x[o,r]SC(l+%HVH[Lz]x[o,T]+%\|%||[1,2]x[o,ﬂ)-
This leads to

Cy., 9% 2.

(1*7)”@”[112%[0,7] §C(1+;HV||[1,Z]><[O,T])- (3.10)

Choosing y = min(%,Z

2%
H8 2”[12 <o) <C

x*), (3.10) then gives
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and from (3.9)

x01] <C

2% Y

ox3 (x t ) P
similar arguments. Repeating the above steps with % (x,1), it
is easy to get the required bounds on the mixed derivatives.
O

as required. The bounds on (x,t) are derived by

The layer functions BiiaBliivBéyingﬁBl,hBZ,h i=1,2, asso-
ciated with the solution #, are defined by

Ve (- x)f
BL(x) = LB ) e T,
By i(x) = B ;(x) + Bf(x), on [0, 1] x [O,T],
1) Y2 () Y&
B (x)=e UV BE ()= PR,
By i(x) = Bé’i(x) +BR (x), on [1,2] x [0, T].

It has to be noted that for i = 1,2,B ;(x — 1)
x€1,2]

= B, i(x) for

Definition 3.5. For B | B ), let x\¥),1 <i# j<2,5>0be

. B (%) BE,()
the point defined by e T s
Then Bﬁl(l—x@)) _ BY,(1—x19)) B, (1+20)) _ B’iz(l+x(3))
. £ » . 82( : ! £] &
32,1(27)( 5)) . B272(27x 5))
and & = P .

The existence, uniqueness and the properties of x*) can
be verified as in [9, 11]. Bounds on the singular component w
of #(x,t) and their derivatives are contained in the following
lemma.

Lemma 3.6. Let conditions (2.2) and (2.3) hold. Then there

exists a constant C, such that, for (x,t) € [0,1] x [0,T] and
i=1,2,
ok
| W( )|<CB12() fork=0,1,2
0
| W( n<Cyl fx),fork:071,2
J ng( )
wi Bl, X
| ax ( 7t)|SCZ§:1 q% ,fOI‘k:3
o ;.
i B
|8i87v/?(x7f)|§c2§:11%®,fork:4
* q
akW' B] (x)
M enl<cey? 2 k=23
|axk—1at(’“’ ) <Cro—i qu , for \
and for (x,1r) € [1,2] x [0,T],
*w;
| ;Zl(xvfﬂﬁCBz,z(x),fork:0,1,2
a Wi BZ. (x)
Iaxkl (x| <CY2 'qg fork=0,1,2
&
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k

|8w
oxk

k

8 wi
W(x,t)

B2q()

3

fork=23

()l <CxYi-

gq
By (x)
£

q
BZ,q( )

6

l&; | <CYi for k =4

)

8"w,~
|m(x7f)\ﬁc):§ , fork=2,3.

IVES

Proof. First we derive the bound on w on (0,1) x (0,7]. To

obtain the bound of w, define the functions
Vi (x,t) = CBya £ wix,1),i = 1,2.

It is clear that, for (x,7) € (0,1) x (0,T], l/lii((),t), l//ii(x, 0),
wi=(1,¢) and Ly y;* (x,1) are non-negative. By Lemma 3.1 in
[9], W= (x,t) > 0 for (x,t) € [0,1] x [0,T]. It follows that

lwi(x,1)] < CBj2(x) (3.11)

. odw;
Now use the temporary notation a—'(x,t) = yi(x,t). Hence
x

we have

Lly, X, l

HMN

i(x,1).

Now construct the barrier functions

;1
l//ii(x,t) =C¢g;” Bia(x) £yi(x,1)
-1
viE(0,1) =Ce? £y;(0,1) >0,
=1
vi(1,1) =Ce? +yi(1,t) >0,y (x,0) = 0 and
-1
Liy;"(x,1) = Cg;? ():3 la,,(x 1) —a)Bi2(x)
$Z§ 1 a 2 (x,)w;(x,1)

>0 (since Zizla,](x,t) > o
and |w;(x,1)| < CBj2(x)).

Thus by Lemma 3.1 in [9], w;* (x,7) > 0 for all (x,t) €
[0,T].

