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Approximate controllability of impulsive neutral
integro-differential equations with deviated
arguments and infinite delay in Banach spaces
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Abstract

In this paper we discussed about the approximate controllability of impulsive neutral integro-differential equations
with deviated arguments and infinite delay. In the nonlinear term, we introduce the control parameter. The
invertibility of the operator in infinite dimensional spaces is not possible if the generated semigroup is compact.
So we remove to assume that concept and there is no need of Lipschitz continuity of nonlinear function. Finally

suitable example is also given.
Keywords

AMS Subject Classification
93B05, 34K45, 47H10, 34K40, 34G10.

Article History: Received 12 March 2019 ; Accepted 09 June 2019

Controllability, Impulsive differential equations, Fixed point theorem, Neutral equations, Nonlinear equations.

" Department of Mathematics, PSG College of Arts and Science, Coimbatore - 641 014, Tamil Nadu, India.
2 Department of Mathematics, C. B. M. College, Kovaipudur, Coimbatore - 641 042, Tamil Nadu, India.
*Corresponding author: ' usha.vsr@gmail.com; 2arjunphd07@yahoo.co.in

©2019 MJM.

Contents
1 Introduction........c.cviiiiiiiiiii i 440
2 Preliminaries..........covviiiiiiiiiiiiiiiiiiiiieans 442
3  Approximate Controllability results............... 443
4 Application.......cocviiiiiiiiiiiiiiii e 449
References........ccooviiiiiiiiiiiiiiiiiiiiiinnenns 449

1. Introduction

In this paper we establish the approximate controllability
of impulsive neutral integro-differential equations with devi-
ated arguments and infinite delay in a Banach space (E, || - ||)
through the utilization of a fixed point theorem. We discuss

the corresponding model

a4 {x, g (t,x,, [a (t,s,xs)ds)] — —AW()
+Bul(t) +§(t,u(t),x(a(X(f)J)))

+g<t,x,, /f aj (t,s7xs)ds> ,
0

teJ=(0,T),t#n,i=1,...N, (L1)
xo(1) = 9(1) € (—o0,0], (1.2)
Ax(ti) :Ii(x(ti))’ i= 1727' . '5a (13)

where —A(t) : D(A(¢)) C E — E is an infinitesimal generator
of an analytic semigroup of bounded linear operators on E. B
is a bounded linear operator from U to E. The control function
u(-) € L*(J,U), where U is a Banach space. D =1t1,13, ...,t,, C
J=[0,T],0=1t9<t) <...<ty <tyr1 =T. The time history
X 1 (—o0,0] = E,x,(6) = x(r + 0) lies in the some abstract
phase space %, defined in [4]. Consider hg : (—o0,0] — R,
a continuous function such that [ = [°_ ho(r)dt < e. Then
By = {9 : (—o0,0] — E is such that for all b > 0, |[¢(6)]|
is a bounded measurable function on [—b,0],[|¢|[_p0 =
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sup [0(0)]| and [°_h(s) sup [¢(8)]||ds < oo }. Obviously
s<0<0 s<6<0

By, is a Banach space with norm [°_h(s) sup |¢|/ds <
s<6<0
oo, ¢) € %By. The function .7 : J X E x E — E and the func-
tions 4,9 : J x B, x E — E. The function a : E xJ — E
and [; : E — E where i = 1,2,...0 are appropriate functions.
¢ : [—0,0] — E is a given Lipschitz continuous function.
The semigroup of bounded linear operators concept is ab-
solutely significant to managing with differential and integro-
differential equations in Banach spaces. Lately, for a partic-
ular generous type of Impulsive differential equations with
deviated arguments in Banach spaces, this concept has been
utilized. For more details about semigroup theory and frac-
tional power of operators we refer to [25]. Differential equa-
tions involving a variable as well as unknown function and
its derivatives, which are taken, generally speaking for differ-
ential values of the variable (as distinguished from ordinary
differential equations). Such conditions showed up toward the
end of the eighteenth century. They were investigated over
and again both for their own purpose and regarding taking
care of geometric problems. Later on the theory of differential
equations with deviating argument is an dominant part of the
more extensive theory of functional differential and functional
integral equations. These speculations make exceptionally
noteworthy branches of nonlinear analysis and final numerous
applications in physics, mechanics, control theory, biology,
ecology, economics, theory of nuclear reactors and in other
fields of engineering and neutral sciences. One of the fun-
damental issues considered in the hypothesis of differential
equations with deviated arguments is to set up advantageous
conditions. The outcome, we will demonstrate in this paper
sums up a few ones acquired before in [2, 13, 14].

