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Properties and applications of soft digraphs
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Abstract

In this paper, some properties of a soft digraph are studied. In this connection some terminologies regarding
soft digraphs are defined. Also, the relationship between digraphs and matrices are studied. Later on soft
tournaments are introduced and some properties of soft tournaments are discussed. Finally applications of soft
digraphs and tournaments in solving decision making problem, traffic flow problem and determination of the

strongest team in a cricket championship are shown.
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1. Introduction

be solved easily with the help of soft set theory rather than
some well known theories viz. fuzzy set theo®@], proba-
bility theory, intuitionistic fuzzy sets theory][ 3], vague sets
theory B], theory of rough setslff] etc since these theories
have certain limitations. The problem with the fuzzy set is
that it lacks parameterization of tools. Thus many authors
like Maji, Roy and Biswas§, 9] have further studied the the-
ory of soft sets and used this theory to solve some decision
making problems. They have also introduced the concept
of fuzzy soft set and intuitionistic fuzzy soft set(-12], in

a more generalized way. In 2009, Ali et dl| [has defined
some new operations on soft sets.

Research in soft set theory (SST) has been done in many
areas like algebra, topology, applications etc (sker] 13,
14,19, for example). On the other hand several authors have
recently studied Fuzzy graph theory, soft graph theory and
studied the properties of fuzzy graphs, soft graphs and thei
properties 18] with the help of traditional graph theory[6].

We have introduced soft digraph theory in the light of soft se
theory and digraph theory 7).

In this paper, we will study the following: In Section 2,
some preliminary definitions and example regarding soft set

Molodtsov [L5] introduced the theory of soft sets as a newtheory, soft digraph theory are given which will be used in
mathematical tool to deal with the uncertainties whichitradthe rest of the paper. In section 3, some properties of soft
tional mathematical tools can not solve. Now soft set theorgligraphs are investigated. The relation between soft gdigra

is rapidly used in many fields like engineering, medical sciand matrices are discussed in section 4. Section 5 is devoted
ence, sociology, economics etc to deal with the complexitiefor soft tournament and its properties. Finally in the last-s

of modeling with uncertain data. Many practical problem cartion i.e. section 6, applications using soft tournament and
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vertices ofD adjacent from (resp. t®;. Two arcs in a soft
digraph are said to be parallel if they have same start and end
vertices. A soft digraph without having any parallel arcs is
o said to be a simple soft digraph. It is customary to represent
e a digraph by a diagram with nodes representing the vertices
Figure 1. The DigraphD and directed line segments (arcs) representing the arbg of t
digraph.
A soft directed walkn a soft digraph is an alternating se-
soft digraphs are discussed. quence of vertices and areg(e;,ey)ey,...,en. The length
of such a soft directed walk is, the number of arcs in it. A
T closed soft wallhas same first and last vertices anspan-
2. Preliminaries ning walk contains all the vertices. Boft pathis a walk in
2.1 Soft Set Theory which all vertices are distinct. Aoft cycleis a nontrivial
The idea of soft sets was first given by Molodtsov. Later Majiclosed walk with all vertices distinct. A soft digraph hagin
and Roy [L2] have defined operations on soft set and studiedo cycle is said to bacyclic A soft digraph isstrongly con-
their properties. nectedif for any two vertices are mutually reachable. The
o o ) soft digraph isunilaterally connected for any two vertices
Definition 2.1. [19] LetU be an initial universal setand et 4t |east one is reachable from the other. Otherwise the soft

E ={&ii =1....,n} be a set of parameters. Suppos®P gigraph is calledveakly connected
denote the power set of U and A be a subset of E. A pair

(F,A) is called a soft set over U if and only if F is a mappingTheorem 3.1. Suppose D be a soft digraph with n-vertices
givenby F: A— P(U). and g-arcs corresponding to the soft $ELE). If {e1,e,...,

. . €n-1,€a} is the set of vertices in D, then
Example 2.2. As an illustration, suppose a soft @t E)

describes attractiveness of the shirts which the authoes ar Z id(g) = ZOd(q) =q
going to wear.