[0,1] %

%
= |

o (3.12)

7 S
——(x,1)] £Cg?* Bia(x).

2 3

23w
a2 (x,7) are derived by simi-

Wi
I(X,t) an W

ox?

The bounds on

lar arguments.

dw:
To obtain the bound for % (x,1), define the two functions

0% (x,1) = CBy o (x) £ %(m).

Differentiating the homogeneous equation satisfied by w;,
partially with respect to ¢ and rearranging yields

%w; 83 dw
32 (x,1) — €5 2(9 (x,1) —|—Za,] (x,1) 8t (x,t)
(3.13)
2 8ai]
== ot (XJ)WJ'()CJ)
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andweget

5 (x,1)| < CB1a(x)
Iw; du; v Iw; _
Ia'f(O,t)IS\a‘i(O,t)lJrla (0,0)| <C, |G (1,1)] =C,
2% (x,0)] = 0 as w;(0,1) = w(0),wi(1,r) = K,

and w;(x,0) = 0.
By Lemma 3.2 in [9], for a proper choice of C, it follows that

owi (x,1)] < CBy 2 (x).

|8t (3.14)
(92
Now the bound for o is obtained by using Lemma 3.3 and
X
Lemma 3.4
2 82
1 )] < 195 )] 4 92 )
af; % f;
< .
e (A T e
Similarly,
af; 9% f;
0 el < e (e + L+ 11+ 1520,
(3.15)

Using (3.11), (3.14) and (3.15) in (3.13),

‘ 82w1~
or?

(x,0)| < C.

We now derive the bound on w; on [1,2] x [0,T]. From the

defining equation for w;, we have

ow; %w; 2
Lowi(x,t) = W(xat)*&'z FIe) “(x,1) +JZ'1QU x,)w;(x,1)
+bi(x,)wi(x—1,6) =0
(3.16)
or
ow; 92 2
Liwi(x) = %(x,t) —& a;v (1) + Y aij (e, t)w;(x,1)

j=1
= —b;(x,t)wi(x—1,1)
(3.17)

= \Llw[(x,t)| < CBLZ(.X— 1) = CB272()C) (3.18)

Also, W,'(] ,l) = Kl,w,-(Z,t) =0.
Consider the differential equation

Lyw; =0,x € (1,2) x (0,T].

)+E, 1 aij(x,t)w(x,t)
w(x—l t)).
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Hence
2w, 1
52 WOl = Ce (Baa(x) +B22(x) + Bia(x— 1))
< Ce 'Byy(x) (since Byp(x— 1) = By (x)

forx € [1,2]).
Using the mean value theorem and the bound of w;(x,?),
arguments similar to those used to bound % lead to the

bound of %ﬁ" (x,£). The bounds on ‘2;”2"'
7
derived similarly.

(x,t) and %(x,t) are

Ow:
To obtain the bound for % (x,1), define the two functions

8W,’

x,t) = W(x,t).

Differentiating the homogeneous equation satisfied by w;,
partially with respect to ¢ and rearranging yields

&ZW,'

0~ ( CBy,(x)+

(x,1) — 83 1)+ t8 ! (x,1)
5 () = €5 e (% Z“’fx ot
+bi<x,r>%<x—1,r>
2 aaij 8b,
—j; ; (x7t)wj(x,t)—y(x,t)w,’(x—l,t)
(3.19)
and we get

|L2%(x,t)\ <C(Bya(x)+Bip(x—1))

au v aw; _

Wi (1L0)] < |5E(1,0)]+ 51,0 < C, |53 (2,0)] =0,

2 (x,0)| =0aswi(1,7) = Ky,wi(2,1) = Oand wi(x,0) = 0.
Lemma 3.2 in [9], for a proper choice of C, it follows that

Iw;
| 8W (x,1)| < CBa(x). (3.20)
2w,
Now the bound for o is obtained by using Lemma 3.3 and
Lemma 3.4
82wl~ 82ui 82v,-
St )] < 52 D)+ |52t (o)
af; % fi
225 ) < Cer? e+ 1+ 122+ 1520,
Similarly,
(93W,' d i 82 i
S (el < e lalle+ LA+ 1 S 20D,
(3.21)
Using (3.18), (3.20) and (3.21) in (3.19),
0%w;
S5l <c.
O
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4. Improved estimates

In the following lemma, sharper estimates of the smooth com-
ponent are presented.

