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Initial coefficient estimates for a new subclasses of
analytic and m-fold symmetric bi-univalent functions

Abbas Kareem Wanas' and Sibel Yalgin®*

Abstract

In the present investigation, we define two new subclasses of the function class %,, of analytic and m-fold
symmetric bi-univalent functions defined in the open unit disk U. Furthermore, for functions in each of the
subclasses introduced here, we determine the estimates on the initial coefficients |a,,+1| and |az,+1|. Also, we

indicate certain special cases for our results.
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1. Introduction

Let o7 stand for the class of functions f that are analytic
in the open unit disk U = {z € C: |z| < 1} and normalized by
the conditions f(0) = f’(0) — 1 = 0 and having the form:

f(Z):Hiakz"- (1.1)
k=2

Let S be the subclass of </ consisting of the form (1.1)
which are also univalent in U. The Koebe one-quarter theorem
(see [4]) states that the image of U under every function f € §
contains a disk of radius i. Therefore, every function f € S
has an inverse f~! which satisfies f~!(f(z)) =z, (z € U) and
S W) =w, (Iwl < ro(f), ro(f) = 7). where

glw) = fﬁl(w) =w—aw + (Za% —a3) W
— (5a3—5a2a3 +a4)w4+---.
(1.2)

A function f € <7 is said to be bi-univalent in U if both
f and f~! are univalent in U. We denote by X the class of
bi-univalent functions in U given by (1.1). For a brief history
and interesting examples in the class X see [14], (see also
[6,7, 10-12]).

For each function f € S, the function h(z) = (f (Z’"))i,
(z € U, m € N) is univalent and maps the unit disk U into a
region with m-fold symmetry. A function is said to be m-fold
symmetric (see [8]) if it has the following normalized form:

f@=z+Y am12™", (zeU,meN).
k=1

(1.3)

We denote by S, the class of m-fold symmetric univalent
functions in U, which are normalized by the series expan-
sion (1.3). In fact, the functions in the class S are one-fold
symmetric.

In [15] Srivastava et al. defined m-fold symmetric bi-
univalent functions analogues to the concept of m-fold sym-
metric univalent functions. They gave some important results,
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such as each function f € ¥ generates an m-fold symmetric
bi-univalent function for each m € N. Furthermore, for the
normalized form of f given by (1.3), they obtained the series
expansion for f~! as follows:

g(W) = Wfam+lwm+1 + [(m+ l)ar2n+l *(12m+1] W2m+1

1
= |5 m+ )(3m+2)a;,

3
m+1+.”

- (3m+ 2)am+1a2m+l +azm41 | W ;

1.4

where f~! = g. We denote by X, the class of m-fold sym-
metric bi-univalent functions in U. It is easily seen that for
m = 1, the formula (1.4) coincides with the formula (1.2) of
the class X. Some examples of m-fold symmetric bi-univalent
functions are given as follows:

(%) Lol

with the corresponding inverse functions

Zm

1—z"

1
510

147"
1_

)]1 and [~ log (1 —7")]n

Zm

wn % eZwm -1 % J ewm -1 %
14+wm ) 7\ 2" +1 an e ’
respectively.

Recently, many authors investigated bounds for various
subclasses of m-fold bi-univalent functions (see [1, 2, 5, 13,
15-17)).

The aim of the present paper is to introduce the new sub-
classes Ey,,(6,7,A; @) and E§ _(8,7,4;) of ¥, and find es-
timates on the coefficients |ay+1| and |ay,,+1]| for functions in
each of these new subclasses.

In order to prove our main results, we require the following
lemma.

Lemma 1.1. [3]Ifh € P, then |cy| <2 for each k € N, where
D is the family of all functions h analytic in U for which

Re(h(z)) >0, (z€U),
where

h(z)=1+ciz+e?+--, (z€U).

2. Coefficient estimates for the function
class &, (5,7.4; )

Definition 2.1. A function f € ¥, given by (1.3) is said to be
in the class Ex, (0,7, A; &) if it satisfies the following condi-
tions:
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“s (Zﬁg))é [=)FE+a(1+ Z}f,"éf)-))m o
2.1)

and
o ()’ - 2582 03] <

2.2)

(zwelU,0<a<1,0<86<1,0<y<1,0<A<1,meN),
where the function g = = is given by (1.4).

In particular, for one-fold symmetric bi-univalent func-
tions, we denote the class Ey, (6,7,A; ) = Ex(5,7,A; ).

Remark 2.2. It should be remarked that the classes
Es, (6,7,A;a) and Es (3,7, A; &) are a generalization of well-
known classes consider earlier. These classes are:

(1) For 6 =A =0and y= 1, the class Ex,,(8,7,A; &) reduce

to the class ng which was considered by Altinkaya and Yalcin
[1].

