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Abstract

In recent work, Folsom discussed character formulas for classical mock theta functions of Ramanujan.
Here, we suggest representations for character formulas in terms of continued fraction identities or in more
precise language, we can say an applications of continued fraction identities to character formulas. As a
consequence, we obtain fourteen new results.
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1 Introduction and Basic Terminology

For |q| < 1,

f—o[ 1—aq") (1.1)
!

(a1,82,03, ..., 05 §)oo = (815 9) 00 (25 §) 00 (43; §) 0+ (k5 ) 00 (1.3)

Ramanujan has defined general theta function, as

n(n+1) n n—1)

Ea Tz bz |abl <1, (1.4)

Jacobi’s triple product identity [1, p.35] is given, as
f(a,b) = (—a;ab)e(—b; ab) o (ab; ab) o (1.5)

Special cases of Jacobi's triple products identity are given, as

;q=— )57 0o (1.6)
n(n+1 2. 42 )
211 : n(n+1l) _ (&;/:2))00 (1.7)
fl-q) = ﬁ (10" = (gia)e 18)
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Equation (1.8) is known as Euler’s pentagonal number theorem. Euler’s another well known identity is as

(@:0%)" = (=39 (19)

Throughout this paper we use the following representations
(0% 4")eo (0" 4")00(3°4")eo - (4'4")eo = (a",4",0° "5 (1.10)
(@) (0% 0")eo(d5 0o+ (054 )eo = (0", 0", 0° -+ 450" )0 (1.11)

Computation of q-product identities:
In [1], Chaudhary has computed several g-product identities. Here we are giving some identities from [1]

and some new identities have been computed, are useful for next section of this paper, as given below

[eo)

H 2n+2

_ H(l B q2(4n)+2) « H(l 2(4n+1) +2 H 4n+2)+2) H(l _ q2(4n+3)+2)
n=0 n=0 n=0 n=0
_ lo—o[ 8n+2 IO—OI 8n+4 IO—OI 8n+6 % H 8n+8
n=0 n=0 n=0
= (%9 (6%8%)00 (0% 4%) 0 (4% 1%
= (@94 4% 4% 4%)e (112)
H 4n+4
_ ﬁ(l . q4(3n)+4) > ﬁ(l 4(3n+1) +4 ﬁ 4(3n+2) +4)
n=0 n=0 n=0
~Tl1a- q12n+4) < T - 12n+8 12n+12
= (759w (d%q" ) (q 12;q12)oo
= (7% 4% 4% %) (1.13)
(q4; qu)oo — ( 12n+4 2(5n) +4 2(51n+1) +4)
0 - Ilo- ,E
« H(l _ q12(5n+2)+4) « H(l q12(5n+3 +4 H 2(5n+4) +4)
n=0 n=0 n=0
ﬁ 60n+4 >< H 60n+16 ﬁ 60n+28
~ H 60n+40 loiO[ 60n+52
= (%5070 (7'% %) 00 (0% 4%) 00 (7% %) 00 (77 4% oo
= (%0',9%,9%,47%0%) (1.14)
Similarly we can compute following, as
(@500 = (05800 (75470
(1.15)

= (9", 9% 7)o

(0% 0% 00 = (7%%)eo (7% 9% oo
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= (7% 9% 9 )
(7% 9500 = (0%8%)oo (0% 8%) 0 (0% 8% oo (%5 7)o
= (7%9%9% 9% 9o

(@500 = (0% 900 (7% 900 (0% 7)o (7% )0 ("% 0') o0 (9% 9" oo

_ ( 2, q4/ q6, qSI qlol q12/. qIZ)OO

(0% 9900 = (0770 (0% 7%) 0 (0% 7)o (6% 7'%) 0 (4% 710) 0 %

% (q12; qlé)oo(qm} q16)oo(q16} q16)oo

— ( 2, q4, q6’ q8, q10, q12, q14/ q16; q16)oo

2. .20 4. 20 6. .20 8. .20 10. 20

(@500 = (0%07°) o0 (7% 0700 (0% 77°) 0 (4% 4700 (475 77 ) oo (

(%4700 (87 4%)e0 (7% 7)o (4% 47 o

_ ( 2/ q4, qél q8, 5]10/ quI q14, q16/ q18/ qZO; 5]20)00

(@ 7)e0 = (7%0%)e0 (7% %) o
= (0°,9%9°%)eo
(@570 = (4%9)00 (4% 9%)00 (4% 7)o
— (q4, q8, q12; qlz)oo

