Malaya Journal of Matematik, Vol. 7, No. 3, 508-512 , 2019
https://doi.org/10.26637/MJM0703/0023

Pell graceful labeling of graphs

D. Muthuramakrishnan'* and S. Sutha?

Abstract

In this paper, we introduce a new concept of Pell graceful labeling as follows. An injective function f from V(G)
into {0,1,2,..., p,} is Pell graceful if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{p1,p2,...,pq}- A graph G(p,q) which admits a Pell graceful labeling is called a Pell graceful graph, where p, is
the ¢ Pell number in the Pell sequence. Here, Pell graceful labeling of some family of graphs are obtained. lts

non-existence are established.
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1. Introduction

All graphs considered here are simple, finite and undi-
rected. The terms not defined in this paper are used as in
Harary [2]. This paper presents results on graph labeling.

Labeled graphs find their applications in Coding Theory
and Communication Network Addressing.

Rosa introduced the concept of graceful labeling f of a
(p,q) graph G as follows: f is a graceful labeling if f is an
injection from V (G) to the set {0, 1,2,...,¢} such that when
each edge uv is assigned the label |f(u) — f(v)], the resulting
edge labels are distinct.

By following Acharya and Hegde, a new type of labeling
called Fibonacci graceful labeling is introduced. The numbers
F=1FK=2F=3,F,=35,... s the sequence of Fibonacci
numbers.

As an extension to Fibonacci graceful labeling, in this
paper, we introduce Pell graceful labeling. Here, Pell graceful
labeling of certain families of graphs are discussed. Also its
non-existence are established.

2. Main Results

Definition 2.1. Let G(p,q) be a graph. A injective function f
from V(G) into {0,1,2,...,F,}, where F, is the ¢ Fibonacci
number is said to be Fibonacci graceful if the induced edge
labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
(F, B, ... F,}.

If a graph G(p,q) admits a Fibonacci graceful labeling
then G is called a Fibonacci graceful graph.

As an extension to Fibonacci graceful labeling, we intro-
duce Pell graceful labeling.

Definition 2.2. Let G(p,q) be a graph. An injective func-
tion f from V(G) into {0,1,2,..., p,} where p is the ' Pell
number in the Pell sequence is said to be Pell graceful if the
induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection
onto the set {p1,p2,...,pq}-

If a graph G(p,q) admits a Pell graceful labeling then G
is called a Pell graceful graph.

Remark 2.3. The classic Pell sequence is obtained as fol-
lows:

P0:0>
p1=1

and
P+l =2Pn+ pn—1 foralln > 1.

(i.e.) {0,1,2,5,12,29,70,...} is the Pell sequence.



Illustration 2.1

In Fig. 2.1, we provide an example of a Pell graceful labeling
of a graph.
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Fig. 2.1
Observation 2.1

1. The edge number p, has to be induced from the adjacent
vertex labels 0 and p,. Therefore 0 and p, are ought to
be vertex labels in a Pell graceful graph.

All vertices adjacent to the vertex labeled with 0 have
to receive Pell numbers as their labels.

If {{}(=0),l2,13,....1,(= pq) } is a set of vertex labels
of a Pell graceful graph then changing each label /; to
DPq — l; also gives a Pell graceful labeling of the graph.

Theorem 2.4. The cycle Cs is not a Pell graceful graph.

Proof. Suppose C; is a Pell graceful graph, then there exists
an injective function f : V(G) — {0,1,2,..., p,} such that the

induced edge labels are Pell numbers {p;, p2, p3} = {1,2,5}.

Let u, v, w be the vertices of the cycle C3. By Observation
2.1 (1), f(u)=0,f(v)=p3;=5.
Let f(w) =x. Then f*(uv) = p3 as in Fig. 2.2.

O,

Ps3

Xy
Fig. 2.2
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By Observation 2.1(2), x has to receive the Pell number 1 or
2.

If x =1, then f*(vw) = 4 which is not a Pell number,
a =><=.

If x = 2, then also f*(vw) = 3 which is not a Pell number,
a =<to f is a Pell graceful labeling.