Lemma 4.1. Let conditions (2.2) and (2.3) hold. Then the
smooth component V of the solution i of (2.1) satisfies for
i=1,2,k=0,1,2,3 and for all (x,t) € [0,1—] x [0,T],

ok
k)l <C

and for (x,t) €

-1

[14,2] x [0, T]

vk
bg@MSC(HZé 5”)
&

<1+Zq 131; )>
8

Proof. Define barrier functions y;"(x,1) = C(1 + By 2(x)) £
9 (x,1),i = 1,2,k = 0,1,2 and (x,1) € [0,1-] x [0,T].

Using Lemma 3.4, it follows that, for proper choice of C,

k
v == 22 (0.0 >0
k

8 Vi
V’i(l_at): Ok (1-,2) >0,
o*v;
wE(x,0) = C[1+ B2 (x)] + avk >0
and Ll,l/-jE (x t) > 0 by lemma 3.2 in [9],
|a k(x )| <C[1+Bj(x)] for k=0,1,2. 4.1)
Consider the equation
9%v; 0> f; daij v
L 2 (x,1) = 2 (x,1) — 22’] o (x, t)—x(x,t)
2 9%q
Z’ 8 (x,1)vj(x,1)
ab,' 8v,~ 82b
—2§(x,t)$(x— 1,t)— 52 Ot )vi(x—1,6)(4.2)
with
82 82V,' o 82\7 (92(]53( )
ox 2(0 t) 0787)@(1—@—07@(%0) ax (4 3)
23
For convenience, let p denote Tk Then
Lp=h with p(0,t)=0,p(1—,1) =0,p(x,0) =5 (4.4)
where
azfi 2 8a,-j an
hi = 2 (x,1) —2.]; e (x,t)g(x,t)
2 82a,»] 8[),’ 8v,~
_j; 52 (x,0)vj(x,1) 2g(x,t)x(x— 1,7)
2. 245
—%(x,t)vi(x— 1,f) and 5= J giz(X)
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Let g and 7 be the smooth and singular components of j given
by

Lg="h with §(0,1) = jo(0,1),3(1—,1) = po(1,1),

B 0 (4.5)
q(x,0) = p(x,0)

where py is the solution of the reduced problem

api
o +App =g with pp(x,0) =

Y p(x,0) =5

and
Li=0, with 7(0,1) = —g(0,1),7(1—,1) = —g(1—,1),
(0,1) = —4(0,1),7(1—,1) = —4( 3(4.6)
7(x,0)=0.

Using Lemma 3.4 and Lemma 3.6, it follows that, for i = 1,2

and (x,7) € [0, 1] x [0, ],
%0 )| <
and
Sl <c| Bl B
Hence, for (x,) € [0,1-] x [0, 7] and i = 1,2
= Lol <c 1+ 2l B2)] )

Then (4.1) and (4.7), for k =0,1,2,3 and (x,t) € [0,1—] x
[0,T], lead to

kv, 1-% 1%

|W(x,t)| <C|l+g Blvl(x)—i—&‘z Blﬁz(x)
The bounds on v and its derivatives are similarly derived when
(x,1) € [14,2] x [0,T]. O

5. The Shishkin mesh

A piecewise uniform Shishkin mesh with M x N mesh-intervals
is now constructed.

LetQM {nhil 179 = {n}tLo, Q {x,}] 1
—{x]}NmQMN QMXQNQ VMoo <@,
:{xj}jzl =SSy _{xj}] Oa {xj}N N_Ha

§+N = {5}y @M = o XQXN,Q Mgl <o Y
QMN — oM oV MY QY QY and TN =T
""" The mesh ﬁiw is chosen to be a uniform mesh with

M mesh-intervals on [0,7]. The mesh 5)1(\/ is chosen to be a

piecewise-uniform mesh with N mesh-intervals on [0,2]. The

interval [0, 1] is divided into 5 sub-intervals as follows
[0,71]U

(1—T2,1—171]U(1—T1,1}.

