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system of finite difference equations of time
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Abstract

The purpose of this paper is to develop monotone iterative technique for finite difference system, which correspond
to a class of semilinear weakly coupled system of time degenerate parabolic initial boundary value problems and
prove existence-comparison result.
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Contents ent conditions (see [3],[11], [12])and references therein. Re-
cently Dhaigude et.al[4]developed monotone technique for
1 Introduction..........c.oooiiiiiiiiiiiiinna, 171 discrete weakly coupled system of finite difference equations
2 Upper Lower SolUtions. ..........ceuveneeeneennen. 172  of parabolic type. In this paper, the backward approximation
. . for the spatial derivative terms are used and the monotone

3 Monotone lterative Technique .................... 173 . . . .
technique is developed, using the notion of upper-lower solu-
4 Application...........cciiiiiiiiiiiii e 175 tjons for weakly coupled system of finite difference equations
References ......uvvvvveeeeineiininnnnnnnnnannnns 176  which corresponds to weakly coupled system of semilinear

time degenerate parabolic Dirichlet IBVP when the reaction

functions fig)(u,;n,vi_,n) and ffi) (Uin,vin) are assumed to be

1. Introduction : : ; e ; ;
quasimonotone nonincreasing. Positivity lemma is the main
The monotone iterative technique is one of the wellknown  ingredient used in the proof of these results.
method employed successfully in the study of existence com-
parison of solution of initial boundary value problem (IBVP)
for nonlinear partial differential equations.In 1972,Sattinger
[13] first developed monotone technique for nonlinear parabolic
as well as elliptic boundary value problems. His work, later
on refined and extended by many researchers and series of
papers appeared in the literature. An excellent account of

th§se results are given in the elegant books by Ladde, Laksh-  gequences are constructed, which converge monotonically
mikantham and Vatsa%a [7], Pao [10] and Leung [S]. from above and below to maximal and minimal solutions re-
In 1985, Pao [9] introduced monotone technique for fi-  gpectively. Existence-comparison result for the solution of

nite difference equations of nonlinear parabolic and elliptic  {Jiscrete Dirichlet IBVP are proved in the last section.
boundary value problems. A series of papers appeared in

the literature for reaction diffusion problems under differ-

We organize the paper as follows: In section 2, Dirich-
let IBVP for finite difference system is formulated from the
corresponding continuous semilinear problem under consider-
ation.The notion of upper lower solution is introduced. Sec-
tion 3 is devoted for the construction of monotone scheme
for the discrete Dirichlet IBVP. Using upper and lower solu-
tions as distinct initial iterations, two monotone convergent
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2. Upper Lower Solutions

In this section,we obtain the discrete version of the Dirich-
let Initial Boundary Value Problem (IBVP) for weakly coupled
system of semilinear time degenerate parabolic equations.We
consider the time degenerate Dirichlet IBVP for weakly cou-
pled system of semilinear time degenerate parabolic equations.

inDr (2.1)
d® (x,t)v, — D (x,1)V?v = £ (x,1,u,v);
boundary conditions
u(x,t =hW(x.t ;
(1) (1) on St 2.2)
v(x,1) = B (x,1);
initial conditions
u(x,0) = M (x ;
(x0) =y () inQ 2.3)

v(x,0) = ¥ (x);

