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1. Introduction

The class of pseudocontractive operator is introduced by
Browder and Petryshyn[13] in 1967 in Hilbert space who
said that U is pseudocontractive operator if and only if T=I-
U is monotone operator.They also proved the existence re-
sults and convergence results for this class of mappings in
Hilbert space using Krasnoselskij[14] iteration .In the same
year, Browder[15] independently gave the existence of fixed
points of pseudocontractive mapping in real uniformly con-
vex Banach space and real Banach space with uniform struc-
ture.He assreted that the class of pseudocontractive operators
includes the important class of nonexpansive operators and
shown that T is pseudocontractive if A=I-T is accretive.

It is well known if T is a nonexpansive mapping then U:I-T is

monotone in Hilbert space for any subset D of H into H and
accretive operator in Banach space into itself.However, con-
verse is not true i.e.if U is monotone or accretive operator then
T=I-U is not nonexpansive (see Browder[16]. In fact, this was
the reason why pseudocontractive operator was introduced.

The class of pseudocontractive mappings plays an impor-
tant role in the theory of nonlinear mappings because of its
firm connection with the accretive mappings.(see Kirk and
Shoneberg[17].Browder[15] and Kato[18]. Independent of
each other ,these authors have tried to characterize pseudocon-
tractive mappings as the mapping T for which the mapping
A=I-T is accretive.Consequently, several methods of approxi-
mating the equilibrium points of the initial value problems

¥ (t) +Ax(t) = 0,x(0) = xo

have been evolved so for proving the existence and approxima-
tion using pseudocontractive operators.One of them is based
on Viscosity Implicit Rule.

The viscosity iterative algorithms has been investigated exten-
sively by many authors to find the common element of the set
of fixed point of pseudocontractive mappings and the set of so-
lution of variational inequality problem ( see [11],[21],[22]and
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the references therein).On this line of investigation, in 2000 ,
Moudafi [1] introduced the viscosity iterative algorithm for
proving the strong convergence of non-expansive mappings in
real Hilbert space. Later in 2004, Xu [2] extended the result of
Moudafi [1] to a Banach space and introduced the following
viscosity technique for non expansive mapping in a uniformly
smooth Banach space :

Xn4+1 = anf(xn) + (1 - an)Txm n>0

where f is a contraction and ||| is a sequence in [0, 1].

The implicit midpoint rule is a powerful method for solv-
ing ordinary differential equations ; (see [[8],[9]] and the
references therein).Recently, in 2015 , Xu et. al [4] applied
the viscosity technique fo rthe non expansive mapping and
introduced the following viscosity implicit midpoint rule

Xn +xn+l

Xn+1 :anf(xn)+(17(xn)T( 2

), n>0 (L)

They proved that the sequence generated by equation (1.1)
converges strongly to a fixed point of 7 ,which also solves the
following variational inequality in Hilbert space ,

(I=f)g,x—q) 20, xeF(T) (1.2)
In 2017, Luo et. al. [7] proved strong convergence for
strict pseudocontractive mapping with some appropriate con-
ditions on parameters by using the above [4] implicit midpoint
rule of non expansive mappings in uniformly smooth Banach
space which also solves some variational inequality problem.
Recently,Yan et. al. [10] extended the result of Luo et.al. [7]
from non expansive mapping to asymptotically non expansive
mapping and gave the generalized viscosity implicit rule for
asymptotically non expansive mapping in Hilbert space as

Xn + Xn+1

7 ), n>0

Xpl = anf(xn) + (1 - (Xn)T"(
Further, Yao et. al. [12] introduced another semi-implicit
midpoint rule as follows :

Xn + Xn+1
2

In 2016, Yu et. al. [19] extended the work of Yao et.
al.[12] and gave following generalized viscosity implicit rule
for non expansive mapping in Hilbert space :

