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Abstract

The impact of magnetic fields on the moving particle trajectories by variational approach to the magnetic flow
associated with the Killing magnetic field on lightlike cone Q? E13 is examined. Different magnetic curves are
found in the 2-dimensional lightlike cone using the Killing magnetic field of these curves. Some characterizations
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1. Introduction

In differential gometry, there are many important conse-
quences and properties of curves. Researchers follow labours
about the curves. Working on the degenerate submanifolds
of Lorentzian manifolds with degenerate metric provides us
with meaningful relavance between null submanifolds and
spacetime [1].

Although we know much about the submanifolds of the
pseudo-Riemannian space forms, we have very few papers
on submanifolds of the pseudo-Riemannian lightlike cone. A
simply connected Riemannian manifold of dimension n >
3 is conformally flat if and only if it can be isometrically
immersed as a hypersurface of the lightlike cone [3, 4]. In

[5], Bozkurt et al. invastigated the magnetic flow associated
with the Killing magnetic field in a three-dimensional oriented
Riemann manifold (M?,g). In [15], cone curves are studied
in Minkowski space and also. Some applications of magnetic
in same space space are given in [9]. In [16], the author gave
the basic formulas on Q2 and Q? and defined as following

5(s) = —

= —— (K —1,2h,i* +1)
2h;

where § : [ — Q2 C Ef In [20], the author defined magnetic
curves on a Riemannian manifold (M, g) according to trajec-
tories of charged particles moving on M under the action of a
magnetic field F*. In [9], the authors investigated magnetic
curves corresponding to the Killing magnetic field W in the
3—dimensional Minkowski space. In [5], the authors exam-
ined the trajectories of these magnetic fields and gave some
characterizations and examples of these curves.

2. Preliminaries

Let E; be the pseudo-Euclidean space with the
gH(X", YY) = (X"Y") = xiy1 +x2y2 — X33,

for all X* = (x1,x2,%3), Y* = (y1,y2,y3) € E;. E} is a flat
pseudo-Riemannian manifold of signature (2, 1).

Let M be a submanifold of E f’ If the pseudo—Riemannian
metric g* of Ef induces a pseudo-Riemannian metric g (re-
spectively, a Riemannian metric, a degenerate quadratic form)
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on M, then M is called a timelike ( respectively, spacelike,
degenerate) submanifold of E;.
The lightlike cone is defined by

Q= {8 £ :¢°(5,8)=0}.

Let E} be 3-dimensional Minkowski space and Q? be
the lightlike cone in E;. A vector W # 0 in Ej is called
spacelike, timelike or lightlike, if (W, W) > 0, (W,W) < 0 or
(W,W) = 0, respectively. A frame field {§,a,y} on Ej is
called an asymptotic orthonormal frame field, if

(6,6) = (ny)=(0,)=(na)=0,
(8,y) = (a,a)=1.

Let’s curve § : [ — Q* C E? be a regular curve in Q? for
t € 1. From here, we suppose that the curve is regular.

Using &'(s) = o(s), from an asymptotic orthonormal
frame along the curve J(s) and the cone Frenet formulas of
O(s) can be written as follows:

() = als)
o'(s) = K(s)8(s) —y(s) @2.1)
Y(s) = —x(s)a(s),

where the function x(s) is called cone curvature function of
the curve 8(s), [15].

Let§:1 - Q> CE 13 be a spacelike curve in Q? with arc
length parameter s. Then 6 = 8(s) = (1, 62, 83) can be given
as

hfl
6(s):ST(h2—1,2h,h2+1),

2.2)
for some non constant function A(s) and hy = /', [16].

The Lorentzian cross-product x : E? ><Ef — El3 is given
as follows:

wir w2 w3

where v = (vi,v2,v3), w* = (w1, wp,w3) € Ef Here i, j,k
have classic sense. This product is skew-symmetric and v* x
w* is ortogonal on both v* and w* as in E3.