where Q is a bounded domain in R”, (n=1,2,...) with bound-
ary dQ. Suppose that the functions dV)(x,r),d® (x,r) are
nonnegative in Dy. However we will not assume that (1) (x,7)
and d?(x,t) are bounded away from zero. Since the co-
efficients dV)(x,r) = 0,d? (x,r) = 0 for some (x,t) € Dr
and hence the system is time degenerate.The coefficients
DW(x,1),D? (x,1) are positive in Dr. The functions
FD(x,t,u,v), £fP(x,t,u,v) are in general nonlinear in u,v
and depend explicitly on (x,).They are quasimonotone non-
increasing. Now, we write the discrete version of the above
continuous IBVP (2.1)- (2.3) by converting it into finite differ-
ence equations as in [[1],[6]]. Let i=(i1,i3,...,i,) be a multiple
index with iy=0,1,2,....M, +1 and let x; = (x,-l,xiz,...,x,-[,) be an
arbitrary mesh point in €, where My is the total number of
interior mesh points in the x;, co-ordinate direction.Denoted
by Q,, Q), 9Q,, A, and S, the sets of mesh points in Q, Q,
dQ, Qx(0,T) and dQx(0,T)respectively and A, denote the
set of all mesh points in Qx [0,T] where Q is the closure of
Q.Let (i,n) be used to represent the mesh point (x;,t,). Set

(1)

Ui = U(Xi,tn), Vin = V(Xi,tn), d;,) =d
dt(i) = d(z) (xivtn);D,(',ln) ED(I)(XZ',I"),D
JASo - M (x;, 1) 72 = h(z)(xi,tn);ug’lo) = 4V (x,,0),

in — »Min

) =0 (5,00, = v (01,0), 13 =2 (3,0

fi(,rlz)(ui’mvi’n) = f(l)(xiatnaui,navi,n),
f;(i) (Mj7n,Vj7n) = f(Z) ('xi7tn7ui,n;vi,n)

Let k, = t, —t,_1 be the n'" time increment forn = 1,2,...N
and Ay be the spatial increment in the x;, co-ordinate direction.
Let e,=(0,...,1...,0) be the unit vector in R” where the constant
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1 appears in the v/ component and zero elsewhere.The stan-
dard second order difference approximation is (see [1],[6])

A(V>u(x,~,tn) = hgfz) [u(x; + hyey,t,) — 2u(x;, 1)
+u(x; —hyey,t,)]

and usual backward difference approximation for u; is k,; 1 (u,n —
ui,nfl)~

Then the continuous Dirichlet IBVP (2.1)- (2.3) for time
degenerate parabolic partial differential equations becomes

P
dl)k i —winr) = Y, D AV uiy = £ (i, vin):
v=1

(i,n) € A
p
di(,i)k;l (Vi = Vip—1) — Z D,(»)?A(V)vi,n = fig)(ui_’”,vi?n);
v=1
2.4)
boundary conditions
(1),
ui,=nh '
o (i) €S, 2.5)
Vin = hi,n >
initial conditions
(1),
uo=4%;";
w0 L e (2.6)
Vio = lPi 5

In this way we have obtained the discrete Dirichlet IBVP
(2.4)-(2.6) for time degenerate parabolic partial differential

equations.The functions fi(_rll)and fl(ﬁ) are quasimonotone non-
increasing.We define them as follows:

Definition 2.1. The C!-functions fi<,l,>and fl(i) are said to be
quasimonotone nonincreasing if

1 1
S (Ui, Vin) > fi (UinsViy) forvi, > viy
S i vin) = fi) (i V1) for v,
and
2 2
i insVin) 2 J; ;,17Vi.iz)f0ru§n2uin
P s vin) = £33 W Vi) for = wi
respectively

Now we define upper and lower solutions of the discrete
time degenerate Dirichlet IBVP (2.4)-(2.6).

Definition 2.2. The functions (ii;,Vin) and (i, Vin) with
(i n,Vin) > (@in,Vin) are called ordered upper and lower
solutions of discrete time degenerate Dirichlet IBVP (2.4)-

0gl0
S0,
S5027:

(N
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(2.6) if they satisfy differential inequalities

di(.;z) k(i

" )
n— ﬁi,nfl) - Z D,'J, A<v)’zi,n
v=1

> fl(yll) (’L}n, ‘7i,n> 5

’

)4
A i —ig-1) = Y DU A® g,

in

v
< ﬁs:l)(ﬂi,n»‘;i.n);
(i,n) €A,

A2k (5

in*n — Vin- 1 ZDzn Vin
>fin (’/N‘i117‘7il1)'