Xn+1 = anf(xn) +ﬁnf(xﬂ) + ’}/nT( )v n>0

Xn+1 = anf(xn) +ﬁnxn + YnT((Snxn + (1 - Sn)xn+1)a n>0

. Its sequence converges strongly to fixed point 7. In 2017,
Wang et. al.[20] extended the work of [19]to a uniformly
L-Lipschitzian asymptotically pesudocontractive mapping in
Banach space and introduced the following modified viscosity
implicit rule

Xn+1 = OpXp +ﬁnf(xn) +7nTn(Cnxn + (1 - Cn)xn+1), n>0
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Now in this paper, motivated by above results of [[19],[20]]
we introduce the following modified iterative algorithm based
on viscosity implicit rule for a uniformly L-Lipschitzian asymp-
totically pseudocontractive mapping in Banach space, which
is more general than Theorem 2.1 of [20],

Xn4+1 = an(l - 5n)xn +ﬁnf(xn)

+}/nT”(Snxn+(l_sn)xn+l)a n>0

with some suitable assumptions imposed on parameters and
prove strong convergence theorem for asymptotically pseu-
docontractive mapping in Banach space. It extends the main
result of Wang et. al.[20] and improve many such other re-
sults.

2. Preliminaries

Through out this paper, we assume that E is a real Banach
space and E* is the dual space of E. Let C be a subset of £
and let J denote the normalized duality mapping from E into
2F" defined by

Jx)=feE xf) =2l = £

for all x € E, where (.,.) denotes the generalized duality pair-
ing.We denote the single valued duality pairing by j.In a
Hilbert space H, j is the identity mapping.We recall here
some useful definitions.

Definition 2.1. A mapping f : C — C is said to be a strict
contraction if there exists a constant A € (0,1) satisfying

1FG0) = FOI < Albe=yll,

Definition 2.2. A mapping T : C — C is said to be an asymp-
totically non-expansive if there exists a sequence {k,} with
k, — 1 such that

Vx,y €C

[T =T <kallx =y, Vxy €C

Definition 2.3. A mapping T : C — C is said to be an asymp-
totically pseudocontractive in Banach space if there exists a
sequence {k,} with k, — 1 and j(x —y) € J(x —Yy) for which
the following inequality holds

(T"x=T"y, j(x=y)) <ka[lx =%, Vxy €Cn>1

Definition 2.4. A mapping T : C — C is said to be uniformly
L-Lipschitzian if there exists some L > O such that

IT"x=T"y| < Lllx=yl, Vxy €C, n=1

We can easily see that if 7 is an asymptotically non-
expansive mapping then it is both asymptotically pseudocon-
tractive and uniformly L-Lipschitzian but the converse need
not to be true in general.

We shall use here the following lemmas :

Lemma 2.5 ([2]). Assume {a,} be a sequence of nonnegative
real numbers such that
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ant1 < (1—06,,)61,,—1—6", n>0

where {a,} is a sequence in (0,1) and {8,} is a sequence in
R such that

1Y

=0 On = -

g

n

2. limsup,,_,. or Yo [6a] < oo

then lim, e a, = 0.

Lemma 2.6 ([11]). Let E be a reflexive smooth Banach space
with a weakly sequential continuous duality mapping J. Let
C be a nonempty bounded and closed convex subset of E and
T : C — C be a uniformly L-Lipschitzian and asymptotically
pseudocontraction. Then (I —T) is demiclosed at zero, where
1 is the identity mapping, i.e., if x, — x weakly and x, — Tx,, —
0 strongly, then x € F(T).

Lemma 2.7 ([12]). Let {x,} and {y,} be two bounded se-
quence in a Banach space E and {B,} be a sequence in [0,1]
with 0 < liminf,,_. 3, < limsup,_,., B,. Suppose that

Xnr1 = (1= Bn) + Buyu¥n >0

and limsupn—)oo(||yn+l _ynH - ||xn+l _an) <0

Then limy,_ye ||y — x| =0

3. Main result

Theorem 3.1. Let E be a reflexive smooth Banach space
with a weakly sequentially continuous duality mapping. Let
J,C be a nonempty bounded and closed convex subset of E,
and let T : C — C be a uniformly L-Lipschitzian asymptoti-
cally pseudocontractive mapping with a sequence k, such that
F(T) # ¢ and f : C — C be a contraction with coefficient
A €(0,1). Pick any xo € C, let x,, be a sequence generated by

