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Abstract

In this paper, we introduced the concept of “belongs to” relation (€;) between interval valued fuzzy point to
an interval valued fuzzy set with respect to an interval a@ and “quasi-coincident with ” relation (q(&j,)) between
interval valued fuzzy point to an interval valued fuzzy set with respect to intervals a,b and combining both the
concepts we define (&,b; €4, €4 \/q(&j,))-interval valued fuzzy KU-ideals in KU-algebras and investigated some of
their related properties. Some characterizations of these generalized interval valued fuzzy KU-ideal are derived.
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1. Introduction

The concept of fuzzy sets was first initiated by Zadeh([27])
in 1965. Since then these ideas have been applied to other
algebraic structures such as group, semi-group, ring, vector
spaces etc. Imai and Iseki ([8]) introduced BCK-algebra as
a generalization of notion of the concept of set theoretic dif-
ference and propositional calculus and in the same year Iseki
([9]) introduced the notion of BCI-algebra which is a general-
ization of BCK-algebra. Xi([23]) applied the concept of fuzzy
set to BCK-algebra. and discussed some properties and also
introduced fuzzy subalgebra and fuzzy ideals in BCK-algebra.
The class of BCK-algebra is a proper subclass of the class
of BClI-algebras. Since then, a great deal of literature has

been produced on the theory of BCK/BClI-algebras. In par-
ticular, emphasis seems to have been put on the ideal theory
of BCK/BCl-algebras. Prabpayak and Leerawat ([16]) intro-
duced a new algebraic structure of type BCK/BCI, which is
called KU-algebra. They gave the concept of homomorphisms
of KU-algebras and investigated some related properties in
([17]). The study of KU-algebras in fuzzy context was first
initiated by Mostafa et al. ([18]). They also introduced the
notion of fuzzy (n-fold) KU-ideals of KU-algebras ([21].They
also studied KU-algebras in terms of interval-valued fuzzy
sets in ([19]).Muhiuddin ([14]) applied the bipolar-valued
fuzzy set theory to KU-algebras, and introduced the notions
of bipolar fuzzy KU-subalgebras and bipolar fuzzy KU-ideals
in KU-algebras. He considered the specifications of a bipo-
lar fuzzy KU-subalgebra, a bipolar fuzzy KU-ideal in KU-
algebras and discussed the relations between a bipolar fuzzy
KU-subalgebra and a bipolar fuzzy KU-ideal and provided
conditions for a bipolar fuzzy KU-subalgebra to be a bipolar
fuzzy KU-ideal. Gulistan et al. ([22]) studied (o, 8)-fuzzy
KU-ideals in KU-algebras and discussed some special proper-
ties. Akram et al.([1]) introduced the notion of (8, S)-interval-
valued fuzzy KU-ideals of KU-algebras and obtained some
related properties.

As a generalization of fuzzy set interval-valued fuzzy set
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were proposed by Zadeh ([28]) as a natural extension of fuzzy
sets. Interval-valued fuzzy subsets have many applications
in several areas. Biswas ([4]) defined interval valued fuzzy
subgroups i.e., interval valued fuzzy subgroups of Rosenfeld’s
nature, and investigated some elementary properties. The
concept of interval-valued fuzzy sets have been studied in
various algebraic structures, see ([7, 11, 19, 25, 26, 30]).

The concept of fuzzy point introduced by Ming and Ming
in [12] and also they introduced the idea of relation “belongs
to” and “quasi coincident with” between fuzzy point and a
fuzzy set. Bhakat and Das [2, 3] used the combined relation
of “belongs to” and “quasi coincident with” between fuzzy
point and a fuzzy set to introduce the concept of (€, € Vg)-
fuzzy subgroup, (€, € Vg)-fuzzy subring and (€, € Vg)-level
subset. Zhan, Jun and Davvaz [29] introduced (€,€ Vq)-
fuzzy ideals in BCI-algebra in 2009. Lee et al[11] introduced
interval-valued (€, € Vgy)-fuzzy ideals of rings and Ma et
al. [30] studied interval valued fuzzy (p—,q—,a—)ideals of
BCl-algebras and (€, € Vg)-interval-valued fuzzy (p-,q-,a-)
ideals of BClI-algebras with some related properties. Dutta et
al. [7] investigated interval-valued fuzzy prime and semiprime
ideals of a hyper semiring.

The notion of an (a,b; €4, €4 Vq(a,))-fuzzy subalgebra /
subgroups introduced by Das in [5, 6]. It is found that (a,b; €,
s €a Vq(ap))-fuzzy structure is the generalisation of (€, € Vq)-
fuzzy structure. Motivated by this, combining both the notion
of interval-valued fuzzy point and (a,b; €4, €4 Vq(ap))-fuzzy
structure we introduce a new notion of (d,b; €4, €4 Vg d,l;))_
interval valued fuzzy structure of KU-algebra and establish
some related properties.

2. Preliminaries

In this section, we will recall some concepts related to KU-
algebra, fuzzy point, interval-valued fuzzy point and interval-
valued fuzzy sets.

Definition 2.1. A KU-algebra is a non-empty set X with a
constant 0 and a binary operation x satisfying the following
axioms:

(D) (xxy)*[(y*2)* (xx2)] =0,

(i) xx0=0,

(iii) Oxx=xVx,y,z€X.

iv) xxy=0=yxx=>x=yVx,yz€X.

For brevity, we also call X a BG-algebra. We can define a
partial ordering ” < 7 on X by x <y iffyxx=0

Definition 2.2. A non-empty subset S of a KU-algebra X is
called a subalgebra of X if xxy € S for all x,y € S.

Definition 2.3. A nonempty subset I of a KU-algebra X is
called a KU-ideal of X if
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i 0€el,
(i) xx(yxz)el,yel=xxz€l,Vx,y,z€X.