2), —
dl'(,n)kn 1( _Vl” 1 Z Dtn la"

< fi,n (ui.mvi.n);
boundary conditions

~ 1 N
ip > h,(n) > Uin

(i,n) €S,
Vin 2> h,( ) > Vin
initial conditions
uio > lPl( ) 2 ﬁl 0
i€,

Definition 2.3. For any ordered upper and lower solutions
(i n, i n) and (Vi ,Vin) the sector is denoted by S;, and is
defined as

Si,n = {(ui.nvvi,n) S Ap : (ﬁi,na"}\i,n) < (ui,nvvi,n) < (ﬁi,naﬁi,n)}

2.7
Suppose there exist nonnegative constants cE.],B and cfzn)

such that the function ( fl<}1> and fl(i)) satisfies the following
one sided Lipschitz condition for u; , > u}, and v; , >V},

f ("‘znavzn) fi(,r];)(“;,m"in) > —c(.]>(u,;’,1 _”;,n) 2.8)
f (ulnavln) f(z)(uznav ) > - 2 (Vi,n_Vg,n)
Adding cf ,1)ui7,, and C,(i,)"i.,n on both sides of equation in (2.4)
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respectively, we get

(

)
uln+c,nutn

(1) -1 -
d,nk (utn ut,nl Z

)

(1
=CinUin + f; n) (utﬂmvi,n)

df?k YWin = Vin-1) ZDM "tn+c,(n) o
= Ct(,zn) Vin + f,m) (Uin,Vin)
Suppose

p
L[ui*”] = d'“)k_l (ui,n - ui.nfl) - Z D(I)A(v)ui n

iin"n

+ C( )ui,n

nLn

Mﬁ
5:
S

L[Vtﬂn] = dfi)k;l (Vi,n —Vin— 1

+ cgl) Vin
Now we develop monotone scheme for the discrete time de-
generate Dirichlet IBVP (2.4)-(2.6). The discrete version of
the positivity lemma in [2] for the continuous problem play an
important role in the construction of monotone and convergent
sequences.We state it as follows:

Lemma 2.4. (Positivity Lemma) Suppose w; , satisfies the
following inequalities

. p

dl nk (Wzn Win— 1 Z Wzn+C1nW1n

>0;(i,n) € Ap

Bwj, >0;(i,n) €S,

wio > 0;i € Q,

where Bwi, = ot(x;,t)|xi — & 7 [w(xi, 1) — w(%i, 1]
+ B (xi,tn)W(xis 1), €ip > 0,diy > 0,%; is a suitable point in
Q, and |x; — %i| is the distance between x; and %; then

win >0 in A,

3. Monotone Iterative Technique
(0) (0

We choose suitable initial iterations (u;,, , v; ,

) as either (u, ns Vin)

or (4 », Vi) and construct a sequence of iterations {u ) ym) }

Ln ’'Ln
from the following iterative scheme.

L) =l ) @l i), e n
! o ’ i,n) €A,
L =2 g2 ) ),
(3.1)
i <hi (im)€s (32)
; i,n) € .
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_(m 1
TR .
)y S G-
Yio =V¥i
It is a system of linear algebraic equations. Here m =1
and with suitable choice of initial iterations (ﬁ;ﬁl), gl(?l)) =

(#; n,Vin). We get (zZl( ln)) from first equation.Put this value in

2D 0

second equation,we get first iteration (i ). Repeat the

l ,n l N
process form =2,3,.... .We construct a sequence {ul o I('Z)}
Further,suppose m =1 and with suitable choice of initial iter-

0 0

ations (u;, ,v;,, ) = (in, Vin). We get (gflrf) from first equa-

tion.Put this value in second equation,we get first iteration
(1) 51
(u;

inVin ). Repeat the process for m=2,3,.... .We construct a

sequence {u } An interesting point about the above it-

in l}’l

erative scheme is that the component (ul(‘n)) from first equation

is used immediately in second equation,to obtain (\7,(1,1)) . We
note the above kind of iteration is similar to the Gauss-Seidal
iterative method for algebraic systems.It has the advantage
of obtaining faster convergent sequences.In the following,we
obtain the monotone property of the sequences when initial
iteration is either an upper solution or a lower solution.

