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A frictionless contact problem for
elastic-visco-plastic materials with adhesion and
thermal effects
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Abstract

We consider a mathematical problem for frictionless contact between a thermo-elastic-viscoplastic body with
adhesion and an obstacle. We employ the thermo-elastic-viscoplastic with damage constitutive law for the
material. The evolution of the damage is described by an inclusion of parabolic type. The evolution of the
adhesion field is governed by the differential equation = H,;(B,&s,Rv(uv),R:(1r)). We establish a variational
formulation for the model and we prove the existence of a unique weak solution to the problem. The proof is
based on a classical existence and uniqueness result on parabolic inequalities, differential equations and fixed

point arguments.
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1. Introduction

The constitutive laws with internal variables has been
used in various publications in order to model the effect of
internal variables in the behavior of real bodies like metals,
rocks polymers and so on, for which the rate of deformation
depends on the internal variables. Some of the internal state
variables considered by many authors are the spatial display
of dislocation, the work-hardening of materials, the absolute
temperature and the damage field. See for examples [4, 19,
22,27, 28] for the case of hardening, temperature and other
internal state variables and the references [14, 15] for the case
of damage field. The importance of this paper is to make
the coupling of the elastic-visco-plastic problem contact with
adhesion. The adhesive contact between deformable bodies,

when a glue is added to prevent relative motion of the surfaces,
has received recently increased attention in the mathematical
literature. Analysis of models for adhesive contact can be
found in [23, 25, 26] and recently in the monographs [21].
In these papers, the bonding field, denoted by B, it describes
the point wise fractional density of adhesion of active bonds
on the contact surface, and some times referred to as the
intensity of adhesion. Following [11, 12], the bonding field
satisfies the restriction 0 < < 1, when 8 = 1 at a point of
the contact surface, the adhesion is complete and all the bonds
are active, when 3 = 0 all the bonds are inactive, severed, and
there is no adhesion, when 0 < 8 < 1 the adhesion is partial
and only a fraction 8 of the bonds is active. The novelty of
this work lies in the analysis of a system that contains strong
couplings in the multivalued boundary conditions: both the
normal compliance contact condition and tangential contact
condition depend on the adhesion (see (2.11) and (2.12)), and
the adhesion be written by the differential equation of the
general form

B =Hyq (ﬁa éﬁ aRv(uv)aRr(ur))-

Here, H,, is the adhesion evolution rate function. Then, the
adhesion rate function was assumed to depend, in addition to
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B, Ry(uy), Re(ur) and &g , where

Ep(x,1) = /Otﬁ(x,s)ds on T3 x(0,T).

We use it in H,y, since usually when the glue is stretched
beyond the limit L it does not contribute more to the bond
strength. An example of such a function, used in [6], the
following form of the evolution of the bonding field was
employed:

Had(ﬁ7 5ﬁaRl7R2) = _ﬁJr’YHR%)

where 7, is the normal rate coefficient and 7,L is the maxi-
mal tensile normal traction that the adhesive can provide and
B. = max(0, ). We note that in this case, only debonding is
allowed. A different rate equation for the the evolution of the
bonding field is

Hua(B. &g R1.R2) = = (B (1R} + 3 Ral?) — &) .

see, e.g., [7, 16, 17]. Here, ¥ is the tangential rate coefficient,
which may also be interpreted as the tangential stiffness coef-
ficient of the interface when the adhesion is complete (8 = 1).
Another example, in which H,; depends on all variables is

B+(1 -

p
Hud(B.83.R1.R) =~ 1 o 7P =
B

?
where 7%, is the rebonding rate coefficient. However, the bond-
ing cannot exceed B = 1 and, moreover, the rebonding be-
comes weaker as the process goes on, which is represented by
the factor 1 4 éé in the denominator.

The aim of this paper is to study the dynamic evolution of
damage in thermo-electroelastic materials. For this, we use an
thermo-elastic-viscop-lastic materials. For this, we consider a

rate-type constitutive equation with two internal variables of
the form

' 1.1
/0g(G(s)—sz(e(u(s))),s(u(s)),e(s),g(s))ds, (1)

in which u, ¢ represent, respectively, the displacement field
and the stress field where the dot above denotes the derivative
with respect to the time variable, 8 represents the absolute
temperature, ¢ is the damage field, &/ and & are nonlin-
ear operators describing the purely viscous and the elastic
properties of the material, respectively, and ¢ is a nonlin-
ear constitutive function which describes the visco-plastic
behavior of the material. It follows from (1.1) that at each
time moment, the stress tensor o (¢) is split into two parts:
o(t) =0V (t)+oR(t), where 6" () = 7 (¢(ii(t))) represents
the purely viscous part of the stress, whereas 6 (¢) satisfies a
rate-type elastic-viscoplastic relation with absolute tempera-
ture and damage

ol (t) =& (e(u(r))) +
/g(oR(s),g(u(s)),e(s),g(s))ds.

0

(1.2)
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When & = 0 in (1.1) reduces to the Kelvin-Voigt viscoelastic
constitutive law given by

o(t) =/ (e(u(t))) + & (e(u(r)))-

The damage is an extremely important topic in engineering,
since it affects directly the useful life of the designed structure
or component. There exists a very large engineering literature
on it. Models taking into account the influence of the internal
damage of the material on the contact process have been inves-
tigated mathematically. The models of mechanical damage,
which were derived from thermodynamical considerations and
the principle of virtual work, can be found in [20]. The new
idea of [13, 14] was the introduction of the damage function
o = o(x,t), which is the ratio between the elastic moduli of
the damage and damage-free materials. In an isotropic and
homogeneous elastic material, let Ey be the Young modulus
of the original material and E, ¢y be the current modulus, then
the damage function is defined by

(1.3)

Eery

o =a(xt) =
Ey

Clearly, it follows from this definition that the damage func-
tion « is restricted to have values between zero and one. When
o = 1, there is no damage in the material, when a = 0, the
material is completely damaged, when 0 < o < 1 there is
partial damage and the system has a reduced load carrying ca-
pacity. Contact problems with damage have been investigated
in [17, 29]. The differential inclusion used for the evolution
of the damage field is

a—KkAa+dyk (o) > ¢ (c—e(ir), e(u),0,) 14
inQx (0,7T), '
where K denotes the set of admissible damage functions de-
fined by

K={EcH'(Q);0<E<1, ae. inQ}, (1.5)
K is a positive coefficient, d Wk represents the subdifferential

of the indicator function of the set K and ¢ is a given consti-
tutive function which describes the sources of the damage in

the system.