Definition 2.4. A fuzzy set | in X is called a fuzzy KU -ideal
of X if it satisfies the following conditions:

(i) p(0) = p(x),
(i) p(x*z) > min{pes(y*z)), m(y)}vx,yzeX.
Definition 2.5. A fuzzy set U of the form

_it i y=Ex
.u(y)_{o’ lf y%x

is called a fuzzy point with support x and value t and is de-
noted by x;.

t€(0,1]

Definition 2.6. A fuzzy point x; is said to belong to (respec-
tively be quasi coincident with) a fuzzy set L written as x; € |
(respectively x,qUt) if L(x) >t (respectively p(x)+t > 1). If
Xy € W or x,qU, then we write x; € VqU. (Note € Vq means
€ Vq does not hold).

Definition 2.7. A fuzzy subset | of a KU-algebra X is said
to be an (€, € Vq)-fuzzy ideal of X if

(i)x; € u =0, € Vgu.
(if) (x % (y%2))1,Y5 € 1= (X5 2)(r,g) € VL.

Definition 2.8. A fuzzy subset i of a KU-algebra X is said
to be an (a, B)-fuzzy ideal of X, if

(i)x,(x,u :>Otﬁ.ll
(ii)(x* (y*z))layb‘a“ = x*zm(t,s)ﬁ” Vx,y€X,

where m(t,s) = min{t,s} and o, € {€,q,€ Vgq,€ Nq} and
o #E Ngq.

Definition 2.9. Letr A be a fuzzy setin X and 0 <t < 1, then
t-cut set of fuzzy set A are given by A, = {x € G|A(x) >t}

The notion of interval-valued fuzzy set was introduced
by L.A.Zadeh[13]. To consider the notion of interval-valued
fuzzy sets, we need the following definitions. An interval
number on [0, 1], denoted by 4, is defined as the closed sub
interval of [0, 1], where @ = [a,d],satisfying 0 <a <a < 1.
Let D0, 1] denote the set of all such interval numbers on [0, 1]
and also denote the interval numbers [0, 0] and [1, 1] by 0 and
1 respectively.

Let d| = [a1, a1 and d> = [ay, @3] € D|0, 1]. Define on DI0,
1] the relations <,=, <,+,. by

1. d Sdz@ﬂﬁ@andaﬁfz
2.d1 = Ag@ﬂ:aiandﬂzfz
J.di<dy&a <axanday <ap

4. di+dr & [ﬂ+@, ai +az)
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5. dy.dy < [min(aiaz,a1a2,a1a2,d103),
max(a\ay,a\@,a1ay,a1a3)] = [a1ay,a1a;)

6. kd = [ka,ka] where 0 <k <1

Now consider two intervals di = [a1,a1],d> = a2, a2 € D0, 1]
then we define refine minimum rmin as rmin(d),d;)

= [min(a1,az),min(ai,az)] and refine maximum as rmax
rmax(dy,d>) = [max(ai,a2),max(ay,a;)] generally if d; =
lar,@),b; = [b1,b;] € D|0, 1] for i= 1,2,3,...then we define

rmax(d;,b;) = [max(a;, b;), max(a, b;)| and rmin(d;, b;)

= [min(a;, b;),min(a;,b;)] and rinf;(d;) = [\ia;, \ig;] and
rsupi(d;) = [Viai,Va).

(D[0, 1], <) is a complete lattice with A = rmin, V = rmax,0 =
[00] and T = [1 1] being the least and the greatest element re-
spectively.

Definition 2.10. An interval-valued fuzzy set defined on a non
empty set X as an objects having the form 1 = {x,[u(x),Z(x)]},
Vx € X where W and [t are two fuzzy sets in X such that p1(x) <
(x) for all x € X. Let Q(x) = [u(x),(x)],Vx € X.Then
fi(x) € D[0 1],Vx € X. n

If L and V be two interval-valued fuzzy sets in X, then we
define

[ )
—
=
D
<
—
=
o
I
<=
oIy
>
=
=
~—

[ ]
~~
=

X

N
=
=

o ff(x) =[1-H(x),1—p(x)].
Definition 2.11. Let fiI be an interval-valued fuzzy set in X.
Then for every [0, 0] <7 < [1, 1], the crisp set [l = {x €
X | fi(x) > 7} is called the level subset of [l.

Definition 2.12. An interval-valued fuzzy set [i in KU-algebra
X is called an interval-valued fuzzy KU-subalgebra of X if
A(xxy) > rmin{fi(x), A ()} for all x,y € X.

Definition 2.13. A interval-valued fuzzy set {1 in X is called
an interval-valued fuzzy KU-ideal of X if it satisfies the fol-
lowing conditions:

(i) 4(0) > a(x),

(i) Axxz) > rmin{(xs (v+2)), A0} 7 x,y.2 € X.
Definition 2.14. A interval-valued fuzzy subset {1 of a KU-
algebra X is said to be an (€,€ Vq)-interval-valued fuzzy
ideal of X if

()x; € L = 0; € VgLl.
(”)(x* (y*z))fvyf € »a = (x*z)rmin(f,f) € \/qﬂ.

488

3. (a,b;€4,€4 Vg, ))-interval valued fuzzy
ideals of KU-algebra

Now onwards, let X denote a KU-algebra and d,@ € D[o,1
such that 0 < a < b <1 also let ¢ = rmin(2b,1),d = rmin(2
a)and k=d/2.

Definition 3.1. Ma et al [30] extended the notion of be-
longingness and quasi-coincidence of a fuzzy point with a
fuzzy set and defined the notions of belongingness and quasi-
coincidence of an interval-valued fuzzy point with an interval-
valued fuzzy set. For any interval-valued fuzzy set

fi = {x, [1(x), ()]} and = [t,7], we define L +7 = [p(x) +
t,@(x) +1] for all x € X. In particular if u(x)+t > 1, we
write as L+ > [1,1] =1

Let x € X and t € D|0,1], an interval-valued fuzzy set [l of a
KU-algebra X of the form

f y=x

ao - £#[0,0],
u(y)—{ if yix

0=10,0],
is said to be an interval-valued fuzzy point with support x and
interval-valued value f and is denoted by x;.