(0% )00 = (45900 (4% 7)o (9% 7)o (97 7' oo

— (q4/ q8’ q12, q16’, qlé)oo

(@500 = (75 87)e0 (4% 07°) 0 (9% 57°) 0 (7% 57°) 0 (7% 4°°

— (q4’ qS’ q12, q16/ qZO; qZO)oo

(@500 = (05570 (7% 8700 (0% 7)o (7% 7)o (4% 47 ) oo (g

8 16 20 24, 24)
©

= (q%4% 9", 9", ¢, 7%

16. 60 28. .60

_ (q4, qlél ng, q40/ q52; q60)00

(4% 0% = (7% 9" (7% 9™

_ (q6/ qlz; 5]12)00

e}

18. 24 24, 24

(4% 0%) 0 = (0% 7)o (3"% 4700 ("% 7)o (7% 4% oo

_ (q6, q12, q18, q24; q24)00

18. 60 30. ,60

— (ﬂ]6, q18, q30, q421 q54; q60>oo

(@490 = (6% 6%°) (7" 7%)00 (4% 8%°) 00 (4% %) (7% 4

(@%3%)00 = (7% %°)e0 (7"%; 8%°) 0 (7% 4%°) o0 (7% 4°°) o (7% 4%°

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)
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(@%8%)00 = (4% 7)o ("% )00 (47 77H) o0
=%9" 9" 7)o (1.30)
(7% 9%)00 = (0% 0™) o (0% 1) oo (074 0% ) o0 (47 0% 00 (4*%; 4% 00 (47 4% ) 0
_ (qu ql6’ q24, q32, q40’ q48/, q48)oo (131)
(1% 000 = (8% 0) o0 (47 1) 00 (47 800 (4™ 8% 00 (7% 4% o
— (qS, qZO’ q32/ q44’ q56; qéo)oo (132)

(%90 = (0% 4"%)00 (7% 6) 00 (7% 4*) 0

= (@0, 4%0%)w (1.33)
0% 400 = (4% %) (47 4% (6% 40

=40 4%) (1.34)

(7%0)e0 = (0% 0o (774 7)o
= (0%, 079 (1.35)

(@%4)00 = (07800 (4730 (4% 1) 0 (67 4%) 0 (4% 4%) 0

(7400 = (4% 4™)0 (47 4% (6% 4% 0
= (7"4%,0"%4%)s (1.37)

0% 7 = (0% 4% (6% 4%)00 (4% 1) 0
= (g%, 4%, 450, 4), (1.38)

The outline of this paper is as follows. In sections 2, we have recorded some well known results on continued
fraction identities and recent results on character formulas for mock theta functions of Ramanujan given by
Folsom [2], those are useful to the rest of the paper. In section 3, we obtain fourteen new results.

2 Preliminaries and Statement of Results

The famous Rogers-Ramanujan continued fraction identity [3, (1.6)], is

(7:3°)00 (7% 0°) o 1
- 2.1
(4% 3%)e0(3%0%) 0 14 q (2.1)
1+

q2
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In 1983 Denis [5], has introduced following continued fraction identity

2.2
2.0y o (059 )e _ 1
(@54 ) oo (=05 1) 0 = T (ql ) (2.2)
14 T
1 q
7*(1-4%)
1+ -
1- 3q 3
1+

another well known continued fraction identity due to Ramanujan [4, (4.21)], is

3. .4
(—q i Joo _ 1 (2.3)
(7 1+ T
1+ T
1+ q7 4
14— +:9
1+1+q11+q6
1+4:

One of the most celebrated continued fractional identities associated with Ramanujan’s academic career, given
by Rogers-Ramanujan, is

2.5 3.5
= ((1711;,:5));((!1‘74;,:5)): o K 24

1+ 3
1+

1+ ———

5

14+ -1

1+:
Folsom in Table 1 [2; p. 450], recorded character formulas for order 3 mock 0 - functions. We are giving below

only those functions, which having terms of g-product identities, as

1,1 1
f(=4) = = 49.00 (q2trip 13070 +47 2 brpip g 13)970)+

R 2. 2\7
+ 4B (0) + w(%o(% (25)

