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In this paper we introduce and study an integral transform (¥ -transform) whose kernel is the D
which is generalized form of Kratzel function introduced by Kratzel [10]. First, we obtain the basic properties of Y-
transform. Further, we establish connection formulae of ¥-transform with Mellin transform, Laplace transform
and Saigo operators. Next, we find the images of the product of H-function and S under this transform.
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1. Introduction

We introduce and study the following integral transform
(¥ -transform)

viP / D (2)dz,

D;’L_’ p function occurring in (1.1) is generalized form of Kratzel
function introduced by Dernek [16] defined as

S
0

where z >0,u > 0,p e R,v € C.
For n =1, (1.1) reduces to Kratzel transform [[9], p.604,
Eq.(5)] defined in the following manner

x>0 (1.1

1.2)

x>0
(1.3)

7P[g(z) :x] = / D} (2)g(2)dz,

where D} (z) is Kratzel function studied by Kratzel [10,p.603
, Eq.(2)] as

Dv / yv 1 —)p —zy~ dy

where z, p and v as same mentioned in (1.2).
If u =1,p =1, our transform of (1.1) reduces to Meijer’s

(1.4)

transform. When p =1 and z = % then the Kratzel function
D (2) is related to the Bessel modified function of the second
kind Ky (z) defined as follows:

oy (2 —2(5)1( (1)

"\4) “\2/7”

The T-transform investigated by R. Jain et al. [17] expressed
as follows

(1.5)

oM

v.w,b [g < 7x] :A I3(ZX,W,V,p,‘u,b,(X)g(Z)dZ-

(1.6)

Here I3(z,w, v, p, i, b, o) function is generalization of astro-
physical thermonuclear function introduced by Saxena [[18],
p-35, Eq.(4.1)] defined as

L(z,w,v,p,Uu,b, @)
- / W
When ¢ = 0 above function lead to generalized form of Kratzel
function Dpj (z)

1 _
(a—1)yP] @0 0 gy (17)

}%13(@ w,v,p,l,b,0t) =Dy (). (1.8)



If w=01in (1.7), we have

lim D}’ (z) = D}, 1.

alin)l p,u(Z) p,p(z)v ( 9)
where D), ,(z) is generalized Kratzel function studied by
Dernek [[16], Eq.(5)] which is the kernel of our transform of

study. The function is generalization of Kratzel function since

lim D), , = D} (2).

lim Dy (1.10)

If w =0, the transform defined by (1.6) reduces to P-transform
studied by Dilip Kumar [[8], p.603, Eq.(1)], which is given by

/ D (2)dz,

where Dﬁ”g (z) is generalized Kratzel function studied by Dilip
Kumar [[9], p.603, Eq.(2)]. When (1.6) reduces to transform
of our study

x>0 (L11)

o+ / Dy, ()dz, x>0 (1.12)

The transform introduced by Kratzel [9] and its several
generalization were investigated by many authors. Bonilla et
al. [7] studied the Kratzel transform in the space F P, it and
FP ul Glaeske et al. [10] introduced a modified version of
the Kratzel transform and its compositions with fractional cal-
culus operators on the spaces of FP,u and FP, 1. Kilbas et
al. [5] obtained the asymptotic representation for the modified
Kratzel function, Liouville and Erdelyi-Kober type fractional
integrals of the modified Kratzel function. Kilbas et al. [6]
studied the Kratzel function in (1.4) for all values of % and
established it in terms of Fox’s H-function.

This paper is organized as follows: First, we introduce a
new class of integral transform, whose Kernel is the general-
ization of Kratzel function. First, we present the basic proper-
ties of ¥- transform and then establish composition formulae
of ¥-transform with Mellin transform, Laplace transform and
Saigo operators. Next, we find the images of the product of
H-function and S‘[f under this transform.