If any state vector may be steered arbitrarily close to an-
other state vector in a control system, then we call it as approx-
imate controllability of a control system. There are only few
papers discussing the controllability of differential equations
with deviated arguments on infinite dimensional space. This
paper studies the approximate controllability for the nonlin-
ear control system described by integro-differential equation
with deviated arguments. The control parameter being inside
the nonlinear term. Only Schauder fixed point theorem and
a few fundamental hypothesis are used to prove our result.
The assumption of the existence of inverse of controllability
operator is not required. Since its inverse does not exist in
infinite dimensional space if the associated semigroup is com-
pact. Lipschitz continuity of the nonlinear function is also not
required.

Controllability theory of nonlinear and nonlinear control
problems in infinite and finite dimensional spaces has been
studied by many researchers and the details can be found in
various papers and monographs see [20, 21]. A control system
represented by an abstract neutral differential equation with
deviated argument was studied by Muslim et al. [21]. They
used semigroup theory of linear operators to study the com-
plete controllability of the given system. For the initial studies
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on the control theory of various kind of abstract differential
equations, we refer to [5-7, 21, 23].

The approximate controllability of non autonomous non
local finite delay differential equations with deviating argu-
ments in a Hilbert space, by establishing sufficient conditions
for the existence of mild solutions was studied by Haloi [18]
and also Muslim et al. [22]. Without imposing additional
assumptions such as analyticity and compactness conditions
on the generated semigroup and the nonlinear term, the results
were obtained by Sanjukta Das et al.[11]. Pandey et al. [24]
used the analytic semigroup theory and fixed point arguments
to study the existence and uniqueness of mild solutions of a
neutral differential equation with a deviated argument in a Ba-
nach space. Lateron Wang et al.[27] proved the approximate
controllability of sobolov type fractional evolution system
with nonlocal conditions.

The papers of Benchohra et al.[1], Y.K. Chang [4] and
Muslim et al.[21] discussed the exact controllability of func-
tional systems with infinite delay. However, in these papers
the invertibility of a controllability operator is assumed as
a consequence their approach fails in infinite dimensional
spaces whenever the generated semigroup is compact.

Equations with a deviating arguments describe many pro-
cesses with an after effect; such equations appear, for example,
any time when in physics or technology we consider a prob-
lem of a force, acting on a material point, that depends on
the velocity and position of the point not only at the given
moment but at some moment preceeding the given moment.
The presence of a deviation-delay in the systems studied often
turns out to be the cause of phenomena substantially affect-
ing the motion of the process. For example, in automatic
regulators, the delay is the interval of time, always present,
which the system needs to react to the input impulse. The
plentiful applications of differential equations with deviating
arguments has motivated the rapid development of the theory
of differential equations with deviating arguments and their
generalization in the recent years see [13, 14, 16, 19, 26]. Ex-
tension of the theory of differential equations with deviating
argument as well as stimuli of developments within various
fields of science and technology contribute to the need for
further development. This theory in recent years has attracted
the attention of vast number of researchers, interested in both
in the theory and its applications. For more details, we refer
[2,3,8,9, 16, 17]

By the motivation of above mentioned literature we have
proved the existence of mild solutions for an impulsive neu-
tral integro-differential equation with infinite delay and with
deviated argument in a Banach space (E, || -||) through the
utilization of the Schauder fixed point theorem. In section 2,
we gave some definitions, preliminaries, some lemmas and
theorems. In section 3 we have presented the existence re-
sults for the structure (1.1) — (1.3) under Banach Contraction
principle and Schauder fixed point theorem. Finally we have
provided the example based on the proof.
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2. Preliminaries

In this section for our convenience we state some basic
definitions, preliminaries, lemmas and assumptions that will
be used to prove our main results. We briefly outlined the
facts concerning analytic, fractional powers of operators. For
further details, we follow the monographs [12, 25]. Let E and
U be Banach spaces. The state function x(-) takes values in
Banach space E. The control function u(-) € L?(J,U), where
U is a Banach space.

Here we define few notations that are used in the follow-
ing sections. M =sup||S(t) : 0 <t <T|, M, = ||B|, ||&t]| =
J& |0G(s)|ds and let lim n'rr) = 1. We define the space %,
where

B, = {x: (=0, T] = E : x; € C(Ji, E) and there exists x(¢

()
and x(1;), with x(1,) = x(1; ), xo = ¢ € By, k=0, 1,...,m}
m.

where x; is the restriction of x to Jy = (fx, fx41],k=0,1, ...,
Set || - ||; be a seminorm in 2, defined by

[Ixlle = %ol + sup{|x(s)| : 0 < s <1},x € B,

We define the following operators, T} = [ S(T —s)
BB*S*(T —s)ds and R(A,T?) = (AI+T%)~1.