)xn+1)
3.1

where {0, },{Bu}, {1}, {0} and {s,} C (0,1) satisfying the

conditions

X1 = 0 (1= 0n) X+ Buf (xXn) + Y T" ($n2n + (1 — 5

I 0 +Br+7v =1, lim_.p,=0,
Yo = nﬁnalimnﬁw 6, =0;

(Snt1) =4

L—(snt1)

2. 0 <liminf, . o, <limsup,_,. o, <1,
limy,—ye0 By = 0, limy o0 | Oy — @, |=0
, limy, e | ﬁn—H - ﬁn ‘: 0, lim, e ‘6n+1

0<n<

— 8, =0.

3 Y B =000<s, <spp1 <1, Yo g0 =00,

Yn(] _Sn) < %;

4. lim,oo | T x = Tx|| = 0,x € C

pseudocontractive mapping in a Banach space — 661/668

where C' is any bounded subset of C for all n > 0.Then {xn}
defined by 3.1 converges strongly to a fixed point p of the
asymptotically pseudocontractive mapping T, which solves
the variational inequality :

((I=f)p,j(p—y)) <0, VyeF(T)

Proof. We divide the proof into five steps
Step 1: First we show that {x, } is bounded. Take p € F(T)
arbitrarily, we have

= pll = [lea(1 = 64)xa + Buf (xn)
+ W T" (snXn + (1 = $n)2Xn11) — pl|
= || 0tnXn — QB + B f (%)
+/}/nTn(Snxn+(l_sn)xn+1)_p||
= [l [(1 = 84) (x4 — p) + 8u(—p)]
+ WlT" (sn%n + (1 = Sp1)Xn41) — P
+Bu(f(xa) = £(P) + Ba(f(P) — P)I|
< 04 (1= 8)lxn — pl[ + 0685 [ P
+ Bl (f (xa) = F(P)I[ + Bul|(f (P) = D)
+ Yl I T" (X0 + (1 = $0)Xn11) — pl|
< (1= 8,)[|(xn — p)I| + 8al[ P
+ BaAllxn = pll+ Bull (£ (p) = P)II
+ WLl [ ($nXn + (1 = $2)Xn1) — Pl
< 0 (1 =8| (xn — )| + 0l [P
+ Bu|xn = pll + Bull(f (P) — P)II
+ YuLsn||xXn — pl|
+%L(1 = 8)|[xn+1 - pl|
= (04 (1 = 8,) + BuA + YuLsn) || (xn — p)|
+Bull(f(P) = P)|| + 06l ||
+ WL (1 = sp)|[Xn1 = pl|-

Hanrl

)
(f

which implies that

=Pl < (01 = 8,) + ud

= pll+Ballf(p) — Pl
(3.2)

Mn1
+ YuLsn )| %n
+ 04,6, |||

[1 - ’VnL(l —Sn

Since ¥,,1—s, € (0,1),1,(1

we get | —y,L(1 —s,) > 0.

By (3.2) and condition (1).
[an+ﬁn+7n = lzlimn—wx'ﬁn :Oa%l =
(sp+1)—2 }

L— ((sn + 1))

1
75‘") < Z

B,
0<n<
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It follows that

|01 = pl|
an(l_sn)+)’ﬁn+7ann||x _ ||
1—L(1—s,) n b

37

— syl
Sy,
e et 4]

1—ot,(1—s,)— Ay —
1 —%L(1—s,)

£ (p) = pll

<

+

=[1- L [

B,
1—3L(1 —s,)
|l

—pL(1—s)"
Bull +sn = A] — (L —
1 —%L(l—s,)