8%
aet“@ﬂ”ﬂ,
(S

(Tl,Tz} U(’L’z, 1 —Tz] U
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The parameters 7y, 7o, which determine the points separating
the uniform meshes, are defined by

1 24/¢
= min{ \[2 InN } and

YRNG
*C e (5.1)
T :min{h,gllnN}.
27 Ja
Then, on the sub-interval (72,1 — 7] a uniform mesh with

% mesh points is placed and on each of the sub-intervals

[0,71], (71, ), (1 — 7, 1 — 7y]and(1 — 71, 1], a uniform mesh
of % mesh points is placed.

Similarly, the interval (1,2] is also divided into 5 sub-intervals
(L14+7],(1+1,14n),(1+1,2— 1], 2—1,2—1] and
(2 — 11,2], having a total of % mesh points, using the same
parameters T; and 7. In particular, when both the parameters
71 and 7, take on their lefthand value, the Shishkin mesh ﬁN
becomes a classical uniform mesh throughout from 0 to 2.
In practice, it is convenient to take

N =16k, k> 2. (5.2)

From the above construction of QN, it is clear that the tran-
sition points {t,,1 — 7,,1 +1,,2 — 7, },r = 1,2, are the only
points at which the mesh-size can change and that it does not
necessarily change at each of these points. The following
notations are introduced: h; = x; —x;_ and if x; = 7, then
h; =X; 7)Cj,1,]’l}> =Xj+1 —Xj, J= {Xj : h;r 7é h;}

6. The discrete problem

In this section, a classical finite difference operator with an
appropriate Shishkin mesh is used to construct a numeri-
cal method for (2.1), which is shown later to be first order
parameter-uniform convergent in time and essentially first
order parameter-uniform convergent in the space variable.
The discrete two-point boundary value problem is now defined
on any mesh by the finite difference method

"N (xj,0) = Dy U(xj,n0) —E&U (x),1x) +
A(xj, 1)U (xj, 1) + B(xj, 5) U (x — 1, 1)
= f(xj7tk) on QYN 6.1)

U =i on TMN
The problem (6.1) can be rewritten as

L MN ~
L U(Xj,l‘k) =

D; U (xj,t) —E8;U (x), 1) +
A(xj 1)U (x), 1)

= §(xj,tr) on Q MV 6.2)

where g(x]',l‘k) = f(Xj,lk) —B(Xj,tk))?(x]‘ — 1,lk)

_ MN = _ o _,
L U(xj,tk) = D U(Xj,tk)—E5X2U(Xj,tk)—‘r
A, 1)U (xj, 1) + Bl 1)U (36— 1,11)

f(xj,tk) on QTMN
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(6.3)

—

U=ii on FM‘N, D;U(x%,tk) ZD;U(X%,tk)

where D; U (x},4) = Ylojt) U fh1)

lk—lk—1 ’
- s
277 _ D U(x.f,tk)fD'. U(Xj,tk)
5xU(-xj7tk)_ = x_/+1""j\—1 )
—
— Uy )T (xjt)
o U(xj i) —0(xi—1,t)
+ . — J'tk Jj—1lk
Dx U(xjvtk) - Xj—=Xj_

This is used to compute numerical approximations to the exact
solution of (2.1). The following discrete results are analogous
to those for the continuous case.

Lemma 6.1. Let conditions (2.2) and (2.3) hold. Then, for

any mesh function ¥(xj,1),0 < j < N,0 <k < M, the in-

equalities ¥ >0 on FM’N,EIM’N‘_I”(X.,-,tk) >0, on QMN,

EZM’N‘_P(xj,tk) >0 on Q™MN and

Dj‘_I”(xN/z,tk) - D;‘_f‘(xN/z,tk) <0 imply that ¥(x;j,1) > 0
—M,N

on Q.

Proof. Leti*, j*,k* be such that W« (x,f+) = mjillPi(xj,tk)

iJ,

and assume that the lemma is false. Then Wi« (x+,5+) < 0.

From the hypothesis it is clear that (x«,#;+) ¢ TV,

Wi (xj*7tk*) — W (-xj*>lk*7]) < 07

Wi (et ) — Wi (61, 116) <0,

Wi (xje 1,05 ) — i (X, 1) > 0 50 53‘1’1‘*()(]'*,[/(*) > 0.