Examples and mechanical interpretation of elastic-visco-plastic
can be found in [9, 18]. Dynamic and quasi-static contact

problems are the topic of numerous papers, e.g. [1-3, &, 10,
24]. More recently in [17], we study an electro-elastic-visco-
plastic frictionless contact problem with damage and adhesion.
The mathematical problem modelled the quasi-static evolution

of damage in thermo-visco-plastic materials has been studied

in [20]. In this paper we study a dynamic frictionless contact

problem with damage and temperature between an elastic-
visco-plastic body and a conductive foundation. The contact

is modelled with normal compliance where the adhesion of
the contact surfaces is taken into account and is modelled

0gl0
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with a surface variable, the bonding field. We derive a varia-
tional formulation of the problem and prove the existence of a
unique weak solution.

The paper is organized as follows. In section 2 we de-
scribe the mathematical models for the dynamic evolution of
damage and adhesion in elastic-viscop-lastic materials. The
contact is modelled with normal compliance and adhesion.
We introduce some notation, list the assumptions on the prob-
lem’s data, and derive the variational formulation of the model.
We prove in section 3 the existence and uniqueness of the so-
lution, where it is carried out in several steps and is based
on a classical existence and uniqueness result on parabolic
inequalities, evolutionary variational equalities, differential
equations and fixed point arguments.

2. Statement of the Problem

Let Q C R” (n=2,3) be a bounded domain with a Lips-
chitz boundary I, partitioned into three disjoint measurable
parts I', I'; and I'; such that meas(I';) > 0. We denote by
S, the space of symmetric tensors on R”. We define the inner
product and the Euclidean norm on R” and S,,, respectively,
by

u-v=uyv; Vu,veR"
lu| = (u-u)'? VueR",

Here and below, the indices i and j run from 1 to n and the
summation convention over repeated indices is used. We shall
use the notation

C-T=0;Tj YO,TES,,
lo|=(c-0)'? Vo eSs,.

H=L*Q)"={u={u}:u € L*(Q)},

A ={o ={oy}: 0= 05 € *(Q)},
={ueH:e(u)e AN},

4 ={o € # :Div(c) € H},

V=H(Q).

Here € : Hy — 47 and Div : 4] — H are the deformation and
divergence operators, respectively, defined by

e(u) = (&;j(u), &;ju)

The sets H, 77, H, .71 and V are real Hilbert spaces endowed
with the canonical inner products:

1 .
=5 (uij+u;i), Div(o)=(0i).

(u, V) /Qu vidx, (O’,T),}f:/gal‘jfl‘jdx,
(u, V)i, = (u,v)u + (e(u),€(v) 2,

(0,7).4 = (0, T)ﬁ” (Div(o),Div())n,
(f7 )V = (f, ) (fx, gx,)L2

The associated norms are denoted by ||.||a#, ||.||lz. |-|l#,>
||.Il% and ||.||v. Since the boundary I"is Lipschitz continu-
ous, the unit outward normal vector field v on the boundary is
defined a.e. For every vector field v € H; we denote by vy and
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v the normal and tangential components of v on the boundary
given by
VVZV'V7 Vf:V_VVv.

Let Hr = (H'/3(I'))" and y : H; — Hr be the trace map. We
denote by 7 the closed subspace of H; defined by

¥ ={veH :yw=0onI\}.

We also denote by Hl’- the dual of Hr. Moreover, since
meas(I";) > 0, Korn’s inequality holds and thus, there exists
a positive constant Cy depending only on Q, I'| such that

le()]

On the space ¥ we consider the inner product given by

(&(u),(v)).r,

and let ||.||» be the associated norm, defined by

Yvev.

w2 Colv| m,
(uvv)"// =

Vil = lle()]le- (2.1)

It follows from Korn’s inequality that ||.||s, and ||.||» are
equivalent norms on ¥'. Therefore (¥, ]|.||y) is a real Hilbert
space. Moreover, by the Sobolev trace theorem there exists
a positive constant Cy which depends only on Q, I'; and I'3
such that

V2 (ryr < Gollvlly vv e 7. (2.2)

Furthermore, if o € J# there exists an element oV € Hli such
that the following Green formula holds

(0,e(v))»+ (Div(0),v)g = [poV-yvdl

Vv € H. 2:3)

Similarly, for a regular tensor field o : Q — S, we define its
normal and tangential components on the boundary by

O'v:O'V-V, GT:GV_O-\/V.

Moreover, we denote by ¥” and V'’ the dual of the spaces ¥
and V, respectively. Identifying H, respectively L?(Q), with
its own dual, we have the inclusions

YCcHCY, VcL*(Q)cV.