U = the set of all shirts under considerationfx;,xp,x3,  Proof. Itis given thatD be a soft digraph witin-vertices and
X4,%s}. E = colorful, bright, cheap, warm e, e;,e3,64}. g-arcs. When the out-degrees of the vertices are assumed,
Let F(er) = {x1,%}, F(&) = {X1,X2, X4, X3}, F(&3) = {x4}, We are considering |F(¢)|. Now for eachx; € F(&) gen-

F(e4) = {X2,%s}. erates an ar¢e;,g)) if j <|E| or (g,es) if j > |E|. Thus
So, the soft sefF,E) is a family{F(g);i = 1,...,4} of Y |F(&)| also gives us the total number of args,ej) or

u. (e,€a). Hence, we have

2.2 Soft Digraph > ode) = [F(e)|=a.

Now we have defined the soft digraph corresponding to the _

soft set(F, E) in [17] as follows: Similarly, the result follows also for in-degrees. O

Definition 2.3. [17] Suppose gbe any arbitrary parameter Example 3.2. Consider the soft digraph in Figurel. Here,
such that Fe,) = ¢. Consider D= (Vp,Ap) be any digraph we havé(er) =2,i(ex) = 3,i(e3) =1,i(es) =2,i(ea) =1 and
with vertex set ¥ and arc set A such that, ¥ = EU {e,} o(e1) = 2,0(ez) = 4,0(e3) = 1,0(€4) = 2,0(€a) = 0. Now
Ao ={(e,€j) hjeF(a)and j<|E[}U{(e,€a) :hj eF(e) .

and j> |E|}. Then D is called a soft digraph of the soft set Yid(e) =) od®)=9=q,

(F,E). The vertex gis called the universal vertex for any

soft digraph D. whereq is the number of arcs.

Example 2.4. Consider the digraph D in the Figurkcorre- Theorem 3.3. No soft digraphiis strongly connected.

sponding to the soft setin Exam@e. Itis clearthatDisa prgof. For any soft digraptD corresponding to a soft set

soft digraph by Definitior2.3 (F,A), we have an universal vertesq such thatF (e,) =
@. This implies that outdegree of a universal vertex is zero.
3. Soft digraph and its properties Hence the result follows. O

An arcx = (e,&) in soft digraphD is called aloopin D,  Corollary 3.4. A soft digraph has at least one point of out-
and we say that soft digrafih includesa loop at the vertex gegree zero.

g. If & # e andx = (g, €j) is an arc in soft digrapD, we

say thatx is incidentwith g ande;; g is adjacent to ¢ and Since a soft digraph cannot be strongly connected, thus a
gj is adjacent from g Theoutdegree o¢k;) (resp.indegree  soft digraph may be unilaterally connected. In this case, we
id(ej)) of a vertexej in a soft digraphD is the number of have the following:

452 e
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Theorem 3.5. Suppose D be a simple soft digraph withoutLet us consider that the results holds fo= k— 1. Choos-
any loop corresponding to a soft s@ A) which is unilat- ing B« ! = [mij], we are assuming that is the number of
erally connected. Then the minimum and maximum possibtfferent walks of lengttk — 1 from g to ej. Now we have,
numbe( q of arcs among all p vertices are-f and (p— 1)?- B _ plep

respectively. - = X

_ ; k—1 ;
Proof. we will proof this result by induction o, the num- - t;(("t)'th element 0B x ((t, j)-th element of B

ber of vertices. Now by definition, for any soft digraph ;
corresponding to a soft s@¥, A), we have an universal vertex = M bt
e, of outdegree zero. Suppope= 2 i.e. D is a soft digraph t=

containing two vertices saf, ea. SinceD is unilaterally con- o, everye — e walk of lengthk consists of @& — & walk
nected , hence it contains an arc at m@estea), whichis the lengthk — 1 followed by an ar@e;j. Since there arey
minimum as well as maximum no of arcs. such walks of lengttk — 1 andby; such arcs for each vertex

Let us assume that the result holds foe= k. Thenwe g thys the total no of walks arg]_, mybyj. Hence the result
have the minimum and maximum number of arcirare holds. 0

mg = (k— 1) andMy = (k— 1)? respectively. Now suppose
p =k+ 1. In this case, we are adding a vertex sgy; with  Example 4.3. Consider the adjacency matrix
a soft digraphD of k-vertices. As a result, we can add at

least 1 arc, safex, 1,€,) to D minimally and at mosf2k — 1) 11000
arcs, Sawi = 11"'ak1 {(aaa@rl)a(Q(Jrlaa)}\{(eaaa@rl)} to 11110
D maximally. Thus we have, B|{ O OO 1 0f,
01001
M1 = Me+l=(k-1)+1=Kk 000000
Mcr = Mg+ (2k—1)=(k—1)24 (2k—1)=K2.
specifying the soft digrapB in Figure1l. Now we obtairB?
Hence, the result follows. O  asfollows:
. . 2 2110
4. Soft Digraph and Matrices 5 3 1 2 0
The adjacency matriB(D) = [bjj] of a soft digraptD is a B>=[mj]=| 0 1 0 0 1
nx n matrix with bjj = 1 if (e,ej) € D, and 0 otherwise. 11110
0 00 00O