-~ 1 _1
P(g) = — 2‘7-9121(‘7”&(/\(1); 139 +¢ 2L 5 13)97)+

R 2. 2\7
+24Bia(0) + w(%o(% (26)

~

4,1 1
x(—q) = — 9.0, (qz-tVL(/\<1); 13)17L° T4 2L\ 13)17L°)+
(7% 943(4% %)%,

+ qB121(T) + (7502 (7% %) o912 4122, (2.7)
v(q) = — q.@ﬁl(tq(/\(,z); 13)‘7L0 FLA ), 13)qL0)+
_ (4% 9")3%
+ gB12,2(T) + (P2 2
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1 3 (1%4%)%
FaPet Ot S i R 29
-~ 3 _3
o(—q) = ‘72'®361(‘72'trL(/\<3); 3700 +q 2TL(A 15y 37)q)—
N 2..2\3 12. ,12\3

(@ 7)o (9% 71)3%(9% 9°)%
Folsom in Table 4 [2; p. 452], recorded character formulas for order 2 mock 6 - functions. We are giving
below only those functions, which having terms of g-product identities, as

A(g%) = .95 trip ;908" = 477s2(T) — (=7 7)o (0% 412 (4% 4 )eo (2.11)
u(gh) = - 2‘7@21%(/\(0); 5)q" + 2q74,0(T) +
2. .2 4. 4\3 8. 8
(7:9)%(q"%9'°)%

Folsom in Table 5 [2; p. 452], recorded character formulas for order 6 mock 0 - functions. We are giving below
both the functions, which having terms of g-product identities, as

Plq*) = - 24-@{21f7L(A<4); 139" + 2q71,4(T)+

(4%9°)%(7% )59 9")% (2.13)
(9 9)% (7% 9°)%(4%; 4%) 0 (474 4% ) 0

P(q*) = — q3~@1_21tVL(/\(0),- 1395 + P20 (T)+
2. 2\2 4. 4 24, 24\2
3(0597)5(0%9%) = (7% 075
2.14
(7:9)0(4%8%) 0 (4% 4%)% (214)

Folsom in Table 7 [2; p. 453], recorded character formulas for order 10 mock 8 - functions. We are giving below
all the four functions, which having terms of g-product identities, as

+q

10. ,10\2 - 2.5

5 B-1 L ~ (1% 97°)5%i(=9% )
$(q) = 2991 tri(p ;110 = 24710 (T) + (05 oo (2:410) (2.15)

10. 10N2 5¢_ . 5

&1 L ~ (779 ) %i(—59°)
P(q) =29.9y, t”L(/\(3); 197" = 2q7103(T) — 49 (45; 7)o (4% 410) (2.16)

X(—%) = _ZQ~@ioltrL(A<1s>; "+ zq’@Ajol’er(/\(zﬁ41)’1L0‘F

+2q1110,18(T) — 2q740,2(T) +

L @5 aYE G )i, 9%) +24(47%470)%) (2.17)
(4% 4%)00 (42 47) e (47 4%) 0] (%, 4°)
Here, we have written above equations with minor corrections, which was occurred in original published
paper may be due to printing error.

x(—q%) = *ZqB-@Zoler(/\(m;41)4L° - ZQS-@ZoltrL(/\(é); g+

+20° 710,14 (T) + 29" Fa0,6 (T) +

2 (4% 44)%(20(4*% )2 — (=4, 4 (a*,4*) (218)

+ -
(0% 02) o0 (% )0 (4%0; 490) (416, 40)



30 M.P. Chaudhary / Generalization for...

3 Main Results

In this section, we obtain representations for character formulas in terms of continued fraction identities
or in more precise language, we can say an applications of continued fraction identities to character formulas
given by Folsom [2]. We obtain fourteen new results parallel to character formulas (2.5) to (2.18), which are
recorded in [2, pp. 450, and 452-453], using g-product identities given in (2.12) to (1.38).