We use the notation (-, )y, {-,")yrxy to represent the dual-
ity pairing between ¥, ¥ and V', V, respectively. Let T > 0.
For every real space X, we use the notation C(0,7;X), and
C'(0,T;X) for the space of continuous an continuously dif-
ferentiable functions from [0, 7] to X respectively, C(0,7;X)
is a real Banach space with the norm

|f\COTX)— “Eg"; Lf(#)Ix-

While C!(0,7;X) is a real Banach space with the norm

[flevo,rx) = rgﬁ’;} Lf(1)Ix +ZIEI[1&7;] |f()]x.
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Finally, for k € N and p € [1,00], we use the standard notation
for the Lebesgue space L”(0,T;X) and for the Sobolev spaces
wkp (0,T;X). Moreover, for a real number r, we use r to
represent its positive part that is ry = max(0,r), and if X;
and X, are real Hilbert spaces, than X; x X, denotes the prod-
uct Hilbert space endowed with the canonical inner product
('7 ')X 1 XX+

The physical setting is the following. A body occupies
the domain Q, and is clamped on I'; and so the displace-
ment field vanishes there. Surface tractions of density fy act
on I’ x (0,7) and a volume force of density f is applied in
Qx (0,T). We assume that the body is in adhesive frictionless
contact with an obstacle, the so-called foundation, over the
potential contact surface I'3. We admit a possible external heat
source applied in Q x (0,T), given by the function g. More-
over, the process is dynamic, and thus the inertial terms are
included in the equation of motion. We use an elastic-viscop-
lastic constitutive law with damage to model the material’s
behaviour and an ordinary differential equation to describe
the evolution of the adhesion field.
The mechanical formulation of the frictionless problem with
normal compliance is as follow.

Problem P

Find the displacement field u : Q x [0,T] — R", the stress
field 0 : Q x [0,T] — S,, the temperature 6 : Q x [0,T] = R,
the damage field ¢ : Q x [0,7] — R and the adhesion field
B :T3 x[0,T] — R such that

o(t) = o (e(i(r))) + & (e(u(t)))+
/0 G (0(s) — o (e(u(s))). £ (u(s)). 0(5), S(s))ds  (24)

inQx(0,7T),
pii =Div(6)+f inQx (0,T), (2.5)
pG*kOAOZW(G*JZ{(S(M)),E(M),G,Q)+L] (2.6)
inQx (0,7T), ’
pé—kiAG+dko(g) > ¢ (0 — o (e(ih)), e(u),0,5)
in Q x (0,T),
2.7
u=0 onl}x(0,T), (2.8)
ov=fy onl,x(0,T), (2.9)
B =Haa(B,&g Ry (uty),Re(uz on T3 x (0,T),  (2.10)

oy = —pv(uy) +7vﬁ2Rv(“v) onI3x(0,7), (2.11)

0t = —pe(B)R:(us) onT3x(0,7T), (2.12)

koa—6+a6:0 onT' % (0,7), (2.13)
av

%€ _0 on'x(0,7) 2.14)

av ) 7
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M(O) = Uo, M(O) = Wo, 9(0) = 907 G(O) =0 in Qa
(2.15)

B(0) =PBo (2.16)

Here, equation (2.4) is the thermo-elastic-visco-plastic consti-
tutive law where </ and & are nonlinear operators describing
the purely viscous and the elastic properties of the material,
respectively, and ¢ is a nonlinear constitutive function which
describes the visco-plastic behavior of the material. (2.5) rep-
resents the equation of motion in which the dot above denotes
the derivative with respect to the time variable and p is the
density of mass. Equation (2.6) represents the energy con-
servation where ¥ is a nonlinear constitutive function which
represents the heat generated by the work of internal forces
and ¢ is a given volume heat source. Inclusion (2.7) describes
the evolution of damage field. Equalities (2.8) and (2.9) are
the displacement-traction boundary conditions, respectively.
Condition (2.11) represents the normal compliance condition
with adhesion where ¥, is a given adhesion coefficient and py
is a given positive function which will be described below. In
this condition the interpenetrability between the body and the
foundation is allowed, that is u, can be positive on I'3. The
contribution of the adhesive to the normal traction is repre-
sented by the term ¥, B2Ry (uy) the adhesive traction is tensile
and is proportional, with proportionality coefficient 7, to the
square of the intensity of adhesion and to the normal displace-
ment, but only as long as it does not exceed the bond length
L. The maximal tensile traction is ¥, L. Ry is the truncation
operator defined by

on 3.

L if s<-—L,
Ry(s)=1¢ —s if —L<s<0,
0 if s>0.

Here L > 0 is the characteristic length of the bond, beyond
which it does not offer any additional traction. The contact
condition (2.11) was used in various papers, see e.g. [6, 7,
26, 29]. Condition (2.12) represents the adhesive contact
condition on the tangential plane, in which p; is a given
function and R; is the truncation operator given by

v if
Relv) = {LV if

vl

v <L,
lv| > L.

This condition shows that the shear on the contact surface
depends on the adhesion field and on the tangential displace-
ment, but only as long as it does not exceed the adhesion
length L. The frictional tangential traction is assumed to be
much smaller than the adhesive one, and therefore omitted.
The introduction of the operator Ry, together with the operator
R: defined above, is motivated by mathematical arguments
but it is not restrictive for physical point of view, since no
restriction on the size of the parameter L is made in what
follows.

Next, equation (2.10) describes the evolution of the bonding
field and it was already used in [6, 7], see also [29] for more
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details. (2.13) and (2.14) represent, respectively a Fourier = The adhesion rate function H,y: I3 x RX R xR x R SR
boundary condition for the temperature and a homogeneous  ¢4risfies:

Neumann boundary condition for the damage field on I'. Fi- . )
nally the functions ug, wg, 6y and gy in (2.15) and By in (2.16) (a) There exists Lyg > 0 such that :

are the initial data. To obtain the variational formulation of [Haa (x, 1, 81,r1,d1) = Haa (%, B2, 62,12, )| <

the problem(2.4)—(2.16) we introduce for the adhesive field Laa (|ﬁ1 ~Bel+ 18 = ol + [y — o j,'?ll —d2|)’
the set Vﬁ],ﬁz,él,éz,r],rQER, dl,dQER s a.e.xeF3.