Let [l be an interval-valued fuzzy set in X. An interval-
valued fuzzy point x; is said to belongs to [l w.r.t G denoted
by x; €4 fi( resp.coincident with I w.r.t (4,b) denoted by
X244 M) If L(x) = rmax(a,t) (respt. L(x)+7>d ie., fi(x)+
f> rmin{2l;, 14al= d)Ifx;eq o or X q B),ﬁ., then we write

A

X; €a \/q(&ﬁ)u.

feD(0,1]

Definition 3.2. An interval-valued fuzzy subset Il of a KU-
algebra X is said to be an interval valued (4,b; €4, €4 Vi p) )-
fuzzy ideal of X if '

(i) x; €a =07 €a Vg 5 1.
(D) (v (yx2))s s €a fl = (0%2) i 5.9) €a Vi (a ) 1 VXY €
X V8,7 € (a,1]

Remark 3.3. When a =0,b =1, thend =1,k = % then

a,b;e;, €4 Vq,, iy )-interval valued fuzzy ideal becomes an
(a,b)

(€, € Vvq)-interval valued fuzzy ideal.

Example 3.4. Consider KU-algebra X = {0,1,2,3,4} with
the following cayley table.

Table 1. Example of (4,b; €4, €4 \/q@i,))-fuzzy ideal.

*0 1 2 3 4
0 01 2 3 4
1 0 0 2 3 4
2 01 0 3 3
30 0 2 0 2
4 0 0 0 0 O
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Deﬁneamap,ﬂX DI[0,1] by 1(0) =[0.6,0.9],1(1) =
0.5,06],(2) = 04,0.5), (3) = 0.2,0.3],4(3) = 0.2,0.3]
Leta=1[0.3,0.4],b = [0.6,0.8] then d = rmin{[1.2,1.6],

[1.3,1.4]} =[1.2,1.4], lé—ci/z [0.6,0.7] then by routine cal-
culations it can be verified that {1 is an ([0.3,0.4],[0.6,0.8];
€[0.3,0.4) €[0.3,04] V4((0.3,0.4],(0.6,0.8)) ) -interval valued fuzzy ideal
X.

Theorem 3.5. An interval-valued fuzzy subset {i of a KU-
algebra X is an (4,b;€,4,€, \/q(m;))-interval—valued Sfuzzy
ideal of X if '

(i) £(0) > rmin{Q(x),rmin(b, 154)},

L+a)},

Proof. Suppose [ is an (a,b; €4, €4 \/q<d‘,;))—interva1—valued
fuzzy ideal of X. '

(1) Assume that (i) is not valid, thenAthere exists some x € X
ﬁuch that f1(0) < min{ft(x), rmin(b, 1#)} choose an interval
t such that

(i) A(r#z) > rmin{Q(x* (y*2)), A(y), rmin(b, !

~

1+a

0(0) < rmax(a,f) < rmin{f1(x),rmin(b, )} 3.
= fi(x) > rmax(a,7)
= x; €a 1

=0; &4 Vq(&j?)/l

= 0; €4 1 or O,q<a b)
= 0(0) > rmax(a,f) or 1(0) +7 > rmin
= [1(0) > rmax( ,£) or rmin(2b,1+a
< rmax(a,f) +1 = 2rmax(a,f?) by (3.1)
4) < rmax(a,t) which con-

~

= [1(0) > rmax(a,f) or rmm(A
tradicts (3.1)

Hence (i) is valid.

(ii) Assume that (ii) is not valid then there exists some X,),2 €
X such that QL (x*z) < min{fL(x* (y*2z)), f1(y), rmin(b, 52}
choose an interval number 7 such that

[(x#*2z) < rmax(a,f) < rmin{fl(xx (y*z)),
N
A(y),rmin(b, —;a)} (3.2)

= [1(y) > rmax(a,f) and fi(x* (y*z)) > rmax(a,7)
= (xx (y*2))p,y; €a

= (x*2); €4 \/C](a Bl

= (x*2); €4 L or (x*z),q<a b)lJ

= [i(x*z) > rmax(a,f) or fi(x*z) +i> rmln(Z

= [1(x*z) > rmax(a,7) or rmin(2b,1+a) < fu(x* )
< rmax(a,f) +f = 2rmax(a,f) by (3.2)
i+a

N)\/

= Q((x*z)) > rmax(a,) or rmin(b, ,f) which
contradicts (3.2)

Hence (ii) is valid.

) < rmax(a
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Remark 3.6. Every interval valued fuzzy KU-ideal is an
(4,b;€4,€4 \/q(dﬁ))-interval valued fuzzy ideal but the con-
verse is not true as shown in following Example.

Example 3.7. Consider KU-algebra X = {0,1,2,3,4} with
the following cayley table.

Table 2. Illustration of converse of Remark 3.6.

*0 1 2 3 4

0O 01 2 3 4

1 0 0 2 3 4

2 01 0 3 3

30 0 2 0 2

4 0 0 0 0 O
Define amap {1 : X — D[0,1] by (1(0) =[0.3,0.4], (1) =
[0.5,0.6], 1(2) = [0.4,0.5), (3) = (4) = [0.4,0.5]. Let G =

[0.1,0.2]b = [0.3,0.4] then d = rmin{[0.6,0.8],[1.1,1.2]} =
[0.6,0.8],k=d/2=10.3,0.4] then {1 is an (]0.1,0.2],[0.3,0.4];
€10.1,0.2) €[0.1,0.2] V4((0.3,0.4],0.3,0.4)) ) -interval valued fuzzy ideal
X by Theorem 3.5, however it is not an interval valued fuzzy
ideal of X, since 1(0) = [0.3,0.4]  fi(1) =[0.5,0.6].

Theorem 3.8. Ifi and fL be two (4,b; €4, €4 Vq g I;))-interval
valued fuzzy ideals of X, then An U is also an (d,l;; €4,Ca
\/q(aA.I;))-interval valued fuzzy ideal of X.