Lemma 3.1 (Monotone Property). Suppose that

(i) (i p,Vin) and (G, ;) are ordered upper and lower solu-
tions of discrete time degenerate Dirichlet IBVP (2.4)-(2.6)

. . ) A2) - . . .
(ii)the function ( fi( ) A )) is quasimonotone nonincreasing in

n o Jin
Si,n;

(iii)the function ( fi(,rlz>7 l(i)) satisfies the one sided Lipschitz
condition (2.8)

Then the sequences {ul o m } and {ul s ln)} obtained

=(0) _(0)

from iteration process (3.1)- (3.3) with (i; , Yin )= (dip, Vin)
and (71((31),171(21)) = (i n, Vi n) possess the mixed monotone prop-
erty in the sense that their components 125,':) v( ™ and ul( n), vfr:),
satisfy the following relation in /_\p
. 1 1) _ —(m+1 _(1) _ -~
G <uf)) <o <ulnV <altt <<al) <,
3.4
Bin Svpy) <o <o <ot <<l <,
(3.5)
forallm
Proof. Define w; , = lzl((:l) — ﬁl(ln) =djp— ( ) where uf(,)l) =il y,.
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— L[]

in

Consider L{w; | = L[i; ,]

L[Wi,n] :d(l)k l(utn_utn 1

ﬁMw

+c§i’ﬁm—[d§,) Nl — ﬁfi,’ )
ZDzn 1n+cz(n) z(ln)]

p
:dl(ll)krjl (’Zi,n - I/Nli,nfl) Z 1(7;)&(\/)111",1

<

te i — e, + )]

t

=1
)(ﬁtm‘,}\i,n)]

(By iteration scheme)

P
=d ke (i — 1) — Y. DY AW,
7 v=1
- ft(rlz) (ﬂi,m ‘,}\i,n) >0
Since #; ,, is an upper solution.
Thus we have
P

dl(il)k;l (Wi,n — Win— 1 Z Wl n + C(I)Wz n
>0;(i,n) € Ap
Win = ljn —hl(n) >0;(i,n) €S,

wio = ilig— ¥ ,()>Oze§2

By Positivity lemma 2.4,we get w; , > 0 implies that

Define zm = \741) —y(»l). Consider

Lz =Ll — L)

in

)4
LN =d 2k o)) o) ) — Y D2 Al
+cl) — [dﬁ? k) =) )
ZD vt )]

ZC(Z)‘j{n + ft n (71('127‘7(0)) - CQ)V(O)

— fl(i) (ﬁl(ln) Vin ))(By iteration scheme)
=lef3) (7 — i) + 75w 7))

— 153l D+ U ) )
*fi(z)(’z(l) (0 ))] >0

n \ino Yin

fi<n) is Lipchitzian and quasimonotone nonincreasing

P
dik () — <) — Y DR A +c@ >0,

in"n i,n in— in i,n in“in
v=1
1 —(1 1 2 1
)= ) 2ol
B P I
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For (i,n) € Ay, > 0;(i,n) € S, and i € ), In view of positivity
a ) e

lemma 2.4,we get z( ) 1, We conclude

that

> 0 implies that Vi

u,n<u()<u()<u,nmA

<v<><v()<v,nmA

Thus result is true for m = 1.
Assume that it is true for m =/

Now we prove that it is true for m =1+ 1.
() _ =) _ Z(+1)

Define Wi = Uiy — U, . Consider

Lw!) =L[al)] ~L[al!")