It follows that

o MN -~
(Ly™ \P),’*(Xj*,lk*)<0

which is a contradiction. If (xj+,#+) € QTN a similar argu-
ment shows that

L MN=

(L2 ‘P),’* (XJ'* s tk*> <0

which is a contradiction. Because of the boundary values, the
only other possibility is that xj = xy /. Then

D Wi (xy /0, i) SO < DIWi (xy 2, 11 ) < DY Wi (x5 )
by the hypothesis and so

Wi ey _potee) = Wis o, o) = Wis (xy 1) <0

Then (flM
cludes the proof of the lemma. O

No o .
W) (x%717tk*) < 0, a contradiction. This con-

An immediate consequence of this is the following discrete
stability result.

Lemma 6.2. Let c_gnditions (2.2)_’and (2.3) hold. _Y:hen, for
any mesh function ¥ satisfying DYV (xy 2, 1) = Dy ¥ (xy /2, 1),

_, M,N

Wi, 1) | < max{||Willpw, G107 Wil [g-mw,

_, M,N
SIL Wil g},

foreachi=1,2and 0 < j<N,0<k<M.
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7 MN
Proof Let M = max{||[¥;|[pun, 2 [|IL" " Pillg-m,

L g}
Define two functions

OF (xj,100) = ME+P(x;,1,) where & = (1,1)7.

Using the properties of A(x;,#) and B(x;,1), it is not hard to
find that ©* (x;,,) > 0 for PN,
"V er (xj,1) > O for (x},1) € and
"N et (xj,1) > 0 for (x;,t,) € QTMN At j =
D O* (xy 2, 1k) — Dy OF (xy /2. 14)

= iD;q’(XN/zalk) - D;@(XN/zyfk)
Hence by Lemma 6.1, ot > 0 on QM’N

QfM N
N

2>

—

=0.
O

7. Error estimate

Analogous to the continuous case, the discrete solution U can
be decomposed into V and W which are defined to be the
solutions of the following discrete problems

~ MNo . _
Vn) = gln), () € Q7MY (11
N
OSJSE—LOSkSM
‘7(0,1‘]{):\_/’(O,[k),‘_}<XN/2,1,lk>:V(l—,[k),‘_}(xj'70)ZJB(Xj>,
- MN= -
Ly 'V(xj7tk) = f(Xj,tk),(Xj,tk)€Q+M’N, (7.2)
N
§+l§j§N7OSk§M
V(njagnstk) = (14,1, V (2,1) = ¥(2,1),V (x7,0) = Pp(x;)
and
- M N - = M.N
Ly W (xj ) =0, (xj,1) € Q7MN W (0,1,) = w(0,1),
0<j<S-10<k<Mm
QM”Wuﬁ&yzﬁu“@egﬁMquz&) (2,10,
B+1<j<N0<k<M
(71.3)

V(XN/2+1atk)+W(xN/2+17tk)
D W (xyya:ti) + Dy V(xy /2, tk)
= D{W (x5 1) + DIV (2, 1)

W(x;,0) = 0.

. —M.N
The error at each point (x;,%) € Q
E()Cj,tk) = U(xj,tk) - z_i(xj,tk)._‘
Then the local truncation error LMNé(x;, 1), for j # N /2, has
the decomposition

is denoted by

ZMﬁNé’(xj?tk) = ZM,N(‘_/' - ‘_;) (Xj,tk) + ZM’N(W - W) (.Xj, tk)'

The error in the smooth and singular components are bounded
in the following theorem.

= ‘7<XN/2flatk) +W(XN/2717tk)7
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Lemma 7.1. Let V(x;, ) denote the smooth component of the

exact solution from (2.1) and V(x 1) the smooth component
of the solution from (6.1), then for j # %

- M.N

1 (7 =)y, 0l < CM™ + (N Inv)?),
N (7.4)

OSJ'SE—LOSICSM,

%" (7 = 9)ilwj,n) ]| < M+ (N1 InN)?),
(7.5)

N
SHISjSNO<k<M.