The Lorentz force W of a magnetic field F* on Q? is
defined to be a skew-symetric operator given by

g (w(X"),Y") = F (X", Y7),

for all X*,Y* € Q2.
The or—magnetic trajectories of F* are § on Q? that sat-
isfy the Lorentzian equation

V5/6/ = y/(6’)

Furthermore, the mixed product of the vector fields X*,Y*,Z* €
Q? is the defined by

S(XFXY*,Z") = dvg (X*,Y*,Z7),
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where dvg+ denotes a volume on Q.

If W is a Killing vector in Q? and assume that Fy =
1y volg+ be the corresponding Killing magnetic field, here the
inner product is indicated by :. Hence the equation Lorentz
force of Fyy is

V(X)) =W x X",

for all X* € Q2. Corresponding the Lorentz equation can be
written as

V5/6/ = 1[1(6/) =W x 5,.

In Minkowski space E f’ , take account of the Killing vec-
tor field W = ads + bd, + ¢d,, with a,b, ¢ € R, the magnetic
trajectories 8 : I — Q> C E 13 assigned by W are solutions of
the Lorentz equation

§"=wé¢'.

3. Magnetic Curves in the Lightlike Cone
Q’CE;}

3.1 s—magnetic curves
In this part, we consider § —magnetic curves in Q? C Ef

Definition 3.1. Let §:1 — Q* C El3 be a spacelike curve
in Q* and Fy be a magnetic field on Q> cC E13 We call a
0 —magnetic curve if its 8 vector field satisfies the Lorentz
force equation

Theorem 3.2. Let §(s) be a unit speed spacelike 8 —magnetic
curve in the Q> C E13 with the asymptotic orthonormal frame
{06, a,y}. The Lorentz force in the Frenet frame are given as
follows

0 1 0
vi=|ws 0 -1}, (3.1)
0 —W3 0

where ws is a function defined by w3 = g*(y(a),y).

Proof. Suppose that §(s) be a unit speed spacelike § —magnetic
curve in the Q* C E; with the asymptotic orthonormal frame
{8, a,y}. From the definition of the magnetic curve and (2.1),
we know that

y(8)="d.
Furthermore, since y(¢o) € Span{d,a,y}, we can write
%
l[f(OC) =A; 0 +317+C17.

By using the following equalities

A = gi(y(a),y)=w;

B = g'(y(a),a)=0

G = g(y(a),d)=—g(y(d) a)
= —g(o,0)=—1,
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we get

_)
v(o)=w;d - 7.
Similar to the above operations, we have

y(y) =-wsd.
O

Theorem 3.3. Assume that 3(s) be a unit speed spacelike
8—magnetic curve in the Q* C Ef The curve § is then a
d—magnetic trajectory of a magnetic vector field Wy neces-
sary and sufficient condition the vector field Wg can be given
along the curve § as the following

Ws(s) = 8(s) +y(s).

Proof. Assume that J(s) be a unit speed spacelike d —magnetic
curve with § —magnetic trajectory of a magnetic field Wy .
Considering theorem 3.2 and definition 3.1, we have

W(s) = 8(s) + ().

On the contrary, we suppose that equation (3.2) holds. At
the time we have y(0) = W5 x 0. Therefore the curve § is a
J-magnetic trajectory of the magnetic vector field W. O

3.2)

Theorem 3.4. Let 6 be a O —m%netic trajectory according

to the Killing vector field Ws = 6 + 7 inQ*C E13 Then the
curve 8 can be expressed as follows

Os(s) = 6(0) + cWs, 3.3)

where ¢ € R,j.

Proof. We prove the theorem according to the Wg. Since
Ws and 6(0) are linearly independent and Wy is spacelike.
Let W5, Wg x 6(0) and W* be linearly independent and corre-
spond

<W33W*> = 0,
(Ws,Ws x6(0)) = 0,
(W* W5 x 5(0)) = 0.