Definition 2.1. The system is said to be controllable on the
interval J if for every xo,xt € E, there exists a control u €
L2(J,U) such that the mild solution of (1.1) to (1.3) satisfies
x(0) = x0,x(T) = x7.

Lemma 2.2 ([10]). Assume x € %, be a function and for
t €J, x € (—o0,0], then

U@ < [l (o0 < @] (—eo0) +1 sup [Ix(s)]]-

s€[0,1]

In order to study the existence results for the problem
(1.1) to (1.3) we need to list the following hypotheses:

(H1) A generates a strongly continuous semigroup S(¢) in the
Banach space E and there exists a constant M such that
[S@) <M.

(H2) The nonlinear map .% : [0,T] x E X U — E and there
exists a positive constant (-) € Ly (J,R") and a non de-
creasing function f; € Li(Cx U,RT) andi=1,2,...,m

such that
m
| (t,x,u)|| < Z’()ci(t)f,-()@u)7 V(t,x,u) eJ X E XU
i=1
(H4) The function ¢ : [0,T] x B x E — E is completely

continuous and there exists a positive constant Mg such
that

191,01, 02)|| < Mg [1+ |15, + [ 92]lE]
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(HS) There exists positive constant M, the function ¥ :
[0,T] x Bx E — E is completely continuous and uni-
formly bounded such that

H?(taza W)H < ME[I + HZHS?/, + ||W||E] )

(H6) There exist positive constants M, where i = 1,2 and

the map a; : J X J X B— E where {(t,s) € J X J :t > s}
are continuous such that

llai (2,5, < M [1+ [|x]] 53,

(H7) The functions I : Eq(to) — D(A) where k= 1,2,....m

are continuous functions and there exist positive con-
stants M; to ensure that

([ 2e(x(0) = Iy (w)) || < Mil|x(e) =y (80l
k=1,2,....m, Vx(tk),y(tk) cJi ZJ{tl,l‘z,...,tm}

(H8) The functions I are continuous where k = 1,2,....m
and there exist a positive constant dj such that

|lc(2)|| < Be- k=1,2,....m,Vz € E
m
and ) B =B
k=1

(H9) AR(A,IT) —0asA — 0"

(H10) There exists a Banach space (U, || - ||y) continuously
included in E such that AS(¢) € L(U,E) for all r € J and
S(-)x € C(J;E), for every x € U. There exists a constant
Mg such that [|[AS(t) ||, ) < Mg forallz € J.

Definition 2.3. A piecewise continuous function u(-) : (—oo, T|
— E is called a mild solution for the problem (1.1) — (1.3) if
u(t) =9(t),t € (—o0,0], Au(t;) =Li(u(t;)),i=1,2,...,6 and
u(+) satisfies the integral equation

S5(t,0)[¢(0) +%(0,9(0),0)]
—&—g(t,x,,/o al(t,s,xs)ds>

“a (r,g,xg)dg)dr

+f IS(I,T)g(T,xT,'/O Tag(r,g,xg)dg)dr
+/OIS(t, 7) {32 <‘L’,u(r),x(a(x(r),r))>
—&-Bu(f)} dt+ Y S(t,6)hi(x(r))

0<t<t

=
=
I
N
A
[
2
S—

foreacht € [0,T].
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3. Approximate Controllability results

In this section we present the existence results for the
structure (1.1) — (1.3) under Banach contraction principle
and Schauder fixed point theorem.

Definition 3.1. We define the mild solutions of (1.1) as x(-) €
PE x C(J,U),xo = ¢ and which satisfies the following inte-
gral equation

S5(2,0)[¢(0) +%(0,9(0),0)]

—%(t,x,, Otal(t,s,xs)ds> +/0tS(t,’L')
A ()Y T,xf,/ofal(r,g,xg)dg)dr

+ [ 56,07 (e, [ raz(r,g,xg)dg‘>dr

+ /0 "S(t,7) {f/“ (r,u(r)7x(a(x(r),r)))

+Bv(f)} dt+ Y S(t,6)(x(t))
0<t;<t
G.1)
For A > 0 we define an operator ¥y (x,u) = (X,v) on

PE x C(J,U) where

PE([—o0,T],Eq(ty)) = PE* = {x:[—o0,T] = Eq(to )
x is continuous at 7 # #; and left continuous at 7 = #; and x(¢;")
exists, foralli=1,2,...,8},

with norm ||x|| gpge = sup ||x(¢)||« is also a Banach

te[fogT]
space and E(fy) be a Banach subspace for some 0 < o < 1
and 1 € [0, 7.

v(t) = B*S*(T,t)Z(A,T8) p(x,u)
5(2,0)[¢(0 ) %(0,9(0),0)]

g(r X, al t,s,xs ds) / S(t,7)
0
A (1)9 <r / a1 (T,6,x¢ dg>dr
0

/ )9 7,xz, d2 (7,6,x¢ dg)dr
+/Str [ ( u(7),x (x(‘L'),‘L')))