Hence, C; is not a Pell graceful graph.

Observation 2.2

The absolute difference of any two Pell numbers (except 1
and 2) is not a Pell number.

Theorem 2.5. The wheel W3 is not a Pell graceful graph.

Proof. Suppose Wj is a Pell graceful graph then there exists
an injective function f : V(G) — {0,1,2,...,p,} such that
the induced edge labels are Pell numbers {p1,p2,...,ps} =
{1,2,5,12,29,70}.

Let uy,us,u3,us be the vertices of W3 and the ordinary
labeling of Wj is denoted as in Fig. 2.3.

Uy

U3
Fig. 2.3
Case 1: f(u1) =0

By Observation 2.2(2), the vertices up,u3,us are ought to be
labeled with Pell numbers.

By Observation 2.2(1), assume without loss of generality
that f(up) = 170.

Then u3 and u4 cannot hold 1 and 2 as their vertex labels.

For, otherwise

[nus) = (usus) = l,a=<+.

Now by Observation 2.2(3), f cannot be a Pell graceful
labeling.

Case 2: f(up) =0 (say)

Then either f(u;), f(u3) or f(us) = 70.

Let f(ul) =70, f(u3) = xvf(”m) =y (say).

By Observation 2.2(2), x and y are Pell numbers and can-
not be from the set {1,2}.

Again by Observation 2.2(3), f cannot be a Pell graceful
labeling.

Hence, W3 is not a Pell graceful graph.



Theorem 2.6. Every path P, of length n is Pell graceful for
alln > 1.

Proof. Let P, be a path of length .

Let {vo,v1,...,vs} be its vertex set and {ej,ez,...,e, } be
its edge set where e¢; = v;_v; fori = 1,2,...,n as denoted in
Fig. 2.4.

el e e ey
e ——8—9———
Vo ¥i ¥3 A Vi-1 Vi
Fig. 2.4: Ordinary labeling of P,
We know that
V(B =n+1,
|E(P,)| =n.
First we label the vertices as follows:
Consider the following labeling f on V (P,).
f(vo) =0
fi) = Pn—Pn-1+pn-2...+ (—1)"_1 + Pu—(i-1)
fori=1,2,....,n

Here, the induced edge labels are distinct Pell numbers.
Hence, the path P, is Pell graceful for all n > 3.
O

Illustration 2.2

The Pell graceful labeling of P; is given in Fig. 2.5.

408 169 70 29 12

408 239 309 280 292 287 289

Fig. 2.5: Pell graceful labeling of P3
Illustration 2.3

The Pell graceful labeling of P, is given in Fig. 2.6.

985 408 169 70 29 12 5 2
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Proof. Let O, be the olive tree having n paths of length
1,2,...,n adjoined at one vertex vy.

Let the vertices of O, be {vo,vi1,vi2,...,
V2(n—1)5V31,V32, -+, V3(n—2), ...,Vn(l)}.

The ordinary labeling of O, be as given in Fig. 2.7.

Vin,V21,V22, -+,

Vint

bV2(n-1)  ®V3(5.2)

Fig. 2.7: Ordinary labeling of olive trees O,

Clearly
nr4+n+2
V(o) ="
and
n(n+1)
|E(On)| = ) =m

288

Consider the following labeling f for O,

f(vo) =0

Fvit) = pmi1-i i=1,2,...n
fi) = f(vit) = Pmy1-n—i i=1,2,..,n—1
fiz) = f(vi2) = Pms2—20-i i=1,2,.n—2
fia) = f(via) = Pmrd—3n—i i=1,2,...n—3

985 577 746 676 705 693 698 696

Fig. 2.6: Pell graceful labeling of Py

Definition 2.7. An olive tree O, is a collection of n paths
joined in one of the end vertices, where the i'" path has length
i

Theorem 2.8. Olive trees O, are Pell graceful for all n > 3.

697

Continuing in this manner, subtracting the appropriate Pell
numbers from f(vis), f(vs5), ..., we get the label for v;s,vjg, ...