So, we can take
W*=25(0) — (W5,6(0))Ws.
We can write

6(s) = 8(0)+As(s)Ws+ ps(s)Ws x 6(0) + ps(s)W™,
8'(s) 8'(0) + A5 (s)Ws + s (s)Ws x 6(0) + pg(s)W*

where A5 (s), i5 (), Ps (5), A5 (5),
fied the following

As(0) = 0,15(0) = 0,p5(0) =0,

s (s), ps(s) functions satis-
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25(0) =0, u5(0) =0,p5(0) =0,

where s = 0. The Lorentz equation §'(s) = Wg x 8(s) can be
written as

(3.4)

8'(0) + A5(5)Ws + s (s)Ws x 8(0) + ps(s)W™
= W5 x3(0)— us(s)W* —ps(s)Ws x 6(0),

since 6’(0) = W5 x 6(0) for s = 0, we have
A (s)Ws + (s (s) +ps(s))Ws x 85(0)
+(1s () +p3 () W™,

which is equivalent to

0 =

24(5) = 0,15 (5) + Pis(s) = 0, s (s) + P (s) = 0.

Solving the previous differential equations and using the initial
conditions (3.4), we get

)‘B(S) =CUs (S) = Ovpﬁ(s) =0,

where ¢ € R,,. Hence the curve § is written as 85(s) = 6(0) +
CW5. 0

3.2 a—magnetic curves

In this part, we introduce @@—magnetic curves in Q* C Ej.
We also have some characterizations.

Definition 3.5. Let §:1 — Q* C El3 be a spacelike curve
in Q> and Fy be a magnetic field on Q> c E13 We call
o—magnetic curve if its O vector field satisfies the Lorentz
force equation

Voo =y(o) =Wy xa.

Theorem 3.6. Assume that O(s) be a unit speed spacelike
a—magnetic curve in the Q> C Ef with the asymptotic or-
thonormal frame {8, a,y}. The Lorentz force in the Frenet
frame are given as follows

w1 1 0
vi=|x 0 -1/, (3.5)
0 —K —w

where wy is a function defined by wi = g*(y(9),y).

Proof. Suppose that § be a unit speed spacelike a—magnetic
curve in the Q? C E; and let {8, a,y} be asymptotic orthonor-
mal frame. From the definition of the & —magnetic curve and
(2.1), we know that

y(a)=68"=Kk5—y.
Furthermore, since y(6) € Span{d,a,y}, we can write

W(8) =28 + B G +C Y.
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Additionaly, considering the followings,

A = g W(E)y) =w,

By = ¢(w(6).0) =g (¥(e).)
= —¢'(k6-y.8) =1,

C: o= g(y(8),8) =0,

we have that
§)=w o+
In a similar way, we get

y(y) = —kd —w Y.
O

Theorem 3.7. Assume that O be a unit speed spacelike curve
in the Q> C Ef’ The curve 8 is an o.—magnetic trajectory of
a magnetic field Wy, necessary and sufficient condition the
vector field Wy, is given as

Wy =Fw o (3.6)

and § is a geodesic curve, where wi = g*(y(6),y), the cone
curvature function K(s) = —1.

Proof. Assume that § be a unit speed spacelike @ —magnetic
curve with @ —magnetic trajectory of the magnetic field W,.
Considering theorem 3.6 and definition 3.5, we obtain

Wa(s) = $w1m.

Conversely, we assume that equation (3.6) hold and § be a
geodesic curve. Then we get y(a) =Wy x o0 =0, 50 0 is
o—magnetic curve. O

Theorem 3.8. Ler & be a o—magnetic trajectory according
to the Killing vector field Wy = Fwq d in Q% c E? Then the
curve O can be expressed as follows

S (s) =

wr € R,.
Remark that if Wo =Fw o the magnetic curve 8 is a
straight line in the direction of Wy.