Clearly the row sums oB(D) are the outdegrees and the
column sums are the indegrees of the verticeB ofSince
for any soft digrapiD corresponding to a soft séf,A), we
haveF (e;) = ¢, thus the outdegree of an universal verggx
is zero. Hence for any adjacency matBi¢D), the row corre-
sponding to the vertes, contains only the zero entries.

Sincem; gives the number of walks of length 2 from vertex
i to j, thenmy; gives the number of walks of length 2 from
vertexe; to e is 2. The walks fronme; to e; are(ey, e, €1)
and(ey, e, e1). Hence the result follows.

Example 4.1. The adjacency matriB corresponding to the 5. Soft Tournament

soft digraphD in Example2.2is as following: o .
Definition 5.1. Suppose D be a absolute digraph correspond-

ing to a absolute soft s¢F, A). A soft tournament is a com-

€1 & € €& 6 _ ! :
e 1 1 0 0 O plete orientation of a absolute soft digraph D.
B= 223 é é é 1 8 Example 5.2. We consider the soft s¢F,A) over the uni-
e 0 1 0 0 1 versal set) = {xq,X2,x3} whereA= {ej,eo}, F(e;) =U =
e 0 0 0 0 O F(e2). Now we draw the soft absolute digraph of the ab-
a

solute soft setF, A). We take an orientation subdigraphof
Theorem 4.2. The(i, j)-th entry ofb} of B"is the number of the soft absolute digraf,. ClearlyT, is a soft tournament.

walks of length n from the verticest® g in a soft digraph

- Also T; is called a transitive triple. In any soft digraph,
D corresponding to the soft &, A).

we have an universal vertey such thabd(e,) = 0. Thus a

Proof. We will use mathematical induction technique on thesoft cyclic triple tournament does not exist.

length of walks to proof this result. . Theorem 5.3. Every soft tournament has a spanning path.
Suppose = 1. Then thei, j)-th entry ofB is the number

of differente — e walks inD of length 1 which can be easily Proof. It can be easily seen that every tournament witB 2

seen since a length 1 walk froento e; is an arc frorg toej.  vertices has a spanning path. Assume that the result holds
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Figure 2. Absolute DigraptD; and Soft Tournamenf

for all soft tournaments witk vertices. Supposg be a tour-
nament withk + 1-vertices. Supposey be any point ofT.
ThenT — g is a tournament ok-vertices. So, it has a span-
ning pathP, sayeie,...e 1€;. If the arcegey isin T, then
we are done. I& e is in T, suppose& be the first point oP
for which the arapg is in T, if any. Theng_16isinT, so
thateie,...6 1606 ...6_ 1€, iS @ spanning path. If no such
g exists, therg,e;... 61606, is a spanning path. O

Definition 5.4. The score of a vertex & a soft tournament

Properties and applications of soft digraphs — 454/ 457

Proof. Any complete digrapk;: with n-vertices containg?-
arcs. Since any soft tournament witkvertices is a com-
pletely oriented digraph with no loops, thus any soft tourna
ment with score sequende,,s,,...,s} has the following
properties:

_n(in-1)

n 2
;Sznzn_ 2

Example 5.8. The sum of score sequenceTfin Figure2

is 381 3,

O

Corollary 5.9. For any soft tournament T with outdegree
sequencégs;, S, ...,S} and with n-vertices,

5 57= 5 m-1-s)

Proof. Any softtournament with outdegree sequen¢s,s,,
..,Sn) have indegree sequen@e—1—s;,n—1-s;,...,n—

1—s,) since any vertexy has inT associated witlin — 1)

arcs. Hence the result follows. O

T is defined to its outdegree. If soft tournament T has vertex

set{es,e,...,en} where ode;) < od(e;) < ...od(en) then
the sequencgod(e,),od(e1),...,od(en)) is called a score
sequence of soft tournament T.

Example 5.5. Consider the tournameiii in Figure2. The
out degree of the vertices @f are as follows:

o(ea) =0,0(e1) =1,0(e2) =2
Then(0,1,2) is a score sequence of.