Let W(x,t;) denote the singular component of the exact solu-

tion from (2.1) and W (x 1) the singular component of the
solution from (6.1), then for j # %

S MN, =~ N B
(L (W =))i(xj,00)[| <CM' 4+ (N InN)?),
N (7.6)
OSJ'SE—I,OSkSM,
P MN 3 SN (s -1 -1 2
[[(L2 (W W))z(xptk)HSC(M +(N"'InN)%),
(1.7)

N
SHISjSNO<k<M.

Proof. For j # %, as the expression derived for the local

truncation error in V and W and estimates for the derivatives

of the smooth and singular components are exactly in the form

found in [9], the required bounds hold good.

At the point xj = xy /2,

(D} —D;)(U - i) (XN /25 1k)
0<k<M

(DY =Dy )e(xy osti) =

Recall that (D} — D;)fj(-xN/Zatk) =0.

Let h* = h&/z N/2’ where h]?]/z =Xy/2 —Xy/2-1 and
hN/2 =XN/241 —XN/2-
Then

(DY =Dy )é(xn 2, 1) (DY =Dy )id(xw o, 1)

< (DY = 52)u(xn 2, t)|
(D5 = Lt )
X Ox U\XN /2,5 Tk
1 25
< 2 N/2n€ | (nlvtk)l
1 2%
2 N/znem |8x2(n2’ 0l
2%
< *
< Ch (Hl1 ax( 1)




Parameter uniform numerical method for a singularly perturbed boundary value problem for a linear system of
parabolic second order delay differential equations — 157/160

Therefore,

*

L h
(D =Dy )&, ti) < C (7.8)

Define, for i = 1,2 and for each f;, a set of discrete barrier
. —M N
functions on Q by

1+\/>hq/\/278i

;i (xj,tx) = N/2 1+th/\/2>8l 0<j<N/2(79)
HN (L Vothy.1//2€) N/2<j<N.
HN_NI/Z(HthHNTei o

(7.10)

Note that

0;(0,1) =0, 0;(1,8) = 1, 0;(2,1,) =0 (7.11)

and from (7.9), for any i and 0 < j < N/2,

1
@i (xXj,1) = —73 )
L2, ) (1+ Vahy/v/2&)
0121 (x).5) 1
i+1\Xj,lk) = N/2 )
17, (1+/0thy/v/251)
Trah, Ve <= NN implies that, for any i and
0<j<N/2,
@; (X, 1) < @1 (xj, 1) (7.12)
Similarly, for any i and N/2 < j <N, (7.12) holds.
0 < (Di(x]',tk) < wiJr](.xj,tk) < 1. (713)
For (xj,1) e N
Wi (Xi41,1 , Ny
DY (1) = S Z) ) _ o, )-
J+1
Therefore,
D;'_(Dl'(x]',lk) =/ a/28,-col-(xj,tk). (7.14)
_ @i (Xt ) — Wi(X;—1,
Dy oy(xj,te) = 16t h‘l( i-L.40)
J
= Ve @;(x;,1)
N \/2€i(1+\/ahj/\/28,') Ak
Therefore,
B Ja
D, w;i(x;,t;) = Xt 7.15
) = g a e M

D oi(xj,t) — Dy 0i(xj i) _ &
(/’l/-‘rhj+1)/2 &

8l wi(xj ) =

IN

a)i(xj,[k)'

Therefore,
2 o
S 0i(xj,1) < — i(xjsth)- (7.16)
1
Similarly, for (xj,5) € @ "
L
Dl wi(xj,t = - ;(xj,t%),
X l( J k) m<1+ﬁhj+l/ /7281') l( J k)
. Ja
wa(xjvtk) = *7\/2—81'031'()6]',2‘/()21[1(1
o
53(1),’()6]',1‘]{) < gwi(xjvtk)' (7.17)
(A

In particular, at x; = xy/2, using (7.17), (7.15) and (7.11),

1
I ENCT Ny
—va/2g

(DY

—Do)oixjn) =

1
(L1 Vahy,/V2e)

(7.18)

IN
|

VE
From (7.16) and (7.17),

—& 5)62(1),'()6]',11() > —Ot(!),'(x]',l‘k).