L =d )k @) —al)_)
¥ DO AW 4 Dl
V=
k! (ufii” a™)
Z D AWl 4 gl )
_cl(ll) l(Vl +‘flﬂ (lzllﬂ 1)7 l(ll;l>)

- [Cg,n)ﬂi,n +fi.,n (Ei,n’ ‘71(,2)]
(By iteration scheme)

=i, gy, —ul) + )@l )
— fi (. 7)

=@ =y @D )

ff-(l)(u(l) V(l 1))]+
) @) oY)
— £ ) o]

>0 |

fi(n) is Lipchitzian and quasimonotone nonincreasing.
We have

in"n i, in ST
v=1
>0
(n_ - _ [ m_ a .
Win = ui,n —Ui, 2 hi,n Uin > 0;
0 _ () _ () n_ .
Wig =g — g > —u;0>0;

For (i,n) € Ap, (i,n) € S, and i € Q, By lemma 2.4,we get
() (1+1)

> 0 implies that @, ' < u( ). On similar lines we can

problems — 175/176

(l+1)

() (14D ),

n

prove that u; and u; <u
N+

() _
in="Vin " Vin Cons1der

Define =z

LI =L~ L ™)

in

in in i,n in—1 in i
v=l1
l 2); —1/=(1+1 —(I+1
e i — [k ) = v
(I+1 2) _(I+1
ZD,n AR AR B

it follows from iteration scheme,Lipchitzian and quasimono-
tone nonincreasing property of fi(i). We have

in"n i,n i,n—1 i,n in —
v=1
() _ o) _ 1) < () (1+])
ZI'JL =Vin in Z hi,n in O’
(0 _ (1) _ S(+1) (2) _ S(+1)
Zi0=Vig ~Vig = ¥ i0 ;

For (i,n) € Ap, (i,n) € S, and i € Q,,.

lemma 2.4,we get w( ) > 0 implies that v;

In view of positivity
(Hl) "U) . Note that

() <v<l+1>

using similar arguments we can prove v; as well as

I(IH) < V(l+1) Thus from principle of mathematlcal induction
result is true for all m

4. Application

In this section, we show that the monotone iterative tech-
nique is successfully applied to prove existence - comparison
result for the solution of the discrete time degenerate Dirichlet
IBVP (2.4)-(2.6)

Theorem 4.1. (Existence -Comparison Theorem)Suppose that
(i) (i, Vip) and (G, ;) are ordered upper and lower solu-
tions of discrete time degenerate Dirichlet IBVP (2.4)-(2.6)
(ii)the function ( fifi), i{i)) is quasimonotone nonincreasing in
Si,n; '
(iii)the function (f\)), f12))
condition (2.8)

Then the sequence {ii; n), Vin } converges monotonically
from above to maximal solution {#j , Vi } and the sequence

satisfies the one sided Lipschitz

{gl('::), yf_’?} converges monotonically from below to mini-
mal solution {4 >V} of discrete Dirichlet IBVP (2.4)-(2.6).
More over maximal solution {i; »,V; ,} and minimal solution
{8 ,v; } satisfy the relation,

(ﬁi,na\ji,n) < (Hi7naﬁi7n) < (’Zi,mvi,n) < (ﬁi,n7‘7i,n) in /_\p 4.1)

Proof. From Lemma 3.1, we conclude that the sequence
{L?E::,’),\?E;’)} is monotone nonincreasing and bounded from
below hence it is convergent to some limit function. Also
} is monotone nondecreasing and is

“M,,
N

the sequence {um , m

175 l
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bounded from above hence it is convergent to some limit
function.So,

(m) (m)

. —\m - . — —_
Mm@ = din s lim v, = Vi
and
: (m) _ ST (m) _
,}}leo Un =Uns ,,lfglo Yin =Yin

exist and called maximal and minimal solutions respectively
of the discrete Dirichlet IBVP (2.4)-(2.6) and they satisfy the
relation

(ﬁi,m‘,}i,n) < (E[,navi,n) < (lzi,n7‘7i,n) < (ﬁi,naﬁi,n) inAp (4.2)

This completes the proof.
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