+Bv(r)]dr+ Y S@a)L(x(n)

0<t;<t

(3.2)

[\
—
-~
=
I
C\

(3.3)

where

p(x(-)) = xr —S(T,0)[¢(0) +%(0,9(0),0)]

T T
—i—g(T,xT,/ al(T,s,xs)ds) —/ S(T, )
Jo 0

T
%(T)%(T,xﬁ / al(T,S,x(;)d5>dr
0
T o P
,/ S(T,r)%(r,xf,/ az(r,g,xg)dg)dr
0 0

delay in Banach spaces — 443/450

T
7/0 S(T, 7 ﬁ(r,u(r),x(a(x(r),r))>dr
— Y S(T,0)li(x(t:))

0<t;<t

(3.4)

The system (1.1) is approximately controllable if for all A > 0
there exists a fixed point of the operator W* which is the mild
solution of the system (1.1). For any arbitrary h; € E, the
control

u(t) = B*S*(T, )2 (A, T5)p(x,u) (3.5)

T T
+§4(T,xT,/O al(T,s,xs)ds> —/0 S(T,7)

T
xﬂ(r)g(r,xr,/ a1(7,57x5)d6)d1
0

/ S(T (1 xf,/oraz(r,g,xg)dg>dr
,/0 S(T,t ﬁ(r,u( ),x(a(x(f)’f)))df
3.6)

transfers initial state xq to

o) = — AT +T]) ! [h ~S(T.0)[9(0)
+%(0,6(0),0)] + ¥ <T,x(T), /O " (T,s,xx)ds>
—/OTS(T, DA(D)Y (r,xr,/oral(‘c,ﬁ,xs)dS)d‘c

T o T
_/ S(T,T)g(f,x17/ ag(r,g,xg)dg>dr
0 0

_/OTs(T r)ﬁ(r,u(f),x(a(x(r),r)))dr] (3.7)

Proof. By substituting (3.2) and (3.3) in

2(1) = 8(2,0)[¢(0) +9(0,9(0),0)]

%(t,x,, S, X ds>
+/Strbzz%(z' <rx1,/alrgxgdg)
0

+/ NXI rxf,/ a (T, gxg)dc;)dr
0

+/ S(t,7) [ﬁ’(r,u (a(x (7)77)))

+Bv(r)} dr
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and at ¢t = T the value of z(7), J and for ¢(t) € D(A) for each t € [—,0),
A(T) = S(T.0)[9(0) +(0,6(0),0)] [\t { [///Gz M Mo AT M
_%(T7x(T),/Ta1(T,s7xs)ds>
0 [1 —|—///alT} M MGT AN + Mo, T

+f s<r,rw<r>f4<r,xf, [aesac)as orftain) <
i=1

+/ o (T o az Frote dg) a Proof. We define

<[ s f[ (e®)xtate(o). ) Wiy = {(5().()) € P ([0, T].E (1) x CU x V)

el 4 v@)]l < ro (3.10)
+BB*S* (T —t)Z(AI+T85) ' p(x, u)} dt
where r( is a positive constant. W, is a closed convex subset
(39 of a Banach space PE ([—eo, T),E(ty)) x C(J x U).

=S(T,0)[¢(0)+%(0,9(0),0)] Step 1:
T For 0 < A <1, there is a positive constant ry = ry(4) such
9 (10). [ arsn)as) that W W, > W,
+/IS(t,r)b<zi(r)£¢ (r,xﬁ /Oral (r,g,xg)dg>dr W (x,u) (1) = (%,v)
If (x,v) € W,,, we have
+/ S(T,7) (r xf,/ az(r,gxg)dg)dr Iv(t)| =
+/0 S(T, 1)9‘(T,u(r),x(a(x(r),r)))dr B*S*(T,t)Z(A,T}) x {xT —S(T,0)[¢9(0)

+ TG R +TE) " p(x,u)
=h —p(x7u) +Fg%(ll+rg)_1p(x,u)

=hy — p(x,u)+ [I—l,%’(ll—l—f‘g)]}p(x,u) _/TS(TJ)!Q{(T)%<T’XT7/0701(775,x6)d5)d7

:hl—p(x,u)+p(x,u)—l%(lI+Fg)*1p(x,u) / S(T g(r xr,/ az(r,g,xg)dg)df

AT) =hy —AZ(A,T5) " p(x,u)
- /O S(T,'L')?<T7u(r),x(a(x(r),r))>dr

+%(0,6(0),0)] +g<r,xT, /0 Tal(T,s,xs)ds)