(b) The mapping x — Huq(x,,&,r.d) is
Z={weL™(0,T;L*(I3)):0< () < 1,1 €[0,T],ac. on T3}, | measurableonls, forany B,&,r e R, d € R,
(c) The mapping (8,8, r.d) — Haa(x, B, S, r,d) is

In the study of the Problem P, we consider the following continuouson R x R xR xR4~! ae x €T3,
assumptions: (d) Hyq(x,0,&,r,d) =0,VE, r € R,
deR¥ ! ae xelsy,
The viscosity operator o7 : Q x S, — Sysatisfies : (e) Hya(x,B,E,rd) >0, VB <0,E,reR,
d—1

(a) There exists a constant L, > 0 such that deR" " ,ae xels,

|d(x,£1) —%(x,£2)| < L&y|€1 —82| for all (f) Had(xt}ﬁlaévrvd) <0, VB > 1757” ER,

£,5€S,, ae. x€Q. deR " ae xels,

(b) There exists a constant m, such that (2.21)

(o (x,€1) — A (x,8)).(€1 — &) > my|e — & The normal compliance py : I's x R — R, satisfies:

forall €;,& €S, a.e. x € Q.

(c) The mapping x — 7 (x, €) is Lebesgue ‘(a) Zchirf; ?ﬂStS(i C,O I)1|St2n£ l[;: >_(: |SUCh that
measurable on Q forall € € S,,. pvi&n pvitra)] = Bvirft =7,
(d)The mapping x — &7 (x,0) € S Vo ER, ae xels.
pping ’ ' (b)The mapping x — py(x,r) is Lebesgue (2.22)
2.17) pping p g
) measurable on , I';, VreR.
The relaxation function & : Q xS, — S, satisfies: (¢)The mapping x — py(x,r) =0
(a)There exists a constant Le > 0 such that forany r <0, a.e. x<cT3s.
|&(x,€1) — & (x,&8)| < Lg|e) — & The damage source ¢ : Q xS, xS, x R x R — R satisfies:
for all €, € S,,a.e. x € Q. .
el ) (2.18) (a)There exists a constant Ly > 0 such that
(.b)The mapping x> &(x, €) |0 (x,01,€1,01,61) — ¢(x,02,6,6,,5)| <
is Lebesgue measurable on Q for all € € S,. I 0 — 6
(c)The mapping x — &(x,0) € ol[o1— |+ e —&[ 416 — 6]+l — )
PpINg ’ : forall 1,0, € S,,forall €,& €Sy,
The plasticity operator 4 :Q xS, xS, xRxR—=S§, forall 01,6,,61,5 € R, ae. x€ Q. (2.23)
satisfies: (b)The mapping x — ¢(x,0,€,0,¢) is
(a)There exists a constant Ly > 0 such that Lebesgue measurable on Qfor all 6, € € Sy,
9 (x,01,1,00,C1) — 9 (x, 02,62, 00, )| < forall 0,6 € R.
,01,¢1,U1,61) — ,02,¢€2,02,02)| > . 2
Ly (|61 — 0|+ [e1 — 2] + |8 — 2] 4 g1 — @) (c)The mapping x — ¢(x,0,0,0,0) € L*(Q). |
for all 61,0,,€1,& €S, forall 6,6, € R, The tangential contact function pr:1I'3 x R — R, satisfies:
forall ¢i, 6 6 R, ae xeQ. (2.19) (a)There exists a constant L; > 0 such that
(b)The mapping x — g("a 0,£,0, Q) ||pr(x,d1) — pf(x,d2)| <L; |d1 — dz‘
is Lebesgue measurable on Q Vd,d» €R, ae. x ey,
forall o,€ € Sy, forall 6,6 € R. (b)There exists a constantM; > 0 such that 594
(c)The mapping x — ¥(x,0,0,0,0) € 7. Ipe(x,d)| <M, VdE€R, ae. xeTs3. (2.24)
The function y:Q xS, xS, x RxR — R satisfies: (c)The mapping x — pr(x,d) is
. Lebesgue measurable on Q, V d € R.
(a)There exists a constant Ly, > 0 such that (d)The mapping x — pz(x,0) € 12 (Ts).

ly(x,01,€1,01,61) — ¥(x,02,6,60,,5)| <
Ly(|o1 — 02|+ |&1 — &2| + |61 — 62+ |61 — &2])
for all 01,05 € S, forall €1,& € S,, The body forces, surface tractions and the volume heat source
forall 8;,6, € R, forall gj,5 e Rae. x€ Q.
(b)The mapping x — ¥(x,0,€,0,¢) is
Lebesgue measurable on Q, forall o,€ €S,

have the regularity
fEeL}0,T:H), fo € L*(0,T;L3(T2)"), g € L*(0,T;L7(Q)),

forall 6,5 € R. (2.25)
(¢)The mapping x — ¥(x,0,0,0,0) € L*(Q). u eV, wyEH, 6 eV, ¢cK, (2.26)
(220) g er?(T3), 0<By<1, aeonTs, (2.27)

"
o020

00 7.
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ki>0, i=0,1. (2.28)
The mass density p satisfies:
peL”(Q),3p* >0suchthatp > p*ae.xeQ. (229
The adhesion coefficient and the limit bound satisty:
W, Y €L7(I3), %,%>0. (2.30)

Using the Riesz representation theorem, we define the linear
mapping F — ¥/, by

(F(),v)yrxy = (f(0),v)m + (fot), 1) 20y

Wwe ¥, te(0,T). @31
The use of (2.25) permits to verify that
FeL*0,T;7"). (2.32)
We introduce the following continuous functionals
ap:VxV =R, ay(8,8)=ko oV VEdx+
* Jr66dT (2.33)

a;:VxV =R, al(C,é):kl/QVCV&dx.