£ (p) = pl|

_|_

=[1- Il = pll

ﬁi
— YuL(1 = sn)
o |lpl|
— T ( - )
_[I_Bn[(1+sn)_l]_n[L_
B 1—%L(1—s,)
Ballsn +1) =A —n[L—(sp +1)]]
I_YnL(l_sn)
|lf(p) —pl|
(Sn+1)—/1—71[L—(5n+1)]
CSu[(sn+1) = A —n[L— (5, +1)]]
1 —%L(1l—s,)
Il
A—n[L—

St D311, — pll

+

sl (sn+1) — (sn+1)]

Consequently , we get

[Pent1 = pl|

1
Smax{”xn—PH, (Sn+1)*)bfn[L7
e =l == P
Vn > 0.

By induction we readily obtained

(82 +1)]

[en = |

1
< _
_max{on pH’(anrl)—?L—n[L—

1
A—nIL

(52 +1)]

IIf(p)—pII,(
Vn > 0.

Hence we can observe that x, is bounded . Consequently,
f(x,) and T"(spx, + (1 — 5,)%x,41) are also bounded.

P —(sn+1>}”””}’
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Step 2: limy, e || X1 — x| = 0.
To see this , we set

 Xntl — an(l - 6n)xn
I T (1 8,)

Thus we have

Xn+2 = O 1 (1 = O 1 )Xn1
1 — 01 (1= np1)
Xt T an(l - Sn)xn
1- an(l - 6}1)

Yn+l —Yn =

from equation(3.1), we get

Yn+1 —Yn
1
1 - an+1(] - n+1 {ﬁnJrlf anrl)
=+ ’]/,,+]T (Sn+1xn+1 + (1 _Sn+l)xn+l)}
~ Buf n) + 1" (spn + (1 — 50)Xn41)
1 — o (1—6,)
1_ i1 (l {Bn+1f(xn+l)
+)/,,+1T (Sn+1xn+1 +(1 —Sn+1)xn+2)}
o an(xn) + (1 — Oy — Bn)T”(snxn + (1 _sn)xn+l)
1—a,(1-20)
e )~ flon)
ﬁnJrl ﬁn
T a8 a1 -5, )
_( ﬁl’H-l _ ﬁn )
1—(Xn+1(1—5n+1) 1—06,,(1—5,1) '
[T" (snXn + (1 — $n)Xn11)]
Bn+1 n+1
1= Ot (1 — 51 [T * (Snt1Xn+1
+ (1= sp41)%012) — T (50 + (1 = $0)%n+1)]
[T (12041 + (1= Sn41)Xn12)
—T"(spxn + (1 — $p)Xn+1)]
g ) — 5
ﬁnJrl Bn
T (=8 115,
—T"(spxn + (1 —50)Xn41)]
B”Jrl n+1
- 1— Otn+1(l — 6n+1) [T * (sn+]xn+l
+ (1 - Sn+1)xn+2) - Tn(snxn + (1 - Siz)x11+1)]

+ [TH—H (5n+1xn+1 + (1 - sn+l)xn+2)

=T (snxn + (1= sn)%n+1)]
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Thus,

Yn+1 = Yn

_ ﬁn 1
- 1— Ot 1 (-; — 5n+1) [f(-xn+1) _f(xn)]

Bus1 Bn
o (=61 T-mi—5y )
= T" (X0 + (1= $2)Xn11)]

Bui1
1 — 01 (1 = Opt1
+ (T =snt1)xn12) = T" (Sn+1%n11 + (1 = Sps1)Xn42)]

Bui1
1 — 01 (1 = Opt1
+ (1= spe1)Xns2) = T (spxn + (1=

+(

+(1-

) )[Tn-H (Sn+1xn+1

+(1-

) NT" ($p11%011

n)an)]

It follows that

Hyn-&-l _yn”
)LﬁnJrl
< X —X
— l_a’1+1(1_5n+1)||( n+1 VlH
_’_‘ ﬁn+1 N Bn |M
lfan+1(176n+1) 1*(1,,(1*5,1)

+ sup ||T"x — T

xeC
ﬁn+]