The control u(t) = B*S*(T,t)Z (A +T¥) ' p(x,u) transfers

the initial state xg to _ Z S(T —1;)I( 1))}
0<t;<t
zr =hy — AR (A, TH) 7! [hl —S(T,0)[¢(0)
T ¢7 re (_0070]7
+f¢<o,¢<o>,o>1+%(nxﬂ [ ) S(.0)[6(0)+(0.(0).0)
t
_g I Ny 39y As d
/ S(T,7)A <’C xT,/ a1(1,6,x5)d6)d1 t(t i /0 al(t * x) s)
. . +/O S(t, 7)< (1)
- G| t,xz, dc |d T
/ S(T. ) (Tx /0 a2(7.6:%5) g) ‘ (1) = %(T,xf,/o al(r,g,xg)dg>d1:
/ S(T,7).7 ( u(t),x(a (x(r)m)))dr} + (:5(;,r)g(r,xT,/OTaz(r,g,xg)dg>dr
t
Hence proved. O +/0 S(t,7) [fz (Tau(f)ax(a('x(f)af)))
+BV(T):| dt+ Z S(t,ti)li(x(t,-))
Theorem 3.2. Assume that the hypotheses (HI)-(H9) hold, 0<t;<t
then for all 0 < a < 1 the system (1.1) has a mild solution on (3.11)

o
00,
S5272
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We express the function &(:) defined by - /t S(t, 19 (T,k} +<I>z,/r ax(7,6,% +¢‘g)d§> dt
0 0
o {5000 ifr€ 0.7] ,
600, it € (~e00). - [ 5609 |# (0. (7+ @) atito) + 0(0), ) ) ar
We can decompose x(1) = (1) +x(t), 1 € (—oo,T] 3
where x =0, <0and forz >0 0<zr,:<zS 1,0 (x(1) + ()| €[0,7].
x(t) =

< |1BHS™(T,0)[[|22 (2, 1) |
5(,0)[4(0,9(0),0)]

t
_g<t,)7; +<I>t,/ a (I,S,YS—FCDS)ds)
0

3
+/ o (T)S(t,7T) %
0
T
%(r,ir—k@,,/ ai(7,6,% +<I>g)dg>dr
0 t
: +H / S(t,7)
+/ S(t, )% 0
0

X [ﬂ" (r, u(t), ¥+ ®)(a(x(7) + P(7), r)))} dt

. [nxr ~5(1,0)[#/(0,9(0),0)]| + H [ o@st0
XY (r,k} +d>r,/01a1 (7,6, % +<I>g)dg) dt

t o T
+H/ S(t,r)%(r,ic}+d>r,/ a> (7,6, % +<I>g)dg>d1:
0 0

. T
%(r,fﬂrfbf, / ar(7,6,% +<I>g)dg>dr
Jo

+/()t5(t,f)x

[ﬂ (r, u(7),(X+ @) (a(x(7) + (1), f)))

] 1 €10,7T].

Y S LG -I-CI)(I,))‘

0<t;<t

(3.14)

By using the notations defined and the Hypotheses (H1) —

—I—Bu(’c)} dt (H9), we have
+ Y S(t)L(E() + (), t €[0,T]. (3.12) A1 = [|B[|IS*(T,1)|[|2(A,T5) |
0<ti<t 1
< —MyH
We can define A

Ay = [S(2,0)[¢ +¢(0,9(0),0)]

#,% = {(G(),u(-)) € PE([—oo,T], E( 0)) xC(I*xU) < M9z, + M M1+ 9] ,]

¥ flu(@)]] < ro and X(0) = 0}

t
For further proof, we need the following estimation. As = Hg <t7xt + q)h/o “ (t’ S d)s)ds) ‘
1% + ), < MG+ (Iro+q) + Ay T(1+ (Irg+q))]
< ”E”(@th”q)H/ﬁh §///G+//lglm+///Gq+///G///alT
<1 sup [[5(s) | +[IFollz, +1 sup [|(s)]| + (]|, o loMaTlro+ Mo Mo Tq
s€[04] s€[0,1] S MG+ Mcq+ Mo Mo T + M Ma Tq
<lIro+IM[[¢(0)]| + |§]|2,
<In+q + . MGro l+/fa1Tl
where g = IM||¢(0)]| + [|¢]|,- = {
< p1+Aglro |1+ M, T
Let 7;(ro) = sup { fi(x(a(x(s),s)),v)) : [|x[| + [[v(1)]| < ro, l
V(x,v) € PC((—,T],E(t9)) x C(J x U) }and (x,v) € W, where py = MG+ MGq+ MG Mo T + MG Ma Tq.
then
[v(®)]l =
’ B*S*(T’t)%(l,rg) X |:XT —S(l,O)[g(O,(P(O),O)] {f(r,fr—l—@ﬁ/ral (T,g,fg +<I>g)dg) drt
0
t t
+€4<hfr +‘I>~/O al(fasyfer‘i’s)dS) —/0 (1) < MgT {///G+///Gq+///(;///alT
T
x S(t,7)9 (r,fﬁcbf, /0 al(r,g,k“g+<1>g)dg>df +///G///aqu+///Gro[l+///alTl]}
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<p2+ //A/;;T//lglro[l + My T)