Proof. Here i,ﬂ both are (d,B; €a,Ca \/qm I;))—interval val-
ued fuzzy ideals of X.Therefore

f£0) > rmin{f(x),rmin(b, lzd)} (3.3)
filx+z) = rmin{f(ex (y*2)), £(y),
o 1+a
rmin(b, 2 )} 3.4
200) > rmin{A(x), rmin(b, 1—;a)} (3.5)
M) = rmin{A(xx (y#2)), (),
o 14a
rmin(b, 3 )} (3.6)
Now
(AN)©) = rmin{2(0),2(0)} )
> rmin{rmin{A(x), rmin(b, Lt a)}
rmin{ {1 (x), rmin(b, 1+a )}
= rmin{rmin(A(x), fL(x), rmin(b, 1 —;d)}
= rmin{(ANf)(x), rmin(b, 1—;&)}
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(ANQ)(x*z)
= rmin{A(x*z),Q(x*z2)}
e 3 s 1+a
> rmin{rmin{A(x* (yxz2)),A(y), rmin(b, > )}
1+a

rmin{fu(xx (y2)), A(), & (rminb,

= rmin{rmin(i(X* (y*2)), A(x* (y*2))),

min(R.), ) rmin(, 5 0))
= rmin{(iﬂﬁ)(x*(y*z) (i N (), rmln(l; I;d)}

Hence (AN Q) isan (d,b; €4, €4 Va4 p) )-interval valued fuzzy
ideal of X. ' O

Theorem 3.9. If (i be an (4,b; €4, €4)-interval valued fuzzy
ideal of X, then [1 is an interval valued fuzzy ideal of X.

Proof. Let [1 be an (4, b;eq, €,)-interval valued fuzzy ideal
of X, To prove fl is an interval valued fuzzy ideal of X. Let
x € X such that rmax(a,f) = fi(x) then (x) > rmax(a,f)
iex;€afl,=0;€, 1 [Since fi be an (d, b; eq, €,4)-interval
valued fuzzy ideal]

A

= [1(0) > rmax(a,f) =

= [1(0) > A(x)

Again let x,y,z € X such that rmax(a,t) = fL(x* (y*z)),
rmax(4,§) = Q(y) then Q(x* (y*z)) > rmax(a,f),(y) >
rmax(a/\vf) Le., (X* (y*z))faY§ €a .a7:> (X*Z)rmin(f,f) €a .a
[Since {1 be an (4, b;es, €,)-interval valued fuzzy ideal]

= [(x*2) > rmax{a, rmin(t,3)}
= rmin{rmax(a,f),rmax(4,3)}
= Q(xxz)  >rmin{fi(x*(y*z)),A(y)}

Hence 1 is an interval valued fuzzy ideal of X.
O

Theorem 3.10. If fi is a (4, b; $dah) 9, ,;)) -interval valued
oan (

fuzzy ideal of X, then it is also a,b;eq,
fuzzy ideal of X.

€,)-interval valued

Proof. Let fl be a (a, B'q( by (b )) -interval valued fuzzy

ideal of X. Let x € X such that x; €4 f1 then i(x) > rmax(a,f)

= f1(x) + & > rmax(a,?)

= [1(x) + & — rmax(a,?) + rmin(2b,1+ &) > rmin(2b, 1+ a)

= x(é rmax(a,f)+rmin(2b,1+ &)CI(&J;)).&

= (O)(ﬁfrmax(u,t)Jrrmm(Z ,i+€l\)q(ﬁ,l; (i
[Since i be an (d,b;€,,

fuzzy ideal.]

= [1(0) + & — rmax(a,

= [1(0) + & > rmax(a,

= [1(0) > rmax(4,f)

=0r€a fl

Therefore x; €; fl = 0; €, 1.

A A

7) + rmin(2b, 14 @) > rmin(2b, 1 + a)
)
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Again let x,y,z € X such that (x* (y*z));,y5 €a fl
= fi(x* (y*z)) > rmax(a,f), i(y) > rmax(a,s3)
= f(x* (y*2)) + 6 > rmax(a,1), fi(y) + 8 > rmax(a, $)
= [(xx(yx2))+6— rmax(a,t) + rmin(2b, 1+ a)
> rmin(2b,1+4d), and
0L.(y)+ 8 — rmax(a, §) + rmin(2b, 1 +a) > rmin(2b,1+a)
= (x* (y*Z))(S—rmax(df)-&-rmin(Zl;,i+é)q(&,5)‘a and
(y)(Sfrmax(ﬁ,f)+rmin(25,i+&))q(&,fa)la
= (xx2) {rmin(8 —rmax(a,f)+min(2b,1+a),8 — rmax(a,8) +rmin(2b,1+a)}
‘I(a.ia)ﬂ
= fi(x*z2) + rmin{& — rmax(a,?) + rmin(2b, 1 + 4),
5 — rmax(a,$) + rminA(2AlA7, 1+a)}
> rmin(2b, 1+ 4)
= (xx2)+6— rmax{rmax(a,f), rmax(a, $)}
+rmin(2b,1 +a) > rmin(2b,1+a
= w(x*z)+ 6 > rmax{rmax(a,?), rmax(a,s)
> rmin{rmax(a,f),rmax(4,3)}}
= [I(x*z) > rmin{rmax(a,f), rmax(a,3)}
= [1(x*z) > rmin{rmax(4,7,8)} = rmax(a,rmin(t,$))
= (X*Z)rmin(f,f) Eq 1
Le (xx(y*2))p,ys €a M, = (x*z)rmin(f,f) €
Hence [1 is an (d,i); €4,E€4)-interval valued fuzzy ideal of
X. O

Theorem 3.11. An L;m‘erval valued fuzzy subset I of KU-
algebra X is an (4,b;€4,€4 \/q(dj?))-interval valued fuzzy
ideal of X.
(i) If fu(x) < rmin(b, %)Vx € X, then fi is also an (4,b; €4
,Ea)- interval valued fuzzy ideal of X.
(ii) If fL(x) > rmin(b, +“)f0r some x € X,

then {1(0) > rmin(b, 1'5“)

Proof. (i) Let {1 be an (4, bies, eq \/q( )) -interval valued

fuzzy ideal of X and fi(x) < rmin(b, l*“)Vx eXx

Let x; €4 fl = fi(x) > rmax(a,f)

= rmax(a,f) < fi(x) < rmin(b, i;ﬁ) and

also 1(0) < rmin(b, T;d)

= [1(0) 4 rmax(a,f) < rmin(b, i;
X = rmin(2b,1+ 51)

= [0(0) 41 < rmin(2b, 1+ a) = [1(0) 41 % rmin(2b, 1+ 4)

= 07q(qp) 1 therefore x; €, [l = O’q(u,b) I

ay rmin(l; 1+ a)