1=ty 1 (1= 6pp1

+ (1= $n1)%n42 = (SnXn + (1 = $0)%011) ||

(1

))L||(5n+1xn+1

e (LA
1- an+1(1 - 5n+1)
_’_‘ ﬁn—H . Bn |M
l_an+1(1_6n+1) l_an(l_an)
+ sup ||T"x — T
xeC
+(1 _ Bn+l
- ‘xn+l(1 - 6n+1)
L| ‘Sn (xn+1 - Sn) + (1 - sn+1)(xn+2 _xn+1)|| (3.3)
< Ao [ (a1 — %]
1=ty (1= 611)
_’_‘ ﬂn—H B ﬁn |M
1—06n+1(1—5,1+1) 1—06,1(1—3,,)
ﬁn+]

+ sup || 7" x — T"x|| + (1 —
xeg” 1+ 1 — 0ty 1(1—=6,41)

Lsn| X1 = Xn] [+ (1 = spp1) [[Xn+2 — Xnr1|]]

where C' contains sequence {s,x, + (1 —
is a constant such that

Sn)Xnt+1} and M >0
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M Z{Sup ||xn -
n>0

|1 (xn) — TnH(snxn + (1= s52)Xn+1) |l
||f(xn) - T"(snxn +(1 _sn)xn-k—l)H}

77! ($nxn + (1 = 8)%n41)]

From (3.1), we have

%42 — Xnt1]|

= ||t 1 (1 = Sps1) X1 + Bt 1 f (nt1)

%1 T (w121 + (1= $011)%12)

— 0 (1= 64)xn — PBuf (xn)

= YT (snXn + (14 52)Xn11) |

= [ Gn1 (X1 = Xn) = Ops18pit (X1 — %)

+ (O 1 — 04) % — 04Xy (811 — 65)

— (@1 = ) 10 + Bt 1 (f (1 — £ (x))
+ (Bust = Ba) F (o) + Yo a [T (s 1201

(1= su1)X42) = T (s + (1= 50)%011)]
+ (Bt = ) T (s + (1= $0)X041) + W T
(S + (1= 80)X041) — T" (X + (1 = 80)%041)] |
= [|On+1 (Xnt1 —Xn) — Ot 1 Gt (X1 — X))

+ (Qng1 = O )X — QX (Bt — Bp) — (Ot — )
On 1% + Bt (f (o1 — f(xn)) + (Bar1r — Bn)
F )2+ Yt [T (Sp1 Xt 4 (1= Su1)Xns2)
-7 (SnXn + (1= $0)Xn1)] = [(Qnt1 — )

+ (But1 — Bn)]TnH (SnXpn + (1 = $n)Xn11)
V[T (s + (1= $0)Xn11)

—T"(spxn + (1 = 50)Xn+1)]

= [[ (@1 (14 8ps1)) (g1 — Xn) + (Ot — )
[n = Bu12n — T (s + (1= 8)%011)]

— 04X (8p1 — On) + (Bt — Bu) [f () — 7!
(Snxn + (1= 50)2041)] + Bt (f (a1 — £ ()
+ Yt [T (S 1051 + (1= Spget ) Xr2)
-7 (SnXn + (1= $p)2Xn11)] + 1o [Tn+1 (SnXn

+ (1= 80)2011) = T" (snXn + (1 — 50)Xn41)]

< (41— Ot 18 1) | (1 — ) ||+ | (Qnr

— o) || (1 = 80y 1) — T (5200 + (1 —5,)
Xt )] = Gl [xn[|Gnt1 — Onl + [ But1 — Bal

I (en) — T ($nXn + (1= s0)Xp41]| + A But1

[ (n1 = Xn) | + Ve 1 LI (S 141+ (1 = Sn1)
X2 = SpXn — (1= 50) %41 ][+ %I T" (5020