Thus, the induced edge labels are distinct Pell numbers.
Hence, the olive trees O, are Pell graceful for alln > 3. [

Ilustration 2.4

Pell graceful labeling of O3 is given in Fig. 2.8

510
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0
v ) V3 Vn Va1
12
70 20
1 2} s €y
u s U3 e Uy U1
70 #20
12 Fig. 2.10: Ordinary labeling of P, ® K
5 2 We know that
V(P,OK))|=2n+2=
and
1 [E(P,OK1)|=2n+1=gq.
We first label the vertices of P, ® K as follows.
GEE Define f: V(B, ©K;) = {0,1,2,...,p,} by
Fig. 2.8: Pell graceful labeling of O3 Case 1: for n =3
Illustration 2.5 fluz) =0
Pell graceful labeling of Oy is given in Fig. 2.9. fv)=p2+1
J(v2) = p4
169 fluziz1) = paic1 fori=1,2
2378 Case 2: forn >4
2378 408 Flns1) =0
f(un) = P2n+1
70 (n—1)—i
S (i) = pan1— Pan—2j

j=0

396
2308 #956 fori=1,2,...n—1
(n—1)—i
5 2 fvi) = pams1—p2— Pan—2j
j=0
2303 ¢ fori=1
0954 (n—1)—i
f(vi) = pans1 — P2ic1 — Pan—2j
1 =0
fori=2,3,...n—1
2302@ f(vn) = p2ns1 — pai-i
Fig. 2.9: Pell graceful labeling of O4 Fug) =1
Theorem 2.9. The Combs P, ® K| are Pell graceful for all  The induced edge labels are distinct Pell numbers. Hence, the
n>3. Combs P, ® K] are Pell graceful for all n > 3. O
Proof. Let the vertices of P, ® K| be Illustration 2.6
{ur,u2,...;un41,v1,v2,...,vp+1} and the edges of P, ® K| be
as denoted in Fig. 2.10. Pell graceful labeling of P4 ® K| is given in Fig. 2.11.

511 X



493 502 448 169 1
2 5 29 169 1
12 70 408 985
495 507 477 985 0

Fig. 2.11: Pell graceful labeling of P4 ©® K.
Ilustration 2.7

Pell graceful labeling of Ps © K] is given in Fig. 2.12.

2871 2880 2926 3194 4756 1
2 5 29 169 985 1

. 12 . 70 . 408 . 2378 . 5741 .
2873 2885 2955 3363 5741 0

Fig. 2.12: Pell graceful labeling of Ps © K] .

Theorem 2.10. complete graph K,, is not a Pell graceful for
alln > 3.

Proof. Let {v,va,...,v,} be the vertex set of K,. Clearly,
each vertex v; is adjacent to every other vertex v;Vj.

Let vy be labelled with 0. Then, in order to receive p, as
edge label, by Observation 2.5(1).

f(vj) = pq for some j say j =2. (i.e.)

Now

f(viv2) = pg.
By Observation 2.5(2), every vertex of K, has to be a Pell
number.

By Observation 2.7, the difference is not a Pell number,
which is a contradiction to the fact that

F(E(G)) ={p1,p2,--:Pq}-

Hence, K, is not a Pell graceful graph for all n.

References

11 J A. Gallian, A Dynamic Survey of Graph Labeling, The
Electronic Journal of Combinatorics, DS6 (2017).

21 g, Harary, Graph Theory, Addison-Wesley Reading, 1972.

[31 K.M. Kathiresan, S. Amutha, Fibonacci Graceful Graphs,
Ars Combin. (To appear).

512

Pell graceful labeling of graphs — 512/512

41" A. Rosa, On certain valuations of the vertices of a graph,
Theory of Graphs (Inter. Symposium, Rome, July 1966),
Gordon and Breach, N.Y. and Dunod Paris (1967), 349-
355.

I5]' G. Sethuraman and P. Selvaraju, Gracefulness of arbitrary
super subdivisions of graphs, Indian J. Pure Appl. Math.,
32(7) (2001), 1059-1064.

ok ok ok ok ok ok ok k
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
]k ok ok ok ok ok Kk ok


http://www.malayajournal.org

	Introduction
	Main Results
	References