where p, = /Z;T [///G + Mcq+ MMy T

+ //GJ/,“ Tq}

/()[S(t,’v)x

o T
g (r,fr + CI>T,/ ar(7,6,%¢ +d>g)dg) dt
0

< %%@T |:./%G + %@C] + %@%@ T
+ MM T g+ AMgro[l + ///@Tl]]
< 3+ M AMGT Mlro|l + My, T)
where p3 = //%ET |:.///G + .//lgq + %g.ﬁazT
+ %E%az Tq:|

A6‘ (I,T

[ 7,u(7), (X + @) (a(x() + P(7), )))}dr

< ///Tiai(f)f [

i=1
m
< ATY |loil|mi(ro)

i=1

Y S@,u)I(

0<t;<t

(1), (X + @) (a(x(1) + D(7),7))]

i ”’(””H < up,

By substituting all these estimations in the above equation,
we get

1
(@)l < ;L///b///{IIXT + M9+ A A +9]|5)

+ p1+ Al [l + J/al T}

+ P+ MGT Mlro[1 + M, T)
+p3+ %%@Tﬂgll’o[] —|—.%QZT]

+.//TZ \|Oci||7t,~(ro) +M Z ﬁk}
i=1 k=1

[||xr+///|¢3+ A1+ 08

»\_

+p+Miﬁk]

k=1

A
+ I"O%%ET%EI[I + %az T]

+ 1///,,//1{4) {///Gz +//70T///Gl} {1 My, T}
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—i—///TZ ||Ot,-||7r,-(r0)}
i=1

=0

where p= min{pl aP27P3}~
We estimate the following by using

IIZ()II<‘ 5(2,0)[¢(0) +4(0,¢(0),0)]

—g(t,x,, altsxs )

S(t, 1) (1)9 (rxr,/ ai rgxg dg)
0

+/ S(t,t {9( (T)7T))>
+BV(T)]dT+0<Z,i:<ts(t’ti)li(X(ti))"

< MM+, ] +p+M Y B
k=1

+ro [///Gl + /Z/ET///GJ} {1 My, T}
+ro M MGT MG + My, T|

“!‘./%TZ |\Oc,-||7r,-(r0)

Fy
=0

By adding Q; and Q», dividing by ry and letting rg — o we
get

lim 71//1,///{ [//lgl + //Z;T//lgl} {1 + My, T]

rg—o°

M AMT MG+ M, T)
7 (r
+//1TZ|| al (0)}

+ [///GH//?ET///GZ} {1 +<//zalr]
“r%/ngﬂ@ [ +%a2T]

7'[,(}’0)

+///TZII 0|

<[1+ I///b//’] { [///Gz +/Z;T///Gz}

x [1 My, T} M MGT MG + My T)

+///TZ||a,-||n} <1 (3.15)

i=1
Therefore by the theorem (3.2) we get

I* ()11 = V()| + llz()]] < ro-

020
s
o272
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From the above inequality shows ph maps W,, into itself.
Step 2:

As per infinite-dimensional version of Arzela-Ascoli theorem
and from step 1, we need the following proofs.

(i) For all ¢ € J, we define a set

V(1) = {P* (x,u) (1) : (x,u) € Wy}

We need to prove is relatively compact.
(ii) For an arbitrary € > 0 there exists § > 0 such that

P (e, u) (1) =¥ () (12) | < &

if (x,u) € Wy, |ti —t2| < 8, forall 1,1, € J. In the case where
t = 0, the set V(¢) is trivial, since V(0) = ¢(0). Therefore
assume ¢ be a fixed real number, such that 0 < ¢ < T. For
a given real number 7y such that 0 < y < ¢. Then define an
operator l//{} such that

VA (1) = [S(TW (r.u)(— 1), B'S* (T, 7)

(1] )p(xm)} |

i (x,u)(t—p) = S(t— p)[xo+9(0,6(0),0)]
The set

Vy(t) = {wﬂ (x,u)(t) +9 (t,f, +c1>,7/0’a1 (t,s,)?s—kd)s)ds) }

is relatively compact since S(¢) is compact.
In another words there exists a finite set {y;,1 <i<n} in
PE€ x U such that

Vy(t) C UL B(yi,€/2)

where B(y;,€/2) is an open ball in 2% x U with centre at y;
and radius €/2. Also, we have