5(0) +es 3.7

where ¢ =

Proof. We prove the theorem according to the W,. Since

Wo = Fwi o , we can write

Voo = (s) = 8"(s) = Wy x a(s) = 0.

Hence, we obtain
O(s) =cs+0(0);¢c € R,,.

Furthermore, since W, and 6'(0) are linearly dependent and
Wy is spacelike. Let M, Wy, M x Ws be linearly independent
and satisfy

(W, M) = 0, (M, M) =1,(M x Wo, M x Wg) = 1.
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We can write

O(s) = 6(0)+Ax(s)Wo + to ()M + po(s)M X We,
8'(s) 8"(0) + Ag () Wo + g ()M + pg ()M X W,
where Ag (s), Lo (s), Pa(s), A5 (s), b (s),ph(s) are functions
satisfying
1
ha(0) =0, e (0) = 0,pe(0) = 0,24 (0) = .- (38)
1 (0) = 0,p(0) =0,
for s = 0. The Lorentz equation 8" (s) = Wy, x 6'(s) can be
written as

Ay ($)We + U ($)M + pir(s)M x Wy,
= ()M x W+ pg(s)M

which is equivalent to

A (s) = 0,pg(s) = —Hg(s), Hg(s) = P s).

Solving the previous differential equations and using the initial
conditions of (3.8), we write

Als) = :Fwils
Ha(s) = 0
pOC(S) = 0,

where w; = g*(y(8),y). Hence the curve § is written as fol-
lows
1

—sWq,
wi

5(s) = 8(0)F

1

where ¢ =Fur eR,. O
3.3 y—magnetic curves

In this part, we introduce y—magnetic curves in Q> C E 13 and
we get some characterizations using y—magnetic curves.

Definition 3.9. Ler §:1— Q> C El3 be a spacelike curve in
Q? and Fy be a magnetic field on Q> cC E13 We call 6 an
y—magnetic curve if its y vector field fulfils the Lorentz force
equations

Vay = w(y) =Wy xy.

Theorem 3.10. Assume that d(s) be a unit speed spacelike
y—magnetic curve in the Q* C El3 with the asymptotic or-
thonormal frame {8, a,y}.The Lorentz force in the Frenet
frame are given as follows

0 wp 0
w=|x 0 -—-wl, (3.9
0 —«x 0

where wy is a function given by wy =
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Proof. Let 8 be a unit speed spacelike y—magnetic curve
in the Q> C E3 and let {8, a,y} be asymptotic orthonormal
frame. From the y—magnetic curve definition and equation
(2.1), we can write

Vay=y(y) = —Kd.

Since y(6) € Span{d, a,y}, we can write

%
W(8) =A38 +Byd +C3.
Then, using the following equalities,

A3 = g (y(8),y)=—-¢g(¥(y),6) =g (—ka,6)=0
By = g (y(d),a)=w
G = g(y(9),6)=0,

we obtain
v(8) =wrdl.

Similarly, we can get that

v(a) = Ko — w27
U

Theorem 3.11. Suppose that 6 be a unit speed spacelike
curve in the Q* C E13 The curve 8 is a y—magnetic trajectory
of a magnetic field W, necessary and sufficient condition the
vector field Wy, is written as

W, = x(8 +7), (3.10)

where k = g*(y(a), ).

Proof. Suppose that § be a unit speed spacelike y—magnetic
curve trajectory of a magnetic field W,. Considering theorem
3.10 and definition 3.9, we get

W, = k(8 +7).

On the contrary, let’s equation (3.10) hold. Then we have
y(y) =W, xy, so d is a y—magnetic curve. O

Theorem 3.12. Let § be a y—magnetic trajectory according
to the killing vector field Wy = Fk( 6 + Y)inQ*c E}. Then
the curve & can be expressed as follows
8,(s) = &(0)+2K*(cas+2c3coshs) 8" (0)
+ (es* +¢2 (1 —s—2coshs) (W, 8”(0))) W,

+2c3(s — sinhs)W, x 8”(0), (3.11)

where c,c3,c2 € R
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Proof. We prove the theorem according to the W,. Since W,

and 6" (0) linearly independent, we can write (W, 8" (0)) # 0.