Some properties of 7 *-transform

In this section, we will give some properties of transform
of our study.
Linear Property:

Let g1(z),82(z) be two functions and cy,c; be arbitrary
constants such that

PP i@ e [ Dyuea@ds (13
TP [(c282)(2):x] = cz/ Dy 2(z)dz,  (1.14)
then
Y  (c181+ caga)ix] = 1 V) H (g1 (2):4]
+ PP ea(z)in]. (1.15)

514

A study of Y-transform — 514/518

Shifting Property:
If g(z) is a function such that ¥ [¢(z) : x] = g(x) then
POH [ ¥ g(2);a] = F(x+b). (1.16)

To prove (1.16), expressing ¥ -transform with the help of (1.1)
and (1.2), we get the following from say (A)

A:/O {/0 yv1€ype(Hb)Z(Hw)”dy}g(z)dz.

(1.17)

Using (1.2), we write the inner integral in terms of the kernel,
we get the required result.
m'" derivative of ¥} -transform
D"(¥0H(g(2) i %) = B ((—2)"g(2)3x). (1.18)

In order to prove (1.18), we write Y-transform with the
help of (1.1) and (1.2) in the left hand side of it. Next, we
change the order of differentiation and integration which is
permissible here under the condition stated. We get the fol-
lowing form say (A)

=L

after differentiating m times to above equation, we write the
result obtained in terms of ¥{* after a little simplification.

We get the desired result.

lfypd

G g(2)dydz

(1.19)

2. Mellin transform and Laplace
transform

The Mellin transform of the function is defined as follows

M{f(Z);s}:/Omzs‘lf(z)dz, seCz>0 (2.1

Theorem 2.1. Let g(z) €Ly ,(0,00),p €R,p #0,s,veC,u >

0,z > 0 such that Re(s) > 0Re<vJ;“s > 0 and

M{YY*"{g(z)}:s} and M{g(z);s} exist then we have the fol-
lowing result

MIP2* {g(e))is = o (S

|p| P )M{g(z);l_s}7

(2.2)

where M{g(z);s} is the well known Mellin-transform of func-
tion g(z).

Proof. Using (1.1) and (2.1), we have

70 {g(2)}1s]

/ { e { I yv—le—y”—@fy”dy} dx} dz.



Changing the order of integration and using the substitution
of xy™" = u, we have

M7 {g(2)}:5]

:/ g(z){/ yWle” {/ xs_le_”y”dy}dx}dz.
0 0 0

24
Applying the known formula from [[1], p.145], we find that
~ s [ o yps
M (sl = [Te{ [
P Jo 0
(2.5)
When p > 0, we have

M7 {g(2)}is] =

Is v+/.ts>
—TI M ;1 —st.
(2.6)
O

Corollary 2.2. If we take L = 1 and the conditions of Theo-
rem 2.1 are satisfied, then

M {g(2)}ss] = MK {g(2):x}:]

= o (M et -

Laplace Transform: The Laplace transform of a function g
is defined as follows:

Q2.7

L{g(2);2} = / ()dz, s€C,z>0. (2.8
For p > 0, we have

L[va,u{g(z)m};s]

— i 1,2 (0, 1)

“op o T lil(O, D, (zu)]sRe G

and for p < 0, we have
LYy {g(2);x};5]

1 /= 1) 5(0,1,(1—
=—— | H,} [J )

55| sz @10
0.1) ]g(Z) z. (2.10)

Corollary 2.3. If we take i = 1 and the conditions of The-
orem 2.2 are satisfied, then we get the Laplace transform of
Kratzel transform given in [9]. Further, if u =1,p =1in
Theorem 2.2, we get the Laplace transform of Meijer trans-
form.

Proof. Using (1.1) and (2.8), we have
LYY {g(2):x}:s]
=
et / r(-

7)dzdx

<V“‘C> (20 f£(2)dzdx.
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Changing the order of integration which is possible because
of the uniform continuity of the integral and using gamma

function, we get
1/ (v+u§)
r(-¢r
300 (=5) ’

LIV {g(2)ix}is] =

/ £ £ {e )b} e
=505 ) S;Hr( S (Hpuc)

(OL(1+8) {2 f()dz} at.

where Re(s )>0Re(v+p“s) > 0. O

3. Right-hand sided Riemann-Liouville
fractional operators and Y-transform

The Liouville fractional integral is defined by

1

(F0) = g | =0 g0

() 3.1

and its derivative .#% and D% are

(D_g)(x) = <_5x> et (gzl_awm)) (x)

_ 1 ® . \—atRe(a)
= M arRera) . O s, 32)

where x > 0,a € C,Re(at) > 0.