6. Applications of soft digraph and soft
tournament

6.1 Decision Making Problem

Molodstov showed various applications of soft set theory in
real life situations in his papetf]. In [17] applications of
soft digraph in decission making, medical diagnosis, soft e

Theorem 5.6. The distance from a vertex with maximumiropy calculation have been shown. In this subsection we wil
score in any soft tournament to any other vertex is at mosjfse soft tournament in solving decision making problem.

2.

Algorithm — Now we give an algorithm for selection of flats

Proof. Supposed(e) = mand suppose the vertices joined for @ prospective buyer using soft tournament. For this, the

by an arc fromg beey, ey,...,en_1,€a. Ifthe soft tournament
T hask vertices then each of the remainikg m— 1 vertices
é1,6,...,6 m_1 are adjacent te, sinceT is a soft tourna-
ment, i.e. for these remaining verticgs < j <k -—-m-—1,
there are arcs fromg; to g.

Then for each, 1 <| < m-1, the arc frong to g gives
a directed path of length 1 fromto g .

Now for the rest of the part, given a vertey if there is
an arc fromg to é; for somel thenegé; gives a directed
path of the desired type. Now suppose theredg,d < p <
k—m-—1, such that there is no vertex 1 <| <m-1 has
an arc fromg to €. Since we also have an arc froepto g

following steps are to be followed:
(1) Input the soft setF,E).

(2) Draw the soft digrapf, corresponding to the soft set
(F.E).

(3) Find out the score sequence of the soft tournarmgent

(4) Find out the indegree sequenceTefusing score se-
guence.

(5) Choose k, for whicky, = maxidg),i # a.

this givesod(ép) > m+ 1. This contradicts our assumption Thenx is the optimal selection. If there exists more than one

thate has maximum degrem. Thus eactej must have an
arc joining it from somey and this completes the proof]

Theorem 5.7.If {s1,S,...,5} is a score sequence of a soft
tournament T, then

Zs n(n—1)

2

optimal solution, then any solution can be taken.

Example 6.1. Consider the following problem:

The author wish to buy a flat. Suppose a soft($eE)
describes choice of parameters.

U = the set of all flats under consideratior{ %1, X2, X3}
E = {roadside, riverside, parksifide a set of parameters
= {e1,&,€e3}. Suppose-(e1) = {x2,X3, x4}, F(€2) = {xa},

885
ot oy
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&

€1 €3

[ e e
Figure 3..Soft Tournament, @

F(e3s) = {x2,x4}. The author is interested to buy a flat on the
basis of his choice of parameters. Please note that theechoic
of parameters is dependent on the author i.e. the choice of
parameters vary from person to person. So the solution will - - B
vary according to the choice of the person. Now we con SFU (pep;J iﬁg(elz(_} {;2(, X?’)’iA};XF]Fe%-)h_e gﬁ%olzr E?l%gzr{;slée ”
sider the score sequence i.e. outdegree sequence of the af: F(&0) = D2, xa ), F(65) = {xa}-

ticesa’s of To. The score sequence of the verticedTpf.e 0 visit all .the cities at. most once fromy and wants to re-
od(er. e, eé;) is (3,1,2,0). Then the indegree sequen.cé ofturn _back intox;. He wish to find the number of §—step con-
the vertices ofT, is (0,2,1,3), follows from Corollary5.9. nections fromxy to x,. Now we draw the soft digrapD;
Now we choose the vertex of maximum indegree ameisg corresponding to the soft s@B, E) and calculate the matrix

i #aof T,. e is such a vertex whose indegree is 2. representatioM of the digraptD as follows:

65
Figure 4. Soft DigraphD,

Decision: The author can buy the flgt 011100
0 00100

M — 1 00010

6.2 Traffic Flow Problem 1110000
Example 6.2. In this subsection we will consider traffic flow 011000
problem for a traveler. In this problem he/she wants to visit 0 00 0O0OTO O

all the cities which are well connected once. _
Algorithm — Now we give an algorithm for traffic flow prob- Now we compute the matrix
lem for a traveler using soft digraph. For this, the follogin

steps are to be followed: 6 14 9 10 1 0
1 5 4 5 00
(1) Inputthe soft sefF,E). M5 — 9 6 2 9 50
19 6 1 6 40
(2) Draw the soft digrapiD corresponding to the soft set 5 9 5 5 1 0
(F.E). 0 00 0 0O

(3) Find out the matrix representation of the soft digraptNow by Theoren#.2, we can see that number of 5-step con-

D. nections fromx; to x; is 6. The connections af@;,Xa, X1),
R . (X1,X3,X1), (X1, X2, X4, X1), (X1, X3, X,

(4) To visitn cities once at a time, compulié”. Xo, Xa, X1 ), (X1, X3, X5, Xa, X1 ), (X1, X3, X1, X4, X1 )-

Decision: The only way that the author can visit all cities at

5) If the starting and ending point is the city calculate .
() g gp y most 1 fromx; and return togg is

(%i,%) —thentry of M".