Finally, we consider the adhesion functional j: L*=(I'3) x ¥ x
¥ — R defined by

J(B,u,v) = pv(uy)vyda +
/r3 (2.34)
/1_3 (_YvﬁzRv(“v)VV +Pr(ﬁ)Rr(ur)-Vr)da-

Keeping in mind (2.22) and (2.24), we observe that in-
tegrals in (2.34) are well defined. Using standard arguments
based on Green’s formula (2.3), we can derive the follow-
ing variational formulation of the frictionless problem with
normal compliance (2.4)—(2.16) as follows.

Problem PV

Find the displacement field u : [0,7] — R", the stress field
6 :[0,T] — S, the temperature 6 : [0,7] — R, the damage
field g : [0,T] — R and the adhesion field § : [0,7] — R such
that

/Ot%(c(s)f%(e(u(s))),e u(s)).0(s),g(s))ds  (2.35)
ae. 1€ (0,7),
(Pi().9) -+ (0(0).£(6)) o+ IBOL)r)
— (F(t),V)yry WEV, ac.1€(0,T), '

(PO(1), ®)vr.v +a0(8(1), ) = (q(t), ®)
(v(o(t)— o (e((r)),e(u(r)),0(1),6(1)), @)y, (2.37)
YoeV, ae.te(0,7T),

(PS(1),6 = 5(1))yry +a1((1),6 = (1)) =
(¢(c(t) — o (e(u(r))),e(u(r)),0(r)

VEeK, aete

B = Haq (ﬁ7€ﬁ>RV(uv)aRT(uT)) ae.trc (O’T)v (2.39)

u(0) = uo, u(0) =wo, 8(0) = 69, 5(0) =g, B(0) = Po.
(2.40)

3. Main Results

The existence of the unique solution to Problem PV is proved
in the next section. To this end, we consider the following
remark which is used in different places of the paper.

Remark 3.1. We note that, in Problem P and in Problem PV,
we do not need to impose explicitly the restriction 0 < 8 < I.
Indeed, (2.40) guarantees that (x,7) < Bo(x) and, therefore,
assumption (2.27) shows that 3 (x,7) < 1 fors >0, a.e. x € I'3.
On the other hand, if B(x,#p) = 0 at time 7y, then it follows
from (2.40) that (x,1) = By(x) for all ¢ > 1y, and therefore
B(x,t) =0forallt >ty,x € T'3.

We conclude that 0 < B(x,7) < 1forallt >1y,x € I'3.

Theorem 3.2 (Existence and uniqueness). Under assump-
tions (2.17)—(2.28), there exists a unique solution {u,c,0,¢,B}
to problem PV. Moreover; the solution has the regularity

uec€°0,T;7)N€"(0,T;H), (3.1)
e L*(0,T;7), (3.2)
i€ L*0,T;7"), (3.3)
o € L*(0,T; ), (3.4)
6 € L?0,T;V)N€°(0,T;L*(Q)), (3.5)
6 € L?(0,T;V"), (3.6)
¢ € L2(0,T;V)NEY(0,T;L*(Q)), (3.7
¢e*0,T;V"), (3.8)
B ewWl=(0,T;L*(T3))NZ. (3.9)

A quintuple (u,0,0,¢, ) which satisfies (2.35)—(2.40) is
called a weak solution to the compliance contact Problem P.
We conclude that under the stated assumptions, problem (2.4)—
(2.16) has a unique weak solution satisfying (3.1)—(3.9).

We turn now to the proof of Theorem 3.2, which will be car-
ried out in several steps and is based on arguments of nonlinear
equations with monotone operators, a classical existence and
uniqueness result on parabolic inequalities and fixed-point
arguments. To this end, we assume in the following that
(2.17)—(2.28) hold. Below, C denotes a generic positive con-
stant which may depend on Q, '\, I, '3, &7, &, 9, Hyy, W,
¢, pv, Pr, Vv, Yz, L and T but does not depend on ¢ nor on the
rest of input data, and whose value may change from place
to place. Moreover, for the sake of simplicity we suppress in
what follows the explicit dependence of various functions on
xeQUI.

Let n € L?(0,T;7") be given. In the first step we consider
the following variational problem.
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Problem PV,
Find the displacement field uy : [0,T] — R”", such that

(piin (1),V)yry + (7 (et (1)), €(v)) o+
¥

<77(’)7V>7/’x"// = <F t)vv> <Y (3.10)
Ywe¥,ae te(0,T),
un(0) =up, 1y(0)=wo inQ. (3.11)

Lemma 3.3. Foralln € L*(0,T; "), there exists a unique
solution uy to the auxiliary problem PVy satisfying (3.1)—
(3.3).

Proof. Let us introduce the operator A : ¥ — ¥,
(Au, vy yiyy = (d(s(u)),s(v))ﬁ,

Therefore, (3.10) can be rewritten as follows

(3.12)

piin (1) +A (i (1)) = Fy(r) on ¥ ae.1€(0,T), (3.13)
where
Fp(t)=F(@)—n(t) eV’

It follows from (2.1), (3.12) and hypothesis (2.17) that A is
bounded, semi-continuous and coercive on ¥'. We recall that
by (2.32) we have F;, € L?(0,T;7"). Then by using classical
arguments of functional analysis concerning parabolic equa-
tions [5] we can easily prove the existence and uniqueness of
wy satisfying

wn € LX(0,T;7)N€°(0,T;H), (3.14)
W € L2(0,T; %), (3.15)
e Loty 310
wn (0) = wo. (3.17)

Consider now the function uy, : (0,7) — ¥ defined by
un (1) = /0’ wa(s)ds+uy Vi € (0,T). (3.18)

It follows from (3.16) and (3.17) that iy is a solution of the equation
(3.13) and it satisfies (3.1)—(3.3). O

In the second step we use the displacement field u; ob-
tained in Lemma 3.3 and we consider the following initial
value problem.