Therefore

L MN _

(L7 ®)i(xj,nr) = D wi(xj,tk)*8i5fwi(xj,tk)
n

+Za,-;(xj,tk)a)l(xj,tk)
=1

i
> —owi(xj, )+ Y au(xj,00) 0i(x;, 1)
=1
2
+ Y au(x) ). (7.19)
[=i+1

And

L MN _
(Ly " ®)i(xj,%r) = D, wi(xjatk)_€i5)(2wi(xjatk)

2

+ Y au(xj t) o (xj, 1)
i=1

+bi(xj, 1) 0i (xj — 1,2

i

> —owi(xj, 1)+ Zail (o i) 05 (x, 1)
=1
2
+ Y au(xj,n0) +bilxj,n). (7.20)
I=i+1
O

We now state and prove the main theoretical result of this

paper.
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Lemma 7.2. Let ii(x;j,t;) denote the exact solution of (2.1)
and ﬁ(xj,tk) the solution of (6.1). Then, for 0 < j < N,0 <
k<M,

N0 (xj,0) —ii(xj,0) ]| <CM ' +N"'IaN).  (7.21)

Proof: Consider the mesh function ¥ given by

‘P(xj,tk) =C (Mfl +N! ]HN) +C2%w,-(xj,tk)ie,~(xj,tk),
i=1,2,0<j<N,0<k<M,where Cy and C, are constants.
Then for x; € Q7

2
lP)i(Xj,l‘k) =(C Za,-j(xj,tk)(Mfl —|—N7l InN)
=1

L MN
(L1

h*
Ve

N
e)i(xj,tk).

(7.22)

L MN M
+C—(L1 7 @y)i(xj, 1) £ (Ly

Using (7.19) in (7.22) and Theorem 7.1,

2
— M,N = _ _
(L ilgn) > G Y ai(xg,n) (M + N InN)
j=1
+C2\/£—i[*awi(xj7tk)

i
+ Y aa(xj, ) oi(xj, )
=1

2
+ Z air (X, 1)

I=it1
+C(M '+ N""InN)
2
= C]Zaij(Xj,tk)(M71 +N711nN)+
=1
W i
C (X te) — o | @i(xi,t,
2\/5 lzziatl(xja k) l(x] k)
h* 2
+C, air(xj, 1)
eyt

+C(M '+ N""InN),

Let A;(x;) = (X)_ ai(xj,tx) — &) @i (xj, 1) + Xy g ain(x), 1),
i = 1,2. Then choosing C; > G||A|| +C,

("N (xj,0) > 0, for i = 1,2,

Forx; € QN

2
L MN=
(Ly " W)ilxj,te) = C (Zail(xjatk)+bi(xj»tk)>

=1
(M~ +N"'InN)
h* - MN
L,
NG

L MN_
£ (L2 €)ilx),te).

+Cp

(Oi)i(xjvtk)

(7.23)

Using (7.20) in (7.23) and Theorem 9,

2
. MN =
(L2 " ¥)ilxjoi) > C <Zaiz(xj,tk)+bi(xj7tk)>

=1

(M~ +N"'InN)
*
C —ow;(x;,t,
+ 2\/5[ () 2%)
i
+ ) ai(xj, ) oi(x), )
=1
2
+ Y au(xj,n0) + bilxj, 1))
I=i+1
+C(M "+ N""InN)
2
= C1Za,’j(xj,tk)(M_l+N_11nN)+
=1

a)i(xj7tk)

h* i
C - . 1) —
2 5 L;azz(% () — o

VEi
+ C(M '"+N'InN).

W 2
+C— [ Z ail(xj,lk)+bi(xj,tk)1
I=it1

Let i (x;) = (Xi—y air(xj, i) — 00) @;(xj, 1)+ Xiy gy @ir (), 1)
—‘rb,’(x/',lk),i: 1,2.

Then choosing C; > G||u|| +C, (EQM’N‘?)i(xﬁtk) >0, for
i=1,2.

Further,
Ch* n*
D;‘I‘i(latk)li_\Pi(latk) < -G € ic?a
i i
using (7.8) and (7.18)
< 0, for proper choice of C,.

(7.24)

Also, using (7.11), ¥;(0,,) = C; (M~ +N~'InN) >0,
¥i(2,6) =Ci (M~ +N~"InN) >0,

¥i(x;,0)=Ci (M~ ' +N~'InN) > 0.