~_ 1 1 ~
f(—=q)=- 4‘1-@121(112-%(/\(]); 139 +¢ 2Ny 13)97) + 49B12 (T)+

2 6 8

2.2 18. ;20 2 6
+(q ;9 ) (97,9%,9

4",0%,3", 4" 0% (0%, 4% 4%, 4%, 4% 9005
(% 9% 4% (91 47)%

r 1 12 - 1 -3
1- q° 1- q
3 8 —
- 4*(1—¢%) 14 71 =4)
24 q
1- 16q 16 1= 2(1-4?)
x L A=) x R (Y x
q40 1 q5
o 3 3
i i) 1L TA=g)
L 1_|_' ] L 1+. .
1
» . (3.1)
1+ 1
q
1+ 7
1+ -
T+ 1 20

1+
1+
1+:

~_ 1 1 ~
$(g) = = 29.05 (a2 tri(p ;1300 + 4 2 LA 1397) + 20B121(T)+
M ®)

2 6 48

,q%,q 18. ;20

, ql()’ q12, ql4, 7'%: 9 )oo(qZ, 5]6/ qu q10, 5]14; q16>§o y

L (@507
(%% 4%)e (91 97)%

r 1 12 ~ 1 -3
" L " <ql )
8 8 _
7°(1—q°) q(1—¢
1+ 50 1+ 173
1- - 2 2
x » 7% (1 — q'%) X 14 70-47 X
5]40 1 q5
- 24 24 B 3(1— g3
S 14 7¢ .q)
i 1+ 1t T4
x L (32)
1+ 1
1+ d 12
1+ 9
16
1+ —1
1+ —1
149
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1 1
x(—=q)=— ‘1-@121(112-’%(/\(1); 13)‘7L° T 2N 13)‘1L°)+

+ B2 (T) +

4. 6.

%)

(g% 9%) oo (4%
6 ql

q" )
(qu; q12)%o qZ, q°, 4, q18/ qZO

X
0%

- 1
Y
1—
101 _ 10
14 9 (1 q )
1 1- 20!7 20
p X 14 = (1—q7)
1- 3(1 3) 1 q50
7°(1-q -
1+ 30(1 _ ;30
o p 1419 (1—q")
6 3 :
°(1-q°) : 1+:
1+ 5
1- 9q 9
1. 70-9)
1+:
~ -2 r 7
L 14 q48
1+ q 1 q
3 + 2
q q
1+ 3 1+
q 7'
X 1+ q16 X I+ qzo
1+ q20 1+ 51
1+ 1+ —1
141 14+ -1
L 1+: | i 1+: |
v(g) = — q-@le(fru/\(fz); 1397 + LAy 13)77) + 9122 (T)+
_ 1 -2
N g0
10 1— 10
14 q°( q’ﬂ) )
(4% %) e 1-
2 6 14 18 ,20. 2002 7 (1—¢%) X
(a%,9° 9%, 9%, 4% 4%)% 1+ =
B 30 30
1470 —g7)
L 1+: i
- “2 T 4 .
L. 1+ 1
1+ 1 q
3 1+ P
q q
1+ = 1+
q 716
X 1+ q16 X 1+ qzo
1+ q20 1+ o7
1+ o1 1+ 9 >3
1+ 1+
L 1+: J L 1+: |
1~ L R Pt 3 1
p(q) = — 5-96 (fVL(/\(,l)ﬂ)q 0 +t7’L(/\(1); 7q7°) + 5186,71(7) + me

31



32 M.P. Chaudhary / Generalization for...

A1, 3 3 .
0(=q) = O3 (42-brip 5 ;3770 +07 2brip ig;37)7) — 1°Ba6a(T)+

Lg% g% (%0 1
(0 %)oo 1 q°
6 6
°(1—q°)
1+ :
1- 12q( 12)
g-(1—¢q
1+ 20
14100 —g")
1+