Problem PV
Find the adhesion field 3, : [0, 7] — L*(I'3) such that

B, (1) =Haa (B, (1), &g, Ry (ity, (1)), Re(u, (1)), (3.19)
Bn(0) = Bo in Q. (3.20)

Lemma 3.4. Problem PVg has a unique solution By such
that
By € W=(0,T;L%(T3)) N Z.
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Proof. We consider the mapping H, : [0,T] x L*(I'3) — L*(T'3),
H, (t,B) = Haa (B, (1), &g+ Ry (145, (1)), Re (1, (¢))),

forallz € [0,T] and B € L*(T'3). It follows from the properties
of the truncation operator Ry and R; that H, is Lipschitz
continuous with respect to the second variable, uniformly
in time. Moreover, for all B € L*(I'3), the mapping t —
H, (t,3) belongs to L (0, T;L*(I'3)). Thus using the Cauchy—
Lipschitz theorem given in [30, p. 60], we deduce that there
exists a unique function 3, € W1=(0,T;L?(T3)) solution of
the equation (3.19). Also, the arguments used in Remark 3.1
show that 0 < B, (t) < 1 for all # € [0,T], a.e. on I'5. This
completes the proof. 0

Problem PV,
Find the temperature 6; : [0,7] — R such that

<pél(t)’w>V’XV+a0(91(t)vw) = 3.21)
A+ qlt), @)yrvy, Yo €V, ae. 1€ (0,75

67L (0) =6y in Q.

)

(3.22)

Lemma 3.5. For all A € L*(0,T;V'), there exists a unique
solution 0y, to the auxiliary problem PV, satisfying (3.5) and
(3.6).

Proof. By an application of the Poincaré—Friedrichs inequal-
ity, we can find a constant &’ > 0 such that

[1vePax+ 2 [16Pay=a | |gPax wEev.
Q ko Jr Q
Thus, we obtain

a(£,8) =Ly Ve eV,

where C; = komin(1, &) /2, which implies that ay is V-elliptic.
Consequently, based on classical arguments of functional anal-
ysis concerning parabolic equations, the variational equation
(3.21) has a unique solution 6, satisfies (3.5) and (3.6). [J

(3.23)

Problem PV,
Find the damage field ¢, : [0,7] — R such that

(PSu (), & —u(t))yrxy +a1(gu(t), & —ult))

> (1,8 —gu(t))vruy (3.24)
VéEeK,ae te(0,T),gu(t) €K,
Gu(0)=¢ inQ. (3.25)

Lemma 3.6. For all u € LZ(O, T;V'), there exists a unique
solution g to the auxiliary problem PV satisfying (3.7)—
(3.8).

Proof. We know that the form a; is not V-elliptic. To solve
this problem we introduce the functions

Gult) =eMqu(r), &(1)=eME(0).
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We remark that if ¢, & € K then &, E € K. Consequently,
(3.24) is equivalent to the inequality

(P&, (1), —Gu())vry +a1(Gu(1),E —&u(0))
1 (PG & — 8u()) 20) = (67" 11, E = Gu(1))yr ey (3:26)
V€ €K, ae.1€(0,T), & K.
The fact that

a1(€,8)+ ki (p€,&)2(q) > kimin(p*, D)||E]lF VEeV,

(3.27)
and using classical arguments of functional analysis concern-

ing parabolic inequalities [5], implies that (3.24) has a unique
solution G, having the regularity (3.7) and (3.8). O

Let us consider now the auxiliary problem.

Problem PV, ; ,
Find the stress field 6y, 3 , : [0,T] — S, which is a solution
of the problem

Opau(t) = & (&(uy (1))
+./0 G (G 2 0(5),€ (1n(5)), 63(5),Gu(s))ds  (3.28)
Vi €10,T].

Lemma 3.7. There exists a unique solution of Problem PV, ; ,
and it satisfies (3.4). Moreover, if uy;, 0,6y, and oy, , 1.

represent the solutions of problems PVy,, PV,, PV, and
PV, 2i.up Tespectively, for i = 1,2, then there exists C > 0

such that

2 2
10 20,00 () = Oy s (D150 < C ([, (1) = e, (015

ot
+/0 ([letm, (5) = ey ()15 + 1163, (5) — 63, () 5+
6, (5) = G ()17 )dls).
(3.29)
Proof. Let X, 5, : L*(0,T; ) — L*(0,T;.¢) be the map-
ping given by
Tpano(t) =& (eun(r))+

t 3.30
/0 G (0(s),&(un(s)) . 02.(5), Gu(s))ds -30)

Leto; € L*(0,T;.5¢),i=1,2and t; € (0,T).
Using hypothesis (2.19) and Holder’s inequality, we find

[Zq.4,601(01) = Z 2 m(m)ngf <

T/ 164 (s)

By reapplication of mapping Xy, 3 ,;, it yields

H p 3.31)
was.

2
2
HZ”“‘ 1(n Z""'“GZ(II)H%S

L¢T2//||0'1
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Reiterating this inequality m times leads to

2
HznMm(m)—i#.mzanufs

] [ fieo-

Integration on the time interval (0,7) , it follows that

() Swdsdty,..db.

2m2m
” 2 LT
1= Xn u02

=

lor — 02||i2(o,r;yf)~
(3.32)

nAu® 20,12 m!