(2) For 8 =0and y =1, the class Ex(8,7,A; Q) reduce to the
class Mx(a, L) which was introduced by Liu and Wang [9].
(3) For 6 = A =0and y= 1, the class Ex (3,7, A; &) reduce
to the class Sy (&) which was given by Brannan and Taha [3].

Theorem 2.3. Let f € Ex, (0,7,A;0),
(zwelU,0<a<1,0<86<1,0<y<1,0<A<1,meN),

be given by (1.3). Then

2

a1 < =
my/ (@ +8) (842714 Am)) + Y(y— @) (1+ Am)®
(2.3)

and
izt | < 203 (m+1) a

S Sy (1 Am)? | m(@+y(1+2Am))’
(2.4)

Proof. Tt follows from conditions (2.1) and (2.2) that

(F5) 0255 2 (145 )| =
(2.5)

and

() oo (1) [ <o
(2.6)
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where g = f~! and p, ¢ in 2 have the following series repre-
sentations:

P(2) = 1+ pwd" + pom@®™ + pamz" + -+ 2.7

and
W) = 1+ guw" + @™ + @3 +--- . (2.8)

Comparing the corresponding coefficients of (2.5) and (2.6)
yields

m(0+y(14+Am))am+1 = P, 2.9
m[2(8+y(1+42Am))ayn+1
— (5+y(1+22m+Am?))] @, + "2 [8(5 1)
(2.10)
+y(1+2Am) (28 + (y—1)(1 4+ Am))]d,. |
= apom+ a((x{l)Pan
—m (8 +y(1+Am))ay+1 = Agm 2.11)

and

m|(8§@2m+1)+y(BAm* +2(A + )m+1)) a2
—2(8+7(1 +2}»m))a2m+1} + ’"72 {5(5 —1)
+y(14Am) (28 + (y—1)(1 —l—?Lm))]a,an

ala—1
= 0gom + qu. (2.12)

2
Making use of (2.9) and (2.11), we obtain
Pm = —qm (2.13)
and
2 (8 +y(1+Am) apyy = @2 (ph+4p).  (2.14)

Also, from (2.10), (2.12) and (2.14), we find that

m [(148) (8 +2y(1+ Am)) + Y(y— 1) (1 + Am)’] .y

aloo—1
= o(pam -+ qam) + % (Pr+am)

m? (o —1) (8 +y(1+ Am))?
:a(p21n+q2m)+ ( )( (XY( )) afnﬂ.

Therefore, we have
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a2 = az(p2m +qom) .
" w2 (e 8) (3+27(1+ Am)) + y(y — @) (1+ Am)?
(2.15)

Now, taking the absolute value of (2.15) and applying Lemma
1.1 for the coefficients p»,, and ¢»,,, we deduce that

20

iy (0+ 8) (8 +27(1+ Am)) + Yy — @) (1 + Am)?

|am+1| <

This gives the desired estimate for |a,, | as asserted in
2.3).
In order to find the bound on |ag,,+1
from (2.10), we get

, by subtracting (2.12)

2m (8 +y(142Am)) [2amms1 — (m+1)ap. |

ala—1
= a(pa— o) + HEY 5 03— 3. 2.16)
It follows from (2.13), (2.14) and (2.16) that
az(m+ 1) (p%1+q%1) a(pZm_QZm)

T 2 (5 y(1+ Am))? Am(8+y(1+2Am))’

(2.17)

Taking the absolute value of (2.17) and applying Lemma 1.1
once again for the coefficients p,,;, pam, gm and ga,,, we obtain

- 202 (m+1) a
= m2(5+y(1+lm))2 m(8+y(14+2Am))’
which completes the proof of Theorem 2.3. O

For one-fold symmetric bi-univalent functions, Theorem
2.3 reduce to the following corollary:

Corollary 2.4. Let f € Ex(8,7,A; )
(zwel,0<a<1,0<8<1,0<y<1,0<A <),
be given by (1.1). Then

20

|az| <
’ V(@+8)(3+27(1+4) +v(y—a) (1 +1)°

and
402 o

< + .
las| (5+y(1+1))>  S+y(1+24)

3. Coefficient estimates for the function
class E; (3,7,4;P)

Definition 3.1. A function f € ¥, given by (1.3) is said to be
in the class E§, (8,Y,4;B) if it satisfies the following condi-
tions:
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() [ () o

3.1
and
re{(2)° [0 2 (125)]) ) > 5.
(3.2)

(z,welU,0<a<1,0<6<1,0<y<1,0<A<1,meN),
where the function g = f~! is given by (1.4).