Theorem 3.1. Let g(z) € Ly ,(0,0),p € R,p #0,s,v € C
and when p > 0, then we have the following result

g(2):x] = V5 ™2 "g(2):x].

Proof. Using (1.1) and (3.1), we have

TV, (3.3)

V

Yy u8(2)3x]
/og {x
(x){/s (t—x) e dx}dydz

Applying well known formula

Y*e™", Re(a) >0,Re(y) >0

Z—)L {/myvﬂuxlgypzxy“dy} dz
0

Y R (2x)dz = Ty {2 g (2)sx )

zx:

yv L= -z g }dt}dz
3.4

Fe ) =

- [ s
Z/Owg(Z)



Theorem 3.2. Let g(z) € Ly (0,0),5,v € C,p € R,p #0
and when p > 0, then we have the following result

DAYy 8(2);x] = [Vp . 2 Tg(2)3 ).
Proof. Using (1.1) and (3.2), we have
D7) {g(2);x}s]

4. Saigo transform and Y-transform

Fractional integral operators introduced by Saigo [15] will
be defined and represented in the following manner.

*'}'*6 X
18K _x / a1
+ [g(f)JC] F(,)/) 0 (x t)
»F (y—l—é,—lc;}/;l —é) g()dt, x>0 4.1)
and
7,8,k — 1 /m _\Y-1l,—y-¢6
I+ [g(t)7x] 1"(05) . (t x) t
X
o F (y+ 0,— Ky, 1— ;) g(t)dt, x>0 4.2)

where »Fy (o, B,1;2) is Gauss Hyergeometric series defined
in[1] for A #£0,—1,-2.

When 8 = —7, the above equation (4.1) and (4.2) reduce to
the classical Riemann-Liouville fractional integral operators
[[19], p.94, Egs.(5.1) & (5.3)].

Further

DY [g(r), ] = (jt) IO (1) ],
(Re(y) > 0,n=Re[(y)] +1)
and

DY [g(r),x]

d\" +n,—8 +
— n,—o—n, K—n
(=55) B g,

(Re(y) > 0,n=Re(y)+1), 4.4)
where Re(y) > 0,7,0,x € R and II’S’K,IZ’S’K known as gen-
eralized fractional integral operators given by (4.1) and (4.2)
respectively.
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When 6 = —7, the above equations (4.3) and (4.4) reduces
to the classical Riemann-Liouville fractional differential oper-
ators [[4], p. 80, Egs.(2.2.3-2.2.4)].

Again, if § = 0, equations (4.3) and (4.4) Erdelyi-Kober
fractional differential operators [[6], p.109, Eqs.(2.6.35-2.6.36)].
Required Results: Known results which are required to es-
tablish the connections of Saigo transform and our transform
of study as follows:

Result 1: [[3], p. 871, Eqn. (15)]

I'k+o0—-0)I'(o)

xc—S—l
I(c—8)I(c+Kx+7)

Ilﬁﬁ,x[ta—l; ] =

, (4.5)

where Re(y) > 0,Re(0) > max{0,Re(d —x)},k,7,0 €R.
Result 2: [[3], p. 872, Eqn. (21)]

F(l+8-0o)(1+k—0) 4
T(1-o)(I+y+d+Kk—0)

—5-1

9

17351y =

(4.6)

where II’S’X and IZ’S’X occurring in (4.5) and (4.6) are known
as Saigo fractional integral operators given by (4.1) and (4.2).
Result 3: [[2], p. 327, Eqn. (22)]

I(o)'(6+o0+7+kK)
I'o+x)I'(6+49)

D?F‘S’K[Io‘q;x} = x0T x>0

“@.7
Result 4: [[2], p. 328, Ean. (26)]
DV»

I'Nl—oc—-6)I(1-c+7y+ K)x6+571
I'l—o)I'(l-c+x—9)

“e* ]

x>0 (4.8)

where Re(y) > 0,Re(c) > —min{0,Re(y+ 6+ K)}.
Here D?’F’S’K and D’fS’K occurring in (4.7) and (4.8) are

known as Saigo fractional integral operators given by (4.3)
and (4.4).