It follows from this inequality that for m large enough, a
power m of the mapping X, 3 ,, is a contraction on the space
L?(0,T;5¢) and, therefore, from the Banach fixed point theo-
rem, there exists a unique element o, ; , € L?(0,T;.5#) such
that X, 3 10y 2.u = O 2 u» Which represents the unique so-
lution of the problem PV, 3 ,,. Moreover, if uy,, 6;,, 6, and
O, tepresent the solutions of the problems PVy,, PV,
, PV, and PVni, Ao respectively, for i = 1,2, then we use
(2.1), (2.17)—(2.19) and Young’s inequality to obtain

2 2
||Gn1,7L] NI (t) - O-T]z.,lz.,lulz (t)”)f S C(H“m (t) —Un, (t)”“f/
t
2
+/0 (18, 20411 () = Oy iy ()15 + e, (5) = any ()15

+1162, (5) = 01, ()17 + 1160y (5) = Gy (5) ||5)dS)-

Which permits us to obtain, using Gronwall’s lemma, the in-
equality (3.29).

By taking into account the above results and the properties
of the operators & and ¢ of the functions y and ¢, we may
consider the operator

A:L2O0,T:7" x V' x V') = L20,T; " x V' x V'),

A, A0),80)) = (10, 20),10),
A0, 20, 10) A0, 20),0),
defined by
(A0, 2 080 3),1, = (6 (2ln(0),209) .
([ 9(0n 209000 (6)).83(6),0(5)) s )
+J(Bn (1), un(2),v) Vv € 7,

(3.33)

(3.34)

(1),6u(t))
(3.35)

6(1),6u(1)).
(3.36)

A @), A (1), 1(0)) = W (0 2,0 (1), €1y (1)), 6
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Lemma 3.8. The mapping A has a fixed point
(M*, A%, 1) e L2(0,T; 7" x V' x V').
Proof. Let (N1, A1,11), (N2, A2, t2) € L*(0, ;7" x V! x V').

We use the notation uy, = u;, iy, = t;, iy, = i;, By, =
Bi,0), = 6i,¢u, =¢ and oy, 3, . = 0;, fori=1,2. Letus
start by using (2.1), hypotheses (2.17)—(2.19), (2.23)—(2.24)
and the definition of Ry, R; and Remark 3.1 we have

A (11 (1), A (2), 11 (1)) — (112( ), lz( ), k2 (1)) |15
< ||£(8 u1 t ) ( )”V
+/ 1% (61(s), € (un s),el(s (s))—
(02(s), & (ua(s)), 2(S)7€2(S))||%ds
uinv(t)) — pv Mznv(t))lle )

+C(|IBF (1) Ry (urny (1)) — B t)Rv(uznv())ller3)

+C([lp=(B1 (1)) Re(uinz (1)) = pe(Ba () Re (u2n=()) Iz )

SO we obtain

A1 0), 1) 11 1)) = A (020, A0). ) 3
<( [ (l01(6) = 02(6) Py + aa5) ()3 +
181(5) = B2(6) 2y +111(5) — 292 I+

Ju (6) — a6} 3 + 1B 0) — Bo(0) e )
(3.37)

<

We use estimate (3.29) to obtain

A (11 (2), M (0), 101(2)) — A (M2(2), A (1), 2 (1)) |15
SC(/O (llur () = w2 (5115 + 161 (5) — B2(5) I 2
+I61(5) = G2(5) 172y ) s + Iluer (1) — w2 (1) |5

HB1 ) = Bo1) 21 ).
(3.38)

Also, from the Cauchy problem (3.19)—(3.20) we can write
!
=Po —/0 Hoaa (Bi(s), &g, (s), Ry (uiv (s)), Re (uiz(s)) ) ds
and, employing (2.21) we obtain that
t
1816~ Ba(0) 21y <€ [ 181 (5) =Bl
!
e /0 Ry (110()) R (b2 (5)) 2 1 s

4 C/Ot HRT(ulT(S)) Re(uzz(s) ”L2 (T3) d

Using the definition of R, and R; and writing 8; = B; — B, +
B2, we get

18160 B0y <€ [ 1B16) ~ Bos) iy s
+/0 HMI(S)—Mz(S)HLz<F3)ddS)-
(3.39)

Next, we apply Gronwall’s inequality to deduce
1B1(6) ~ Bo ()21
t
<C [ un(5) =205 ey s

and from the relation (2.1) we obtain that

B0 = B0y < [ Nhr(s)—ua(s) s 3.40)

holds.
On the other hand, since u;(t) = ug + [ i;(s)ds, we know
that for a.e. r € (0,7),

@) =@l < [ lin() =il ds. @41

Applying Young’s and Holder’s inequalities, (3.38) becomes,
via (3.40) and (3.41)

A (1 (6), A (1), (1)) = A (mae), o (0), 2 (6) I
< ([ (ir9) = ia(6) 3 + ua5) = wa(s)
+1161(5) = 82(5)II} + 1161 () — 2(5)113 ) s )

ae. te(0,7T).
(3.42)

Furthermore, we find by taking the substitution 1 =11, 1 =
12 in (3.10) and choosing v = 1 — i, as test function

(p ity (t) —iiz(t)) + Aty (t) — Aia (1), 101 (1) — 12 (1)) 15y
=(No(t) =M (2),u1(t) —iia(t)) yrxy ae.te(0,7T).
By virtue of (2.17) and (2.29), this equation becomes

002 41y (1) — i (1) By + e i (1) — i (1) 13 <
Im2(t) = mu(2) ||y [aar (2) — a2 (2) || 5.

Integrating this inequality over the interval time variable (0,?),
Young’s inequality leads to

(P* )2\l () — 2 (1) ||+ ey fi i (5) — via(s) |3 ds <
2 ol (s) = ma(s)[3ds.

Consequently,

[ i) = aa(s) s < [ Im(s) = mao)l s,

ae. t€(0,T),

(3.43)

0020
N
S5272

o
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which also implies, using a variant of (3.41), that

Jia () =201 <C [ lm(5)=a(5) s

(3.44)

Moreover, if we take the substitution A = A1, A = A, in (3.21)
and subtracting the two obtained equations, we deduce by
choosing @ = 6, — 6,, as test function

*\2 t
) |\91<t>—ez<r>||iz<g>+c1 JACCE

/ (s

Employing Holder’s and Young’s inequalities, we deduce that

02(s)[vds <

v 161 (s) — B2(s)|lvds ae.t € (0,T).