Since fi be an (d,b; €4, €4 Vg dﬁ))-interval valued fuzzy ideal
of X, therefore we must have x; €; fl = 0, €, fi

Again let (x* (y*2));y; €a Q1

= rmax(a,f) < Q(x* (y*z)) < rmin(b, 1
(y) < rmin(b, 154)

= rmin{rmax(a,f),rmax(a,$)} < rmin(ls 1+d)

= rmax(a,rmin(f,§)) < rmin(b, I“ZL“) and also

1+

) and rmax(a, §) <

~

ﬁ(x*z):hrmax(d, rmin(f,§)) < rmin(b, ler“)—Frmin(@, ierd) =
rmin(2b, 1+ a4)
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= Q(x*2) 4+ rmin(f,§) < rmin(2b, 1+ a)

Since fl is an (@,b; €4, €4 \/q(ﬁﬁ))-fuzzy ideal of X
i.e., either I (x*z) > rmax(a,rmin(i,$))

or fL(x*z) + rmin(f,$) > rmin(2b, 1 + @)

So we must have [1(x*z) > rmax(d,rmin(f,3))
ie., (x*z)rmm( 3) ? l'L
Hence i is an (4,b; €4, €4)-interval valued fuzzy ideal of X.
(ii) we have fi(x) > rm (13 #) for some x € X, then
£1(0) fi(xxx))
i N
> rmin{ (o (x0), (), )
. 1+a
= rmin{{1(0), 1(x), rmin(b, ;—a)
L d+a L 1+a
> rmin{1(0), rmin(b, —;a),rmin(b, —;a)}
L 1+4a
= rmin{{1(0), rmin(b, —;a)}
L 1+a
= [1(0) > rmin{ f1(0), rmin(b, —;a)}
S 00) > rmin(h, 4
O

Therrem 3.12. An interval valued fuzzy set [I in X is an
(4,b;€4,€4 Vg, i;)) -interval valued fuzzy ideal of X if and
only if the level set [i; = {x € X|f1(x) = f} is an ideal of X for
all £ € D(0, rmin(b, 1+“)] and iy # ¢

Proof. Assume that i be an (d,b; €,

a,b
ued fuzzy ideal of X and 7 € D(0, :14). Let x € X such that
X € [, therefore fI(x) > 7
Now by the Theorem 3.5 X
£2(0) > rmin{[fl(x),rmin(i) XV > pmin{F, rmln(@ =
t
S (0)2i=0efy
Again let x,y,z € X such that x* (y*z),y € fi; .
A(xx (yx2) 24,0(y) 21
Now by the Theorem 3.5 X
Aoxz) > rmin{f(xcx (y*2)), (), rmin(b, 5}
> rmin{f,f,rmin(b, 59)} =7 = Q(xxz) > F = (x*2) € fi
Therefore x x (y*z),y € (l; = (x*z) € [I;. Therefore fi; is a
ideal of X.
Conversely,
Suppose that fI be an interval valued fuzzy set in X and [i; =
{xeX|f1(x) > 7} is an ideal of X for all 7 € D(0, rmin(b, L),
To prove [i is an (4,b; €4, €4 \/q(&_’;}))-interval valued fuzzy

€4 Vqy j)-interval val-

Therefore

ideal of X. Suppose fl is not an (d,b; €, €, V4, B))-interval
valued fuzzy ideal of X. Then there exists some x,y,z € X
such that at least one of {1(0) < rmin{{i(x), rmin(b, ”“ )} and
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fi(x*z) < rmin{fi(x* (y*2), A (y),min(b,159)} hold. Sup-

pose [1(0) < rmin{{i(x),rmin (13 I+d)1 holds. Choose an in-
terval number 7 € D(0, rmin(b, 1 )] such that

—>

+d

f(0) <7 < rmin{f1(x), rmin(b, )} 3.7
= [(x)>7

=x € fi; = 0 € fi; [ Since [I; is an ideal

= 0(0) >+

which contradicts (3.7). X
Therefore we must have [1(0) > rmin{fl(x), rmin(@ Itayy

Again if {(x*z) < rmin{fi(x* (y*z),u(y)mmin(f?, 14y}
holds. Again choose an interval number
i € D(0,rmin(b, 1£9)], such that
N X a1
Brez) <F < rmin{ (s (y+2)), A(), rmin(b, )} 38)

= (x*(y*2)),y € fi;. Since fI; is an ideal of X, it follows that
x*z € fI; sothat {I(x*z) >7 which contradicts (3.8).
Hence we must have .

fi(xxz) = rmin{fi(x* (y*2)), Ay ) rmm(f% S0}
Consequently [I is an (@,b;€4,€ ) mterval valued
fuzzy ideal of X. O

Theorem 3.13. If [l is a non zero (d,l?;q(ﬁ_l;), €4)

(or (4, lA);q(d b4 i))))-interval valued fuzzy ideal of X. Then
the set

Xo = {x € X|f(x) >0}

is an ideal of X.

~

Proof. First part for (d,b:q(, ),
ideal.

Let x € Xo. Then {1 (x) > 0 Therefore i (x)+rmin(2b,14a) >
rmin(2b,1+ @) that is Xymin(2b,i+a)d(a 5yt Since fL is a non

€,)-interval valued fuzzy

zero (@, b; 1) , €a)-interval valued fuzzy ideal of X. There-

fore Ormm(2b 1+a
a) > rmin(2b,1+

#)4(a 5yt Which implies (0 )+ rmin(2b,1 +

+4)ie., 1(0) > 0i.e.0 € Xo.
X Agamlet( *(y*2)),y € Xo. Thenu(x*(y*z))>0 fi(y) >
0 Therefore fi(x* (y*z))+ rmin(2b, 1 +a) > rmin(2b,1 +
@) and fi(y) + rmin(2b, 1+ a) > rmin(2b,1 + a)that is (x *
(y Z>)rmm(2b i4a) (lh)u yrmm(Zb I+a) (&l;)ﬂ Since 'a is anon
zero (a, b; 9(a.5) €,)-interval valued fuzzy ideal of X. There-
fore (x* z)rmm( i+4)4(a )L implies f(x % z) + rmin(2b,1 +
@) > rmin(2b, 1+
Xp is an ideal of X