y 1
1— q
4 4
q(1—q%)
1+ 3
1_
8 8
(1 —q°
1+ 50
1 12q 12
i Gl )
1+:
8. 8
4 _ o -1 L ~ (4% 9°)oo
W) = =209, trip ;590 + 2474,0(T) + (D)oo (42 P)es
X 1 7 x 12
1—
q(1—9q)
1+ 3
11— q
1+ qZ(liqz)
1— 7
37 _ 3
14707
1+:
R 246.800 12}24003}6%0
4’(174):—ZQ-@letrL(/\(4);13)qL°+2f17712,4(T)+(q .94 )(;7,1)03 )o@ ) X
1 1
><1 q X 116
_ — 1
1+ 11-9) ) 9°(1-4°)
+
1_ q e
2 1— 2 1-—
1+ q-( ’g ) -, qlz(l_qlz)
1— q P
3 3 _
7(1—q°) B _ 18
1+ 141 (1-9°)
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4 12 20 .24, .24
¢(q4) - - q3'®l_21trL(/\(0)} 13)"7L0 + qgﬁlZ,O(T) + (q /lg 8/ q16t q24,)q )00
q°,9">,9% )
3
q 1
X (q3;£]3)oo X - (ql ) (3.10)
q(1—gq
1+ i
1 q
7*(1—¢%
1+ .
- 3q 3
14,7097
14
~ . . 2/. 5
9(7) = 29.055 tri(p ) 11)4™ — 247101 (7) + S el
j(g?%:9'9)
« L (3.11)
1 q
5 5
7(1—q)
1+ o
1- 10q 10
1 _
141X q )
q
)
14
~ N —q; 5
P(q) =20.019 tri(p ;10" — 2q7103(T) — 4 . ?o) %
j(g%:q'9)
X 1 - (3.12)
1 q
5 5
71 —q)
1+ =
1- 10q 10
1 _
141X 1 )
q
14100 =4")
14
X(—q*) = _zq‘@IoltrL(/\<1s>; 41)‘?L0 +2‘7~@ZoltrL</\<z>;4l)‘7L° +2q140,18(T) —
. (G(=a**)j(q"%, 9" +29(4*; 4*)%)
-2 T) + - X
Tlao2(T) (109900 (7%; 490) 0 (g5, 790)
X 1 . (3.13)
1- 2q 2
q-(1—q°)
1+ i
1- 4q 4
14 0= T )
1- 6q 6
14709
14

X(=0) = 20O trip 417" — 2070 trigp o, and™ + 20 Ta01a(T)+

2 (2q(4%;4*)3, — (=% 4*°)?i (4%, 4*))
(7% 4%°) 0 (7%0; 449 0 (16, 440)

+20°7a0,6(T) + 4
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™ (3.14)

6 1— 6

14709
14:

Proof of (3.1): To prove this result, we start with (2.5), as given below

N 1 1 ~
f(—=q9)=- 4‘1-@121(172-”L(/\(1); 139 +4 2N s); 13)9) 49B12,1(T)+
L @)
(D)2 (4% 9*)%
now, we make suitable rearrangement only in the part related to g-product identities, and keep rest part is
unchanged in the above expression, as

~_ 1 1 ~

f(—=q9)=- 4‘1@121(!12-%(/\(1); 139 +4 2N s); 13)97) 49B121(T)+

(@05 (@55 (@59

@a% @95 (@54

further, using g-product identities given in (1.19),(1.20),(1.23) and (1.24), and further applying continued frac-
tional identities given in (2.1) and (2.2), after little algebra we get (3.1).

< (0% )0

Proof of (3.2): Proof of (3.2) is similar as (3.1), as g-products identities are same in both expression.

Proofs of (3.3) to (3.14): Proofs for (3.3) to (3.14), can be obtain on similar lines as (3.1) and (3.2) by using suitable
g-product identities listed in section 2 of this paper. We are leaving it for the readers.

4 Acknowledgments

The author would like to thank to the Department of Science and Technology, Government of India, New
Delhi, for the financial assistance and Centre for Mathematical Sciences for providing necessary facilities.

References

[0] M.P. Chaudhary, On g-product identities, communicated for publication.

[0] Amanda Folsom, Kac-Wakimoto characters and universal mock theta functions, Trans. Amer. Math. Soc.,
363(1)(2011) 439-455.

[0] G.E. Andrews, An introduction to Ramanujan’s Lost notebook, Amer. Math. Monthly, 86(2)(1979) 89-108.

[0] G.E. Andrews, Ramanujan’s Lost notebook I1I. The Rogers-Ramanujan continued fraction, Advances in Math-
ematics, 41(2)(1981) 186-208.

[0] R.Y. Denis, On certain g-series and continued fractions, Math. Students, 44(1-4)(1983) 70-76.

Received: October 10, 2013; Accepted: November 11, 2013

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



	Introduction and Basic Terminology
	Preliminaries and Statement of Results
	Main Results
	Acknowledgments