We consider
Z=2x6"(0) — (W, 8"(0)) W

Hence, W,,W, x 6"”(0) and Z are linearly independent and

satisfy

<VV)‘vZ> = 0,
(W, x6"(0),Zz) = 0,
W, x 870 W) = 0,

SO, we can write

8(s) = 8(0)+ A (s)W,+py(s)W; x "(0)
+py(5)Z,

where A, (s), iy (s), py(s) are functions satisfying and for s =
0, we have

Z’Y(O) = Ov“y(o) = 07py(0) = 07

1£(0) = 0,p}(0) = &2, 4/(0) = &2 (W,8"(0)). (3.12)

The Lorentz equation 6" (s) = W, x 8" (s) can be written as
follows

AL (5)Wy - ()W x 87(0) +p{ (5)Z
= —(5)Z— pl/(s)W, x "(0)

which is equivalent to
A (9) = 0,py (s) = —a/(s), 15" (5) = =py/(s).

Solving the previous differential equations and using the initial
conditions (3.12) we write

W(s) = e +ea(W,8"(0))

Hy(s) = 2c3(s—sinhs)
py(s) = cas+2c3coshs,
where ¢, c¢3,¢3 € RBL . Hence the theorem is proved. O

4. Corollary

Corollary 4.1. Let § : 1 — Q* C Ej be a spacelike curve in
Q?2 as follows

hfl

5(s)257(h2—1,2h,h2+1),

for some non constant function h( s). Then we can write the
following statements:
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1. If 6 is a 6— magnetic curve, then the Killing vector
field W5 and 8 — magnetic curve can be written as following

h—2h2 hglhssh - hS7
Wols) = (1=28()+ [ h'hy,
hVhgsh — hy
h2h?
S5(s) = 8(0)+e((1—=572)8(s)

+ (hy ' hosh — hy, hy ' g, hy ' hggh — hy)),

where ¢ € Rg .
2. If 6 is an ov— magnetic curve, then the Killing vector
field W, and a.— magnetic curve can be written as following

Wa(s) = Fwi{(=h; hs)8(s)+ (h,1,h)}
_p1 s
Suls) = am);cwls((ﬁs(hlﬁi)gm),

where wy is a function defined by wi = g*(y(8),y),c € R}.
3. If 6 is a y— magnetic curve, then the Killing vector
field Wy, and y— magnetic curve can be written as

(15705 5(s)

hy ' heh —h

O T e
s 9

h,_ ! hxsh - hs

8(0) 421 (c25+2c3 coshs) §”(0)

+ (es* +¢2 (1 —s—2coshs) (W, 8”(0))) W,
+2c3(s — sinhs)W, x 8”(0),

where 6" (0) is as follows

1

8"(0) = —5hs *h3, 10 8(0)
hy Yhgsh — hy,
+ hy ' hg, |y
hy Y hggh — hy

5. Examples

We can give the Example 1 and 2 held §, o and y- magnetic
curves in 2-dimensional lightlike cone Q2.

Example 5.1. We consider a spacelike curve with arc length
5 =6(s) : 1 — Q? C E; defined by

CoSs§ 1 coss
S(s)=[—.t 77,
(s) ( S otans, —— —— >

The magnetic trajectories with to the Killing vector field of
this curve are given as follows:

1. The 6 —magnetic trajectory with the killing vector field
Ws is given as

coss
_ tan
65 (S) - 2 S7 ?
1 coss tans—tan® s
2 +C(_ 7 + 2coss )
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(a) The curve &
Figure 1. Graphics of § curve