+a)ie., fi(xxz) > 0ie,(x*z) € Xo. Hence

~

Similarly second part can be prove for (d, b;q(&‘m,q(&j)))—
interval valued fuzzy ideal. ' '
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Definition 3.14. Let [iI be a fuzzy set in KU-algebra X and
feD(01],let

B ={xeX|xqecan}={xeX|a(x) > rmax(a,i)}
< >; = {x € X|xpq 55,1}
= {x € X|Q(x) +7 > rmin(2b,1 +a)}

[]; = {x € X|x; €a Vg, 50}
= {x € X|fi(x) > rmax(a,t) or

A

p(x) 41> rmin(2b,1+4a)}

Here [1; is called €, level set of [, < [l >; is called q; j
level set of [i and [f1], is called (€4 \/q(ali;))-level set of [
Clearly [fi]; =< i >; Uy

Theorem 3.15. An interval valued fuzzy set [I in X is an
(a,b;€4,€4 \/qm‘,;))-interval valued fuzzy ideal of X if and
only if the level set [f1]; is an ideal of X for all f € D(0, 1]. We
called [f1]; as €, V4, p) levels ideals of fi.

Proof. Assume that [I is an (d,l;; €a,€a \/q(dj,))-interval val-
ued fuzzy ideal of X. To prove [fl]; is an ideal of X. Let
x € [f1]; for f € D(0 1] then x; €, V(4 5t Therefore we have
fL(x) > rmax(a,f) or fi(x)+7 > rmin(2b,1 +a). Since i in
X is an (&,i); €a,€a Vq( dﬁ))-interval valued fuzzy ideal of X.
Therefore

~

2.(0) > rmin{fi(x), rmin(b, %)},V x,yeX (3.9)

Now we have the following cases:

Casel. Let fi(x) > rmax(a,f) now if 7 < rmin(b,5%) also
since @ < b therefore rmax(a,?) < rmin(b, ” 4). Hence by
eqn 3.9
80) > rmin{a(x), rmin(b, 1= %))
1+a

5

> rmin{rmax(a,t), rmin(b,

> rmax(a,f)

Which implies 0; €; 1.
Again if 7 > rmin(b, 1%

> a) also since d < b therefore

1+

rmax(a,t) > rmin(b, %). Hence by eqn 3.9

p0) > rmin{p(x),rmin(b, )}
AT 7
> rmin{rmax(a,t),rmin(b, —l—a)}
L 14a
> rmin(b, —;a)
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>

Which implies [1( ) > rmin(b, {2 ). Therefore
[1(0) + rmin(b, 52) > rmin(b, 52 + rmin(b, I+ +4)
= rmin(2b, 1 +a).

Therefore O;q( ah) .

Hence from above 0; €4 Ve, ) .- i.e., 0 € [f1];.

Casell. Let i (x) +7 > rmin(2b, 1 +a) and it 7 < rmin(h, 1£4)
also since a < b therefore rmax(a,7) < rmin(@ 11d) Hence
by eqn 3.9
~ 1+4a
RO0) > rmin{f(x), rmin(b, )}
AN . L 1+4a
> rmin{rmin(2b,1+a) —f,rmin(b, —;—a)}
<~ 1+a
> rmin(b, —;—a)

> rmax(4,f)

Therefore 0; €; 1.
Again if 7 > rmin(b, 134) also since @ < b therefore rmax(a, 1)
> rmin(b, 1#) Hence by eqn 3.9

a0) = rmin{a(x).rmin(b, 1))
I .~ 1+a
> rmin{rmin(2b,1+ &) —t,rmin(b, —;a)}
> rmin(2b,1+4) -1
LO)+7 > rmin(2b,1+a)
Therefore O;q( ab) .
Hence from above 0; €4 Vq, );1 €., 0 €[fi];.

Again let x* (y*z),y € []; for 7 € D(0,1] then (x* (y*
2))is (V)i € Ve gy then fL(x* (v+2)) > rmax(a,f) or f(x*
(y*2))+7 > rmin(2b,1+a) and fi(y) > rmax(a,?) or fi(y) +
7> rmin(2b,1+a). Since L is an (@, b; €4, €4 \/q(i,;))—interval
valued fuzzy ideal of X. Therefore

. . R .~ 1+a
B(vx2) = rmin{ o (2), RO), rmin(b,— )},
A x,yeX (3.10)

~

Casel. Let {i(x* (y*z)) > rmax(4,f) and [1(y) > rmax(a4,f)
if £ < rmin(b, £4) also since a < b therefore rmax(a,f) <

~

rmin(b, 1+“) Hence by eqn 3.10

flrsz) >

v

rmin{rmax(@,f), rmax(a,t), rmin(b,

V

rmax(a,f)

afl

Therefore (x*z); €
b, L14) also since d < b therefore rmax(a,f) >

Againif 7 > rmin(
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rmin(b, 1t 1+4). Hence by 3.10

1+

Plexz) = rmin{Q(xx (y*2)), f4(y), rmin(b, )}
> rmin{rmax(a,f), rmax(a,f), rmin(b, 1_;&)}

i+a

> rmin(ls

)

[\

Therefore fI(x*z) > rmin(b, 142”3)
f(x % 2) + rmin(b, 1;a) > rmin(@7
= rmin(2b,1 +a).
Therefore (x*2):q,,;

@) + rmin(b, i;‘i)

—

ab)
Hence from above (x* )t €4 \/q(é_l;)ﬂ ie.,xxz € [fi];

Casell. Let fi(x* (y*z)) > rmax( ;1) and fi(y) +7 >

rmin(2b,1 + @) Assume 7 < rmin(b, I14) also since a < b

therefore rmax(a,f) < rmin(b, 1#) Hence by eq 3.10

fi(x+z)

e . ~ 1+a
2 rmin{fi(x*(y*z)), A(y),rmin(b, ——)}

. P s 1+a
> rmin{rmax(a,t),rmin(2b,1+ @) — f,rmin(b, 3 )}
> rmax(a,f)

Therefore (x*2z); €4 [l
Again if 7 > rmin(b, 154) also since @ < b therefore
rmax(4,f) > rmln(@ 1 @), Hence by 3.10
fi(x*2)
<~ 1+a
> rmin{fu(es (v+2)), £0), rmin(h, )}

. . S L 1+a
> rmin{rmax(4,f),rmin(2b,1+ a) — ¥, rmin(b, 7 )}
> rmin(2b,144) -7

A

SR (xkz) 41> rmin(2b,1 + a)

Therefore (x*z)tq( )A
*2); €4 Vgl ie., xxz € [

ab
Hence from above (x*z);
(y*2)) 47 > rmin(2b,1 +a) and fi(y) >

Caselll. Let {1(x*
rmax(a,f)

Similar to Case II.