+ (1= 80)2011) = T" (s + (1 = 50) X1



[EEEE

< (01— Qi 10n41) + || (K1 — X)) ||

+ (1 — ) [M + | Brr1 — BulM

= O 1 = B[l [+ A Bt || (ot — )|

+ Y 1 L] (1 = $n1) (Vg2 — X 1) 4 80 (Xnp1 — X))
+ 1| T (s + (1= 5,)%011)

= T" (snxn + (1= 50)Xn41) ||
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< (anH - an+16n+1 +lﬁn+l +YH+1LSn)||(xn+l _xn)”

+ Y1 L( = S ) || (2 — Xng1) ]
- an|6n+1 - 511‘”an

+ (1061 — 0| + a1 — Bal)M + sup |7 x — T"x]]
/

XEC

It turns out that

||xn+2_xn+1||
< (01 — O 18ng1 + ABust + Yar1Lsn)

- 1—7n+1L(1_Sn+l)
M

1-— }’n—}—lL(l - Sn+1)
O] — O -
(lomsr = onl - 1Busr = Bal) + 57—

0‘11‘5n+1 _5n|

|41 — x| |+

sup [T+ — T"x]| - |||
XSC‘ I_Yn—HL(l _SI‘H-I)
_ [1 - ﬁn+l(1 _k) +’)/11+1L(Sn+1 _sn) - '}/n+l(L_ 1)
1_Yn+1L(1_5n+1)
an+16n+1

- Xpt+1 — X, 34

1_7n+1L(1_Sn+1)m " n||

M

+ (|an+1 _O‘n‘

1_Sn+1L(l_sn+l)

1

+Bas1 — Bal) +

‘ﬁn—%—l ﬁn‘) 1_7n+lL(1_sn+l)

0|81 — On|

sup| [T x — T"x|| — 1

XEC

X,
_Yn+1L(1 _sn+1) H n”

_ Bus1 [1 —A —U(L— 1)] +Yn+1L(5n+1 _Sn)

<1
- [ 1_YnL(1_Sn+1)
Oyt 16,
_$]||xn+l_xn”
1 —%L(1 —5p41)
M
+ (lanJrl _an‘
1= Y1 L(1 = sp41)
1
* ‘ﬁn_H _ﬁn‘) * 1- YnJrlL(l 7Sn+l)
0y |0y41 — 6,
supl| Ty — g | — —Cnloet =Sl
ed! 1= Y1 L(1 = $p41)
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put (3.4) into (3.3), we get

[yns1 = yall

< [ lﬁn—%—l o ﬁn—H

- 1—a,1+1(175n+1) 170‘n+1(1*5n+1)
Ls, + (1 P YL(1 = sp41)]

1 — Cy1 (1= Bpt1)
(241 — ]|
(Y1 + X180 1)L(1 = 511)
1= a1 (1= e )] — ot L(1 — 511)]
(|O‘n+l — o]+ |ﬁn+1 — Bal)+
(Vn+l + an+16n+l)L(1 *SrHrl) Sup”TrH»lx_ Tan
(1= i1 ][1 = Ya1 (1 = sps1)] (gl
Bn+l _ ﬁn

l—ap1(1=8441) l—a,(1—0,)
_ [)LﬁnJrl + (Va1 + Ot 16041 ) Lsn
B 1 — 01 (1= 0ns1)

(Ynt1 + O 181 ) L(1 = 511)

+

+

| (3.5)

1—(x,,+1(1—5,,+1) ]||xn+1_x””
ﬁnJrl Bn
06 T8y

1

(1= Q1 (1= 8p1)][1 = Va1 L(1 — 1))
sup [T x — T"x||

XEC

+

Yot 1 L(1 = spi1)M
(1= 0t 1 (1= 8 )][1 = Yt 1 L(1 = $n41)]
([Otni1 = 0|+ [Bo1 = Bul)
ABui1+ Yot 1L+ 0y 16,111

< —
7[ 1—06,1+](1—6n+1) ]||'xn+1 x"H
ﬁnJrl Bn
06 T8
1
J’_

[1 = 01 (1= Bpi)][1 = Y 1 L(1 = Sp41))]
sup [T x — T"x]|
JCSCI
Yar1L(1 = s, 01)M
[1 — O+ (1 - 6n+1)H1 - VnHL(l —S,,+])]
(|0tug1 — 0| + | Bag1 — Bul)
(1=2)Bus1+ (Yas1 + g 10541)(L—1)