S coss 4 sin®s  tands
WS(S): coss 2 400532’ 2 0 ,

Ccoss tans—tan~s
2 + 2coss

ceRy.
2. The ao—magnetic trajectory with the killing vector field
Vi is given as

I 1 s tans  sins
13} = —=4 =ssins, ——, 5(— + —
a(s) ( 3 Tl coszs’s(coss+ 2 ))

where

sins

+ 22

cos2s’ coss 2

sins 1 tans

Wals) = Fw (55

)

3. The y—magnetic trajectory with the killing vector field
Vy is given as

1 1

Oy(s) = (—5,0,5)—1— 2K(cas +2c3coshs).(—1,0,—1)

+( (cs® 4+ ca(1 — s —2coshs) )
<W)’a(_17oa_1)>)Wy
+2¢3(s —sinhs)W, x (—1,0,—1)

or

o,(s) = (f% —2K(cas+2c3coshs)
—3Kk2(cs* +c2(1 — s — 2coshs)),
—4c3(s —sinhs),

% —2x(cps+2c3coshys)

—x(cs® +ca(1 —s—2coshs)),

where Wy(s) = FK(s)Ws(s).

We give the graphics of § curve in Figure 1. In addi-
tion, we show &, o, y—magnetic curves of § curve and their
surfaces and Ws, Wy, W, trajectory curve and their surfaces in
Figure 3.

Example 5.2. We study a spacelike curve with arc length
§*=68%(s) : 1 — Q? C E; defined by

52 5
0% (s) = (2 +s7s+1,2—|—s+l> .

(b) The rotated surface formed by the §
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7

N

(a) The curve 6* (b) The rotated surface formed by &*
Figure 2. Graphics of §* curve

The magnetic trajectories with to the Killing vector field
of this curve are given as follows:

1. The 6 —magnetic trajectory with the Killing vector field
Wy is given as

(c) W trajectory curve (d) Ws trajectory surface
c(% +s+1),
5= | et |,
L+c(5 +s)

where

52 52
Ws(s) = <E+s—1,s—|—l,5+s> ,

(S Ra_ . (f) a—magnetic surface

2. The x—magnetic trajectory with the Killing vector field
V,; is given as

So(s)=(s*+s,1+s,5+s+1),

where Wi(s) = Fwi(s+1,1,5+1).
3. The y—magnetic trajectory with the Killing vector field
Wy is given as
o;(s) = (0,1,1)+2K(cas+2c3coshs)(—1,0,—1)
N < (es? +ca(1 —s—2coshs) >
<Wy*7 (—1,0, _1)>)Wy*
+2¢3(s — sinhs)W x (—1,0,—1)

(g) Wy trajectory curve (h) Wy, trajectory surface

or

—2K(c28+2c3 coshs)
+x(cs? + kea(1 — s —2coshs)
—2c¢3(s — sinhs)

8 (s) = 15 (es® + ke (1 —s —2coshs) )
—2c¢3(s —sinhs) '
1 —2x(cps+2c3coshs)
( —2¢3(s — sinhs) )

)

(l) y—magnetic surface

where Wy (s) = FkWg (s).
We give the graphics of 0* curve in Figure 2. Further-

L S

more, we show 8,0, y—magnetic curves of 8* curve and their (k) W, trajectory curve (1) W, trajectory surface
surfaces and Wg, Wy, Wy trajectory curves and their surfaces  Figure 3. The magnetic curves for § curve and their rotated
in Figure 4. surfaces

483 ,\-L
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‘ /
| y
fs
|
| LS /
| 1/ S
| k ~ /
| .
5 | ~ /
| \5/

(@) 6—magnetic curve (b) 5—magnetic surface

(€) Ws trajectory curve (d) Ws trajectory surface

—t A
ay
: |
4 X
v ]“
R
2|
| ;
i’
n

(e) o—magnetic curve

(9) Wy, trajectory curve

I~

(i) y—magnetic curve

(K) W, trajectory curve () W, trajectory surface
Figure 4. The magnetic curves for §* curve and their rotated
surfaces
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