CaselV. Letft (x (y*z)) 41 > rmin(2b, 1 +
rmin(2b, 1+ a)

Similar to Case II.

a) and fi(y)+7>

Conversely, let [l be an interval valued fuzzy set in X
and 7 € D(0 1] such that [{1]; is an ideal of X. To prove fi
is an(a,b; €4,€4 \/q([j_lg))—interval valued fuzzy ideal of X.If
fl is not an(a,b; €4, €4 \/q(d_;)))—interval valued fuzzy ideal
of X, then there exists x,y,z € X such that at least one of

493

f1(0) < rmin{f1(x), rmin(@ 1t 4)Y and {1 (x*z) < rmin{fL(x

(v*2)). 21 (y), rmin(b, 152)} hold

Suppose [1(0) < rmin{{i(x),rmin(b, % 1t £4)} hold. Then
choose an interval 7 such that

T+

(0) < rmax(a,f) < rmin{{i(x), rmin(b, )} 3.11)
Which implies fi(x) > rmax(d,) ie., x; €5 . Since I is
an(d,b; €4,€4 Vqap) )-interval valued fuzzy ideal of X. There-
fore we must have 0; €; I i.e., 1(0) > rmax(d,f) which
contradicts eqn 3.11. Again if fI(x*z) < rmin{fi(x* (y *
2)), f1(y), rmin(b, 1*“)} hold. Then choose an interval £ such
that

[ (x*7) < rmax(a,f)

A

+a

. . ]
< rmin{fi(xx (y*z)),(y), rmin(b, )b (3.12)
Which implies fI(xx (yxz)) > rmax(a,f), 1(y) > rmax(a,?)
ie., (x*(y*z)); €4 fl, x; €4 fI since I is an(d,b; €4, €4
Vaq, )) -interval valued fuzzy ideal of X. Therefore we must
have (x+2z); €5 L i.e., Q(x*z) > rmax(a,f) which contradicts

3.12. Hence {1 is an(d, IR Vg, >) -interval valued fuzzy
ideal of X. O

Theorem 3.16. Let X ,Y be two KU-algebras. Then their
cartesian product X XY = {(x,y) | x € X,y € Y} is also a
KU-algebra under the binary operation * defined in X XY by

(x,y)*(p,q) = (x* p,y*q) for all (x,y),(p,q) €X xY.

Proof. Straightforward.
O

Definition 3.17. Let A and i be two (4,b;€4,€; V4ap)-

interval valued fuzzy ideals of KU-algebra X. Then their carte-
sian product A x [l is defined by

(A x [1)(x,y) = rmin{A(x),
f):X xX — D[0,1]

fi(x)}
Vx,yeX.

N

where (A x

Theorem 3.18. Let A and fi be two (4,b;c;,€, V4 h)-
interval valued fuzzy ideals of a KU-algebra X. Then A x i}
is also an (4,b; €4, €4 Vg, 5))—interval valued fuzzy ideal of
X xX.

Proof. Similar to Theorem 3.8
O

Definition 3.19. Let X and X' be two KU -algebras. Then a
mapping f : X — X' is said to be homomorphism if f(xxy) =
fx)*f(y) Vx,y € X.
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Theorem 3.20. Let X and X' be two KU-algebras and f :
X — X' be a homomorphism. Then f(0) =0, where 0 € X
and 0’ € X'.

Proof. We have f(0) = f(x*x) = f(x)* f(x) =0 O

Theorem 3.21. Let X and X' be two KU-algebras and f :
X — X’ be a homomorphism. If [L be an (4,b; €4, €4 \/q(a b>)

interval valued fuzzy ideal of X', then f~'({1) is an (4,b; €,
€a Vg, )) -interval valued fuzzy ideal of X.

Proof. f~'(fu ) is defined as f~ ) (x) = p(f(x)vx € X.
Let 1 be an (4,b; €4, €4 Vg, a7b)) -interval valued fuzzy ideal
of X" and x € X such that x; €; f~' (1) then f~'(2)(x) >
rmax(a,1), fLf (x) > rmax(a,f)
= () €a A
=0, ¢ \/q(&j))ﬂ [ Since {1 be an (d,b; €,
valued fuzzy ideal of X']
= O;A €, flor O;Aq(&j?)ﬂ
= [L(O’) > rmax(a,f) or {L(0') +£ > rmin(2b, 1 + @)

( () )) > rmax(a,f) or QL(£(0)) +1 > rmin(2b, 1+ a)

€aVi(ap) )-interval

= Of €4 \/q(a,b)f 1(:&)
Therefore x; €4 f~1(f1) = 0; €4 \/q(dﬁl;)ffl(,a)
Again letx ,,2 € X such that (x*y(*z));,y €a (D)

then =1 (f1) (x*y(+z)) > rmax(a,f) and f~'(f1)(y)
> rmax(a,$) QLf (x*y(xz)) > rmax(a,f) and

af(y) = VmaX(@af)

=
N N N
*
=
—
™~
&
3
g
=
=
=
N
2
S}
o
= <
~
=
=
=
*
~
—
la\l
SN—
=
3
=
S
=
&
=
=
)
S
&
=

lftf(X*

213 i+a)
Z

\s
/:
=
=
@]
=
=
*
:‘_/
S
=
=
>
~
Py
=
=

(

(x* Z)rmm(z,s) €a \/Q(aj;)f_l (ﬂ)
Therefore (x+ (y+2));.ys €a £~ (2)

= (x*z)rmin(f,f) €a vc](@j;)f_l(ﬂ)

Hence the proof O
Theorem 3.22. Let X and X' be two KU-algebras and f :
X — X' be an onto homomorphzsm If [t be an interval valued
fuzzy subset of X' such that = ({1) is an (4,b; €4, €4 \/q(a b>)

interval valued fuzzy ideal of X, then {l is also an (a,b, €4,Ca
Vi l;>)-interval valued fuzzy ideal of X'.