1w (e,)) (1) = (wy () (1)

S(t,7)BB*S* (T, s) (Al +T1) "' p(x,u)ds
Jt—p

+ S(t,1).F

t=p

<

’ .t
t

<r, ur, (X4 P)(a(x+d(7), T))>dr

m

1 1
< IM2Mb2Pp +MZ/ o (7)mi(ro)dt
i=170

<g/2 (3.16)
where
Pp = llxr || +M][¢(0) +%(0,9(0),0)||
+ p1+ Alry [1 +%a1T:|

+ po 4 M AMGT MGlro[| + My, T)
+ p3+ M AMGT MGlro[1 + Mo, T)

i Zl | /0 las(o)]| m(ro)dT+ Y S(T ) ()

k=1
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Vy(t) = {w% () (1)
—|—€€<t,ft —|—CI>,,/0ta| (t,s,)?s—&-fbs)ds)

: (‘x’ M) € Wro} C U:'n=1B<yi7£)

Hence the set V (¢) is also relatively compact.
Step 3:
Further we need to prove the set {y* (x,u)(-)|(x,u) € W,, } is
equicontinuous on [0, T].
When0<t,+60 <t +06 <T, we have
[v(t)) =v(z2)]|

<||B*S*(T,t,) — B*S*(T,n)||

1
<3 [ Ierl 4 M100) +9(0.0(0).0)
+p1+ Al {1 + My, T]

+ po+ M AMGT Mlro[1 + My, T]
3+ M AMT Mglro[\ + M, T)

+ AT Y ||0G(7) | mi(ro)
i=1
+M2dk:|
k=1
t—p
S —
+/0 (t—p,7)

t
X %(t,)?, +<I>t,/ aj (t,s,k}+<1>s)ds)dr
0

(3.17)

And we have
|z(t1) —z(22) |
=|IS(t1 +6) —S(r2+0)||

1
X 54<l1,)7zl+¢’z17/0 al(ll,S,)@-ﬁ-q)s)dS)

1
_g<t2;;€tz +q)t23/0 a (12757)7‘;+q3s)d5) H
tr+6
+ [ ISt + 0,9l (9]
H+6
dt

X

t
“
0
T
X g<f7;1+¢r,/0 ag (T,g7£g+q>g)dg)

ty+6
st +6,9)]

T
g<f7ff+q)r,/0 aq <T7g7£g+q)g)dg)
+6
15(1 +6,7) = S22+ 6, 7) ||| (7)]]

drt

+

n+
_/ T _
g(nxf—i—(br, /0 ag(r,g,xg +CI>g)dg) ‘

X drt
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1140
[ I8+ 6,5~ Sl +0.7)]

. T
x ‘%(r,k}+<b1,/ a> (T, 6,%; +d>g)dg>‘dr
0

1,46
+ [ ISt 0.0
tH+6

X ﬁ(nu(r),(f—i—dﬂ)(a(f(r)—|—<I>(r),r))> dt

Z‘1+9
+/
0

F <T7u(’c), (F+®)(a(x(7) +<I>(r),r))> dr

||S(t1 +677’-) _S(t2+671)||

140
+ [, IS8, o)l Bu()dz

+ / S(t2+6,7)|/||Bu(7)|dT
+ Y S+ 60,4)|IL(x(H) + 1)

n<ti<t

+ LIS

0<t;<ty

IS(t1 4 6,7) —

(t2+ 6,1;) — S(t1 + 0,1)]|1I;(X(1:) + D))

(3.18)

Since S(+) is compact and by Lebesgue Dominated Conver-
gence theorem all the terms tends to O as #; — #, which gives
the equicontinuity and boundedness of y} (W, ). This will
imply that v ( ,) is equicontinuous and bounded. V is also
equicontinuous.

Therefore by Arzela-Ascoli theorem in 2%, the set yit (W)
is relatively compact and hence by the Schauder fixed point
theorem w* has a fixed point. O

Theorem 3.3. Assume that the hypotheses of the previous the-
orem (3.2) are satisfied then the system (1.1) is approximately
controllable on [0, T].