(3.45)

SCAOIZE

182, (1) = 02,(1) B + [ 1162,6)
(3.46)

<c/ 12 (s

Substituting now {1 = u1,& =Gy, }, {1 =, § =Gy, } in
(3.26) and subtracting the two inequalities, we obtain

(s)||2.ds ae.t€(0,T).

t
116~ 20 gy + [ 16106~ & (5) s
ot
gc/ le 11 ( (s) — ta(s))||2ds a1 € (0,T),
JO
from which also follows that
1
6100 = 20l + | 16165 = @)lFpds
(3.47)
<c / (s

We can infer, using (3.42)—(3.47), that

IAY (M1 (1), A4 (), 1 (1)) — A% (12(2), Aa (), o
C(Im @) =25 + 121 (6) = A2 (£) 5+ | a1 (¢)

(s)||2.ds ae.t€(0,T).

<

(NI
—p2(0)]5).
(3.48)

From hypothesis (2.20), (3.29) and (2.23) it follows

AT (1(6), A1 (1), (1)) = AN (2 (1), A2 (0), 2 ()
=llw(o1(r), &(u1(r)), 61 (1), 1(r)) —
v (02(1),€(u2(1)), 62(1), 2(1)) I3
<C(u (1) —w (5 +161(1) = 6207 + 1 (1) —
ae te(0,7).

20)|y)

This permits us to deduce, via (3.43), (3.46) and (3.47), that

IAT(11(2), 21 (1), 1 (1)) = AT (M2(0), A2 (0), 2 (0) |15
CIm1 (@) =m2(O) |5 + 121 (1) = A2 () 1§+ | 11 (1) = 2 (1) 5.

<

ae. 1€ (0,T).

380

(3.49)

Similarly, using (3.29), (3.44), (3.46) and (3.47), we obtain
the following estimate for A2

()) A (a(0), M (), 2 (1)) 13
1),61 f))
())7 62(1), 62(1)) Iy <

(015 + 140 (1) = A2 (1) |5+ (111 (1)

A% (i (2), A1 (1),
=[¢ (o1 (), (w1 (1)), 6
¢(0a(1),€(ur
C(llm()—

2(1),

— (1) [[3).-
(3.50)

From (3.48), (3.49) and (3.50), we conclude that there exists
a positive constant C > 0 verifying

— A2, 22, ) |[57 sy <
— M2, M — Ao, g

[|A(M1, At )

(3.51)
Cll(m

2
_nuz)””//’xV’xV"

We generalize this procedure by recurrence on m. Then we
obtain the formula

||Am(nlaa’17ul)

mm

- Am(nZa 2’2) NZ) ||%42(0.,T;’7/’><V’><V/)

=M, A — A, 1 _u2)”i2(0,T;’1/’><V’><V’)'
(3.52)

Thus, for m sufficiently large, A is a contraction on LZ(O, T;V' x
V' x V'). Hence, Banach’s fixed point theorem shows that A
admits a unique fixed point (n*, A%, u*) € L*(0,T; %' x V' x
V). O

Now, we have all the ingredients to prove Theorem (3.2).

Proof. Let (n*,A*,u*) € L*(0,T; 7' x V' x V') be the fixed
point of A defined by (3.33)—(3.36) and denote by

(a) u=un+, (b) 8=10;+, (c)g=¢gur, (3.53)
(d) 0 = (i) + Opprpe  (€) B=By+. (3.54)

We prove that (u, 0,0, ¢, B) satisfies (2.35)—(??) and (3.1)-
(3.9). Indeed, we write (3.28) forn =n*,A =A% and u = pu*
using (3.53) and (3.54)(a) to obtain that (2.35) is satisfied.
Now we consider (3.10) for n = n* and using (3.53)(a) to
find

(pii,v)vrcy + (o (£(u(1))),€(v))
(F(t),v)yrxy, YveV,ae.

t),v)
).
n* , Az(n*al*7“*) = A* and
U* combined with (3.34)—(3.36),(3.53) and

<77 ( VIxV
v (e (0.7 (3.55)

Equalities A'(n*, A%, u*) =
Az(n*,l*,ﬂ*) _
(3.54) show that

{n"(0), >“//’><I/_ (5(8(M(f) ) €(v)) o+

( HACIO) i(s))),€(u(s)), ¢ (s))ds,e(v)) ,,(3.56)
(ﬁ( Ju (t),v Vve”f/,
(1) = w(o(t) - (e(i(t))), e(u(r), 0(1),5(r)), (3.57)
(1) =9 (o) — o (e(i(r))), &(u(r), 8(r), 5 (1)) (3.58)
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Now we substitute (3.56) in (3.55) and use (2.35) to see

that (2.36) is satisfied. We write (3.21) for A = A* and use
(3.53)(b) and (3.57) to find that (2.37) is satisfied, also we
write (3.23) for u = p* and using (3.53)(c) and (3.58) to find
that (2.38) is satisfied. We consider now (3.19) for n = n*
and use (3.53)(a) and (3.54)(b) to obtain that (2.40) is sat-
isfied. Next (??) and the regularities (3.1)—(3.3), (3.5)—(3.9)
follow lemmas (3.3), (3.4), (3.5) and (3.6). The regularity
(3.4) follows from lemma (3.7). The uniqueness part of the-
orem (3.2) is a consequence of the uniqueness of the fixed
point of the operator A defined (3.34)—(3.36) and the unique
solvability of the problems PVy, PVg, PV), PV, and PV, 5 ,,
which completes the proof. O
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