Proof. Letx' € X’ such that x, €; I where f € D[01]

then fi(x") > rmax(a,7) since f is onto so there exists x € X
such that f(x) = x'. Now {1(x) > rmax(a,f)

= [(f(x)) = rmax(a,1)

= 1) (x) > rmax(a,?)
= X €a fﬁl(/:l)
= 0 €a V) f~ (@)

[since f~1(f1) is an (@,b; €4, €4 \/qmﬁ))—interval valued
fuzzy ideal of X]
=0 €a f~' (1) or Oga 5, (1)
= 17 (8)(0) > rmax(a, )

or f~1(1)(0) +7 > rmin(2b, 1+ a)

= [0(£(0)) > rmax(a,f) or {L(£(0))+7 > rmin(2b,1+ a)
= [1(0") > rmax(a,f) or fL(0') +7 > rmin(2b, 1+ a)
= O;A €4 or O;Aq(d,mﬂ
= 07 €a Ve
Therefore x €4 I = 0} €, Vg i1
Again let x’ ,y' 7eXx such that (x' %y (*2'))7,¥% €4 [l where
f,§€ D[01]
then p(x' % (y 7)) > rmax(4,7),1(y") > rmax(4,f) since f
is onto so there exists x,y € X
such that f(x) =X, f(y) =)', f(z) = Z also f is homomor-

phism so
[l (yx2)) = f(x) = (f(3) = f(2) = x5 (¥ %)
Now L * (Y xZ)) > rmax(a,f) and (y') > rmax(a,7)

= A(f(x)* (f(y) [ (2) = rmax(a, ) and u(f(y)) = rmax(a, )

= (f(x*(y*2))) = rmax(a,7) and u(f(y)) = rmax(a,s)
[Since f is homomorphism.]
= f71 () (x* (y2)) > rmax(a, ) and f ' (f1)(v) = rmax(a,f)
= (xx(y*2)); €a f' () and ys €4 f 1 (1)
= X €a Vg, 5)]07] (1)
[since £~ (f1) is an (@,b; €4, €4 V4, j))-interval
valued fuzzy 1deal of X]

= (r#2) €0 /7 () or (v#2)iq s S~ (1)

= =1 (u)(x*z) > rmax(a,f) .

or F N W) (xxz) +1 > rmin(2b,1 + a)

S A(f(erd) > rmax(ad)

or Q(f(xxz))+17 > rmin(2b,1+ a)
A(f(x) % £(2))) = rmax(a; ) .

or L(f(x)* f(z)))+7 > rmin(2b,1+4)

A A

= (¥ 7)) > rmax(a,t) or f(x' x7') +F > rmin(2b,1 + @)
= ('x2),5 €afLor (¥ *Z,)fCI(aﬁj,)/l

= (¥ x2); €4 VqapH

Therefore (' (¥ +2'));, ¥ €a ft = (X' *2); €4 Vg4 1) f1-
Hence fi is an (&,b; €4, €4 Ve &j]))-interval valued fuzzy ideal
of X'. O

Theorem 3.23. Let I be an ideal of X and let [1 be an interval
valued fuzzy set of X such that

() f(x) =0, forall x e X\ 1,

(ii) ft(x) > rmin(b, 4, forallx € 1.

Then [ is an (Cl(a_i))a €a \/q(&_;)))-interval valued fuzzy ideal of
X. ’ ’

Proof. Let x € X and 7 € D(0, rmin(b, %“)] be such that
X4 5>,&. Then we get {L(x) +7 > rmin{2b,14a} = d. Since
Lis an ideal therefore 0 € 1, i. e., L (0) > rmin{2b,1+a}. Now
if rmin{2b,1+4a} > 7 then {1(0) > rmin{2b,1+a} > fwhich
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implies f1(0) > rmax{a,t} i.e., 0; € A. If 7 > rmin{2b, 1+ a}
then 11(0) +7 > 2rmin{2b,1+ a} and so 0zq, ; i Hence
0; €4 Va(ap)-

Again let x,y,z € X and 7,8 € D(0rmin(b, 1%)] be such that
(x (y* z));q(@l};)[ft andxsq, 5 . Then we get that O (y*
2))+1 > rmin{2b,1+a} and fi(y)+§ > rmin{2b, 1 +a}. We
can conclude that xxz € X, since in otherwise x*z € X \ 1,
and therefore 7 > rmin{2b,1+a} or §>rmin{2b,1+d}
which is a contradiction. If rmin(f,$) > rmin(b, ]#), then
fi(x *2) + rmin(f,§) > rmin{2b,1+ a} and so
(x*z),ml-n(m)q(ﬁﬁ)ﬁ. If rmin(f,§) < rmin(b, %), then fi(x*
z) > rmin(f,$) i.e., (L(x*z) > rmax{a,rmin(f,$)} and thus
(X*Z)rmin(f,f) €a [:1 Hence (x*z)rmin(f,f) €a \/q(&j,)' O

4. Conclusion

In this paper, we have introduced (d,@;ed, €a \/q(ajy))‘
interval valued fuzzy ideal of KU-algebra and discussed some
related properties. (4, b4, €4 Va, l;>)-interval valued fuzzy
ideal is the Generalised form ideals in KU-algebra, since but
puttingd=0,b =1, we getd = 1,k = % then (d,@; €4,€a
Vq(é75>)—interval valued fuzzy ideal becomes an (€, € Vg)-
interval valued fuzzy ideal. Further interval valued fuzzy
ideal i.e., (€,€)-interval valued fuzzy ideal is a particular
case of (€, € Vq)-interval valued fuzzy ideal and also fuzzy
ideal is a particular case of interval valued fuzzy ideal. It is
our hope that this work would other foundations for further
study of the theory of BCK/BClI-algebras.
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