(6) If (x;,x)-th entry isk, find out thek number of paths (X1, X3, X5, X2, Xa, %0 )-
fromx; to x; in D.

(7) Finally choose desired path in which all cities can bé-3 Determination of strongest team in cricket cham-

visited once providing the starting and ending pointis _ Pionship by using Soft Tournament. .
the cityx. In this subsection we will determine the strongest team in a

upcoming tournament by soft tournament. Now we give an

Suppose the author wants to visit 5 citlasxp, X3, X4,Xs  algorithm for this purpose using soft digraph. For this, the
starting fromx;. Suppose a soft s¢6, E) describes choice following steps are to be followedslgorithm —
of parameters.

U =the set of cities under consideratiofix , Xz, X3, X4, X5 } .
E = {train, road, metro-railway, flight, shjpbe the set of  (2) praw the soft tournamefit corresponding to the soft
transport parameters by which the citigsx; are connected set(F,E).
= {e1,e,€3,64,65}. Nowx; € F(g) denotes that author can
visit the city x; to the cityx; by the transporg but not con- (3) Find out the matrix representation of the soft digraph
versely. D.

(1) Inputthe soft setF,E).

0,
0007,
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& €
(4) ComputeVi? and calculat® = M + M2,
(5) Find out the row sum of the matrB& and write down e
the row sum of the matriB in ascending order.
(6) Finally the strongest team has highest row sum.
Suppose the author wants to determine the strongest team e o,

in a cricket championship. He knew the previous results

of some tournaments. Suppose a soft ($&tE) describes
choice of parameters.

Figure 5. Soft tournaments

U = the set of registered teams in the championship fesearch in SST is going on at a high phase. Many authors
{€1,€2,€3,€4,65,65}. E =the teams which are originally play- have studied SST in various way and have applied this theory

ing in the tournamentfe;, e, €3,€4,65}. Supposd-(e;) =
{€2,€3,65,65}, F(€2) = {€a,65,65}, F(€3) = {€2, €, 65,65},
F(es) = {e1,66}, F(e5) = {e4,65} Whereej € F(g) denotes
that according to the schedue, ej) will play between them
ande can defeakj. Here we have assumed thetcan de-
featej if & has defeate@; more number of times thae

in solving many practical problemsg][ [12] ,[14]). We have
introduced the soft digraph theory in our previous papé}.|

In that paper we have developed the soft digraph theory in
combination of soft set theory and digraph theory. In this pa
per we have studied the properties of soft digraphs and soft
tournaments and showed many possible application of this

defeateds in previously played matches. Now we draw thetheory. The novelty of soft digraphs is that they can graphi-

soft tournaments in Figure5 where we have,

VT3 = E U {ea}

cally represent any problem that is originally represeied
a soft set. One can further study soft tournament and use the

Ar, ={(e,e):ifejeF(a)i,j=1,2,...5}
J{(e,ea) if &5 € F (&)}

Now by Theorenb.6, in any soft tournament there is at least [1]
one vertex from which there is a 1-step or a 2-step connection
to any other vertex in the soft tournament. We calculate thdz2]
matrix representatioll of Tz as follows:

[3]

01 1011
0 00111
M— |0 10111 ]
1 00 001
0 00101
000O0O0O 5]
Finally we calculate .
0 2 1 3 3 4
1 0 0 2 1 3 7
>, |1 103 2 4
MEM=11 110 1 2
100 10 2
0 00 O0OO0OTO O [8]

Now R; denotes the sum of the elements of rawHere,
Ri =13 R, =7, R3=11 Ry =6, Rs = 4. Since the first
row has the largest sum, the veraxmust have a 1-step or 2- [0
step connection to any other vertex. The ranking of the gtron
teams according to the powers of the corresponding vertic?ﬁ]
is: Teamey (first), Teame;s (second), Teams, (third) andey
(fourth) and Teanes (last).

_ [12]
7. Conclusion

Molodtstov introduced the soft set theory in his papEs
to deal with the uncertainties in real life problems. Cutken

(13]

456

soft tournament in many other real life problems.
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