Proof. Assume (x*,u’) be a fixed point of y* in W, and any
fixed point of y* is a mild solution of (1.1) on [0, 7] under
the control

u* = B*S*(T,))R(A,TY) p(x*, u?)
and satisfies x* (T) = h— AR(A,T}) p(x,u).
By using the property that .%,%,% are uniformly bounded

then there exist constants K; and K, which are positive such
that

{Hy(“""‘%)»xA (a(x*(s),s)))’
+ H%(r,xﬁ/(fal (t,5,x*)ds

_ T
+ H%(t,x,’l,/ az(t,s,x%)ds> ’} <K
0
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and

‘g(tax?’7f0Tal (l‘,S,X‘

subsequence,

{%,u”<s>7xl<a<xk<s>7s>>>
+€§<t,x%,/0Ta1 (t,s,xﬁ”)ds

T
+g<t,x%,/ aﬂt,s,xﬁ”)ds)}
0

is converges weakly to

{ﬁ(s,u(s),x(a(x(s)s))) +9 (t,x,, ./OATal (t,5,x;)ds

T
+§4<t7x,,/ az(t,s,xs)ds>}
0

The function a(x*(s),s) — a(x(s),s) and x* (s) — x(s) when
a is continuous.
6 (T) = |

< |A(AI+Th)

>H < K5. Consequently the

Her —S(T)[9(0) +£(0,9(0),0))]|
+ Hl(ll—i—l“g)lg(T,xf,/oTal (:,s,xﬁ)ds> H

T
+/ S(T,s)
0
T
[%(Z,xﬁl,/ al(t,s,xf)ds
0

AAIH+TH) Vet (1)

@ ' ds) |||
_ t s
(t,x,,/o ay (1,s,x;) s)” t
T
+/ S(T,5) | A(AT+TT) e (1)
0
9 ! d d
fxes [ an (1,5, '
‘ ( [ () s)‘
T
+/0 S(T,s) (/11+rT)

{g (t Xy, t,s,x?)ds)
%(r xt,/ tsxs )}dt

+/0 S(T,s)|[[A(AL+TH) !
o T
x%(t,xh/o ag(t,s,xs)dsﬂdt
+/ S(T,8)|AAT+T5) [ F (5,64) — F (s)]|ds
+ / S(T,)IAAT+T5) "7 (5)]|lds
+ Y ST, L6 (1)) - L(x(1;)] =0 (3.19)

0<t;<t

as AT — 0. Hence the approximate controllability of (1.1).
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4. Application

To epitomize our hypothetical results, now, we consider the
following INIDE with infinite delay
of the structure

e+ | [_antns -0
+/o[ /jw[{l (S7T)Q2(z(f,x))d’cds]
(;922 { (t,x) + Bu(t, x)}
T+ [./lwaz(t,x,s—I)Q3(Z(S7x))ds

+/0t /szz(s,T)Q4(Z(T,x))drds] + 11 (x,2(2,x))

+u(t,x,z(t+0,x)),x€ (0,m),t >0 (4.1
72(1,0) =z(t,®) =0, >0 (4.2)
Z2(t,x) = @ (t,x),t € [—o0,0],x € [0,71] (4.3)

Au(ty,) = u(t?) —u(t;

1

) =Lu(t,"),i=1,2,..8
(4.4)

where 1 (x,u(t,x)) = f5 ¥ (x,y)uly
all (¢,x) € [0,00) x [0, 7].

The function U, is measurable in x, locally Holder contin-
uous in # and 6 € [—e0,0] locally lipschitz continuous in u
and uniformly in x. ¢ is Lipschitz continuous on [—oe,0]
with Lipchitz constant % > 0 and it follows the conditions
¢(0,0) =0and ¢(0,1) =0.

In w4, is locally Holder continuous in ¢ and it satisfies the

i1(t) (b1 |u(t,y)|))dy for

condition #(0) = 0. Here ¥'(-,-) € C'([0, 7] x [0, ], R)
We defined u, as
o[t x,u(t+ 6,x)] / / Yo(t)P(s,y,x)u(t +s,y)dyds

In such a way that the function A which is measurable and

sup / / A (t,y,w)dydw < oo
re[—en,es] /0
Let E = L*(]0,x]). We characterize A(T)u = u(t,x) and we
2

d
defined A: E — E by Ax = d—; where the domain of A is
X

D(A) =3 z(-) EE : z € E,z,7 are absolutely continuous,

€ B.2(0) =) =0},
We have

=

Az=Y (-n*n’

n=1

) < z,e, > en,z € D(A),
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where ¢"(0) = /2 cos(nn0),0 < x < 1,n=1,2... Then

1
S(t)z= Z 2" lcos(mrx)/ cos(n7mx)

n=1
dl//+/

X / cos(nmx)z(
0

Further the functions a;,i = 1,2,0;,i = 1,2,3,4,K;,i = 1,2
and y;,i = 1,2 are continuous and u; < ¢y where i = 1,2, and
similarly we have a; < ¢3,i =1,2,0; < ¢3,i=1,2,3,4,K; <
c4,i = 1,2 are postive constants. Finally there exists con-
stants dj such that ||I;(x)|| < di. Therefore the problem 4.1
can be expressed as (1.1). Hence the (4.1) is approximately
controllable.

y)dy,z€E
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