Theorem 4.1. Let g(z) € L, (0,%),s,v € C,p € R,p #0,
then we have the following results:

Sl

d,
117y {82t =

(0,1),(— K+5,1) p
GO 20,0, (2.5 (8.1). (-y— 1) | B
“4.9)
and
-0 oo
BTt = [ 3
(><)[(0’1)’(_’“_5’1)’(1_1"”";)]g(z)dz (4.10)
z,x\(O,l),(S,l),(—}/—K,l)



To prove (4.9) we express the Saigo integral operator of
the ¥ transform with the help of (4.1), then we write transform
by means of (1.1). Next, we interchange the order of x integral
with contour integral. We obtain the following form say (A)

Sam (B4 Ee)reo
{/ S o)1 )]dde}.

Next, we solve inner x integral using result (4.4) and reinter-
preting the result in terms of H-function after some simplifi-
cation, we get the desired result.

The proof of (4.10) can be obtained by proceeding on
similar lines given to those given above using (4.8).

.5, . ,0,K 157 .
Theorem 4.2. If D’**[g(z);x] and DY, K[Y[}Cu {g(2);x}] ex-
ist, (z) € Ly »(0,00),5,v € C,p €R, p # 0 be such that Re(s) >
0,Re(Vv+s) > 0 and the condition of existence of V' {g(z2); x}
defined by (1.1) are satisfied then

5 oo
X 1,1
*;/0 Hys
).(0,1), (=)
+x,1),(=8,1)

4.11)

DYONIEY  {g(2):x)]

s
. L(xuo 0,

Theorem 4.3. If D"**[£(2):x] and DﬁE’K[Yp‘fH {f(2);x}] ex-
ist, Re(y) > 0 and the condition of existence of Y{*{ f(z);x}
defined by (1.1) are satisfied then

u
p
(y

] g(z)dz. (4.12)

x6 0o
o s
l (1_% g) (k—8,1)
zx|(0,1),(=8,1), (y+x,1),(1,1)

DYONITY {f(2)ix}] =

X

] f(z)dz.
(4.13)

To prove (4.13) we write the Saigo differential operator
[[5].p.- 258, Eq.(7.12.45)] of the transform, then we write )4
transform by means of (1.1) & (1.2).

Next, we interchange the order of x integral with contour
integral. We obtain the following form say (A)

b= 5 [T (5+50)r0
{/C DV“(C)]dzdg}.

Next, we solve inner x integral using result (4.7) and rein-
terpreting the result in terms of H-function after some simpli-
fication, we get the desired result.

(4.14)

The proof of (4.14) can be obtained by proceeding on
similar lines given to those above using (4.8).
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H-function o )
The H-function occurring in this paper will be defined and

represented in the following manner [12].

mn |2l (ar, o), (an, o)
”M[ 1B <bq,ﬁq>’
M0+ 6)
~ 5, ., 1 b+ﬁf§) T a @19

where for the nature of contour L and the other details of
H-function defined by (4.15) we refer to the work cited above.
The general class polynomials

The general class of polynomials, introduced by Srivastava
[11] is given by

L &
Sy [x] = Z (_V)URAV,RE, V=0,1,2,...
R=0 !

where U is an arbitrary positive integers, the coefficients Ay g
are arbitrary constants, real or complex. On suitably special-
izing the coefficients Ay g, yields a number of known poly-
nomials as its special cases. These include among others the
Cesaro polynomial, Konhauser polynomial, Brafman polyno-
mial, Bedient polynomial, Bateman polynomial and several
others.

5. Conclusion

In this paper, we have presented a pathway pathway inte-
gral transform associated with generalized Kratzel functions.
The obtained result provided generalised forms of the known
results earlier proved by Kratzel [9].
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