+

= 17
[ l—an+1(1_6n+1) ]
Br+1 P
b =sall+ T s ~ T gy
1

M+
(1= 1 (1= 8 [T — Yo 1 (1 —501)]

sup |[T" " x — T"x]|
/
xXec
Yn—HL(I _sn+1)M
(1= 01 (1= 8 )][1 — Va1 L(1 = 5p41)]
(|01 — | + [ But1 — Bul) 2,

+
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By conditions (i) , (ii) and (iii) we can get

limsup({[yn+1 —yn — |[Xnr1 —xal]) < 0.

n—yoo

Using lemma (2.7) , we get

lim ||y, —x4|| = 0.
n—yoo

Note that
Vo —Xp = Xp4+1 — an<1 - an)xn —x
e 1—a,(1-0) "

therefore

o — Xn+1 —Xn

I o (1—8,)

So, we obtain

lim ||x,4+1 —x,|| =0

n—soo

Step 3: Next we prove that
lim ||x, — Tx,|| =0
n—yoo

In fact we observe

|21 = T" (SnXn + (1 = 50)Xn41) ||

= || (1 = sn)xn + Buf (xn) + 1 T" (snXn

+ (1= sn)2041) = T" (s + (1 = 50) X 41|

= |06: (1 = 83 )x0 + B f (Xn) — 0, T" (Spxn

+ (1 =sn)xn11) = BaT" (sp%n + (1 = $p)Xn+1) |

= ”an[xn — OpXxn — T"(Snxn + (1 - Sn)anrl)]

+ Bl f (o) = T (sp%n + (1 = 50)%n11)] |

= [|0Xn — QX1+ QX1 — o pn + G SuXin 1
— 0B g 1 — O T (50X + (1= 50)Xn 1) + Bu (f (xn)
= T"(spxn + (1= s0)xn1)) |

< O |xn — Xt 1 || + O [ X1 — T (50

+ (1 _sn)er—l)H + O‘ngnuxn _xn+1|| — 04, X1 1
+ Ballf (xn) = T" (spxn + (1 = $n)Xn+1)| -

which implies that

(1= an)[[xn1 = T" (sp%n + (1 = $n)%n11)||
< aonn — Xn+1 || + an5n||xn+1 _an - ananxn+1+
Ballf (xn) = T (snxn + (1 = s0)%n11) |-

That is

|1 = T (spn + (1 = $0) 41|

o, + 0,6, B
< — — _—
= (lfot,,) Hxn xn+1||+(17an)

., 6,
[1f (en) = T" (snn + (1 = $p)xn41)[| — )len+1||~

(1-o
By condition (1) and (2) and using step (2) we get

(%041 = T" (SuXn+ (1 —8p)Xn+1)|| = 0, as n—oo (3.7)
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And , moreover we have

([0 — T |

— (00 = X1+ 2n 1 — T (50 + (1 = 52)%11)

+T" (snxn + (1 — $p)Xn41) — T"x4|

< b =t |+ s =T (s (1= 50)51) |
F T ($nxn 4+ (1 = $p)Xng1) — T" x|

< oen = Xng 1 [| 4 [Pt = T (s 4 (1 = 50) X 4.1) ||
+ L||(spn 4 (1 = $5)%n41) — |

< oen = X1 || 4 (a1 = T (spn + (1 = 50)%041) ||
+L(1 = 53) 0 = 1|

< (1+L(1=s0))| %0 — Xt ||+ [0

—T" (suXn + (1= 5p)%011)]|

In view of step (2) and (3.7), we have

[, —T"x4|| =0, as n— e (3.8)