Therefore, using Lemma 6.1 for ¥, it follows that ¥; (xj,t) >
Oforalli=1,2,0<j<N,0<k<M. As, from (7.13),
a)i(xj,tk) <lfor0< j SN,OS/CSM

(U — ) (xj,0)] <C(M~' +N~'InN),
which completes the proof.

8. Numerical lllustration

The e—uniform convergence of the numerical method pro-
posed in this paper is illustrated through an example presented
in this section.
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Example 8.1. For (x,7) € [0,2] x [0,T],

%(x,t) —g ‘9;:21 (x,8) + Suy (x,) — 2up (x,2) —uy (x — 1,7)

:17
2
%2 (x,1) — €252 (x,1) —uy (x,1) +dup (x,1) —ur (x— 1,1) = 5
,0)=1forx e [—1,0] x [0,T],u;(0,¢) =1,
) = 17“1(27t) = 17

Fixing a fine Shishkin mesh with 32 points horizontally,
the problem is solved by the method suggested above. The
order of convergence and the error constant are calculated for
t and the results are presented in Table 1. A fine uniform mesh
on ¢ with 32 points is considered and the order of convergence
in the variable x is calculated. The results are presented in
Table 2. A graph of the numerical solution is presented in the

Figure 1

ul—
Q2 —

figure 1.

Table 1. Values of DV, p", p* and C7). for
€ =n/32,6=1n/16 and @ =0.9

n Number of mesh points N
64 128 256 512 1024

273 | 0.411094E-02 | 0.207861E-02 | 0.104757E-02 | 0.526658E-03 | 0.264056E-03
276 [ 0.399695E-02 | 0.202648E-02 | 0.102043E-02 | 0.512040E-03 | 0.256480E-03
27% | 0.399651E-02 | 0.202636E-02 | 0.102040E-02 | 0.512032E-03 | 0.256478E-03
27121 0.399635E-02 | 0.202632E-02 | 0.102039E-02 | 0.512029E-03 | 0.256477E-03
27151 0.399630E-02 | 0.202631E-02 | 0.102039E-02 | 0.512028E-03 | 0.256477E-03
DV [ 0.411094E-02 | 0.207861E-02 | 0.104757E-02 | 0.526658E-03 | 0.264056E-03
P~ | 0.983848E+00 | 0.988567E+00 | 0.992114E+00 | 0.996020E+00

Cg 0.497616E+00 | 0.497616E+00 | 0.495991E+00 | 0.493157E+00 | 0.489014E+00

t-order of convergence= 0.983848E + 00
The error constant= 0.497616E + 00
Table 2. Values of DV, p", p* and C[’Y* for &, =1 /32,
&=mn/l6and @ =0.9
n Number of mesh points N
64 128 256 512 1024

273 | 0.74375E-02 | 0.40016E-02 | 0.20374E-02 | 0.10228E-02 | 0.51181E-03

276 [ 0.23723E-01 | 0.95874E-02 | 0.55212E-02 | 0.28643E-02 | 0.14447E-02

27% | 0.93245E-02 | 0.91796E-02 | 0.66289E-02 | 0.40901E-02 | 0.23577E-02
27121 0.93245E-02 | 0.91796E-02 | 0.66289E-02 | 0.40901E-02 | 0.23577E-02
27151 0.93245E-02 | 0.91796E-02 | 0.66289E-02 | 0.40901E-02 | 0.23577E-02

DV | 0.23723E-01 | 0.95874E-02 | 0.66289E-02 | 0.40901E-02 | 0.23577E-02

pY | 0.13071E+01 | 0.53237E+00 | 0.69663E+00 | 0.79475E+00

CI])’ 0.70366E+00 | 0.41129E+00 | 0.41129E+00 | 0.36703E+00 | 0.30600E+00

x- order of convergence= 0.53237E + 00
The error constant= 0.70366E + 00
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9. Conclusion

Thus in this paper, a linear parabolic system of singularly

perturbed equations of reaction diffusion type with delay is
considered and the suggested numerical method has been
proved to be first order convergent, with respect to space and
time, theoretically and numerically.
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