In particular, for one-fold symmetric bi-univalent func-
tions, we denote the class E5. (8,7,4;B) = E3(6,7,4: ).

Remark 3.2. It should be remarked that the classes
Eg (8,7,A;B) and EZ(8,Y,A; B) are a generalization of well-
known classes consider earlier. These classes are:

(1) For 6 = A =0and y= 1, the class E5, (8,Y,A; ) reduce

to the class ng which was considered by Altinkaya and Yalgin
[1].

(2) For § =0and y=1, the class E¥(0,7y,A;B) reduce to the
class By, (B, t) which was introduced by Liu and Wang [9].
(3) For 8§ =A =0and y=1, the class E5(8,7,A;B) reduce
to the class Sy (B) which was given by Brannan and Taha [3].

Theorem 3.3. Let f € E5, (5,7,1;)
0<B<1,0<6<1,0<y<1,0<A<I1,meN)be given
by (1.3). Then

1-B
lamer| < 20 \/(1+5)(5+2}/(1+7Lm))+}/(}/1)(1+7Lm)2
(3.3)
and
@] < 2(m+1)(1-B)? N 1-B
2l T m(§+y(1+Am))*  m(S+y(1+2Am))
(3.4)

Proof. Tt follows from conditions (3.1) and (3.2) that there
exist p,q € & such that

(L) [0-n 2w (1 L]

=B+(1-B)r(2) (3.5)

and
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=B+(1=B)g(w), (3.6)

where p(z) and ¢(w) have the forms (2.7) and (2.8), respec-
tively. Equating coefficients (3.5) and (3.6) yields

m(6+Y(1+)’m))am+l = (1—[3)Pm, 3.7

2(5+}/(1+2)Lm))a2m+1
mz
(84 y(Am? +2Am+1)) m+1]+2{5(5—1)

(1 Am) (251 (7~ ><1+Am>>} "

= (1-=B)pom, (3-8)
—m(6+y(14+Am))ams1 = (1—B)gm 3.9)
and
m|(8@2m+1)+y(BAm* +2(A + 1)m+1)) az,
m2
=23 41+ 20m) | + 5366 1)
+y(1+Am) 26+ (y—1)(1 —&-lm))} aﬁlﬂ
= (1-B)q2m (3.10)
From (3.7) and (3.9), we get
DPm = —qm (3.11)
and

m (8 +y(1+Am)) ap 1 = (1= B)* (Pp+an)- (3.12)
Adding (3.8) and (3.10), we obtain

m* [(148) (5 42y (14 Am)) +y(y— 1) (1+Am)*| @y,

:(l_ﬁ)(sz'lem)- (3.13)

Therefore, we have

(1=B)(p2m +q2m)
m [ (14 8) (8 +29(1+ Am)) +¥(y = 1) (14 Am)?

2 _
A1 =

Applying Lemma 1.1 for the coefficients p,, and ¢, we
obtain

1-B

lam1| <

2
\/(1 +8)(0+2y(1+Am))+y(y—
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This gives the desired estimate for |a,,+1| as asserted in (3.3). 51

In order to find the bound on |ay,+1], by subtracting (3.10)

from (3.8), we get
[6]

2m (8 + (1 +2Am)) [2azms1 — (m+ Vap,, ]

= (1= B) (P2 — q2m)- 7

or equivalently

m+1 , (8]

— (l_ﬁ)(pZm_QZm)
2 m

Am (8 +y(1+2Am))’

Dm+1 =

Upon substituting the value of a2, ; from (3.12), it follows [91

m+1
that

(1=B) (P2m — q2m)
4m (6 +y(1+2Am))’

(m+1)(1=B)* (P2 +q2)
4m? (8 +y(1+ Am))?

[10]

AQm+1 =

Applying Lemma 1.1 once again for the coefficients p,,, pam,
gm and g2,,, we obtain

(11]

2(m+1)(1—B)?
m? (8 + (14 Am))*

1-B
m(8+y(1+2Am))

‘QZerl ‘ <
[12]

which completes the proof of Theorem 3.3. O

S . 13
For one-fold symmetric bi-univalent functions, Theorem 3]

3.3 reduce to the following corollary:

Corollary 3.4. Let f € E5(8,7,A; ),
0<B<1,0<6<1,0<y<1,0<A<1)begivenby(l.1).
Then

[14]

[15]

Mﬂ<2¢ b 2
(I+8)(042y(1+A)+y(y—1)(1+1)

and
[16]
4(1-B)? 1-
|a3\ < 5 .
(S+y(1+2))?> S+v(1+24)
[17]
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