Since T is uniformly L-Lipschitzian, we derive

|[xn — Txa|

= ||xn — T"xp + T"x, — Txy||

< [l = T |+ 70 — T |

< [pon = T | +LI| 7" — x|

< foew = T || + L) T Loy — Ty
AT = X1+ X1 — |

< [l = T |+ LTy — T |
LT -t = xn1 | L Pt — |
<t = T L[| = 20 ||+ LT 0
= Xn—1 ||+ L||xn—1 — x|

<|Jxn = T | + L|| T X0—1 — X1
+(L2+L)||xn—l — |

By step (2) and (3.8) , we have
|| = Txy|| =0 as n— oo

Step 4: we claim that

limsup((7 — f)p, j(p—xx)) <0
n—oo
Since x;, is bounded and C is a reflexive Banach space , there
exists a subsequence of x,, which converges weakly to u, we
assume that x,, — u and

N (7 = f)p, j(p = xn,)) = limsup((I = f)p, j(p —xu))

n—yoo

Since C is a smooth Banach space, it follows from step (3)
that

;L‘g”xnk — Ty || =0
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from lemma (2.6), we have u € F(T). On the other hand ,
since p € F(T) satisfies
(1= £)p.j(p—w)) <0,%u e F(T)

by weakly sequential continuous duality mapping , we have
limsup((Z —f)p. j(p —xn))
= lim (I = £)p, j(p —xa))
—»00

= (= f)p,j(p—xa)) <O
Step 5: Finally, we show that x, converges strongly to p €
F(T).
we set
|21 _PH2
= (O — 08X + B f (xXn) + T (sp X
+ (1 =s$n)Xn41) — P, j(Xnt1 — P))
= O (Xn — P, j(Xnt1 — P)) + Bulf (xa) — P,
JGtnt1 =) — @8 (xn — p, j(Xns1 — P))
+Yn<Tn(Snxn + (1 —=58p)Xn11) = Py j(Xns1 _p)>
< (Xn — Py J(Xnt+1 = P)) — 0000 (Xn — P, j(Xnt1 = P))
+ Bu(f(xn) = £(P), j(Xns1 = P))
+Bu(f(P) = Py J(nt1 = P)) + Yu(T" (SnXn
+ (1 =s$n)Xn41) — P, j(Xnt1 — P))
< Olxn = pl[|[xn41 = pl| = 0| lxn — pl|[[xn+1 = pl|
+ BuAlxn = plllxn+1 = Pl + Ba(f (P) = Py j(¥nr1 = P))
+ VL |[snXn + (1 = 50)Xn+1 = Pl [xnt1 — pl|
< 0| — pl|[|Xns1 — Pl — € Spl|xn — Pl
a1 = pll 4+ Bu(f(P) = Py J(Xns1 — P))+
YaLsu| 1% — Pl[|[Xn1 — pl| + L (1 = $0) [ X011 _P||2
= [0 + Bk — 08y + YuLisy] [0 — pl| [0 11 — p|
+ WL (1 = sn)|[Xn11 —P||2+
Bu{f(P) = Ps j(xnt1—P))

Oy + B — 04,8, + WL P
< n n nvn nsn”x ||

Oy + B — 04,8, + YuLs b

n n nvn n nH 1 ||

+ WL (1 = sn)[[Xn11 _p||2+ﬁn<f(p) —p,j(Xnt1—p))
O+ BuA — 0,8, + YuLsy,
- 2
O+ Bud + Y L(2 — 51)
+ 2
+ﬁn<f(p) _P,j(xn+1 —[7)>
which implies
0 (1= 8,) + Bud + 1L (2 — s)
2
(o "’_ﬁn)L - O‘n(sn + YuLsy
S 2 ||'xn
+ﬁn<f(p) _paj(xn—H —P)>

plf?

{262 —

|1 = pl?

- I/ = plI?

—pl?
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That is

|1 = pl?
Oy + Bnl — 0,6, + YLy
T 2— 0ty — BuA + 0,8 — WL(2 —5,)
2ﬁn
* 2 — 0ty — BuA + 08y — VL (2 — 5p)
(f(P) = p:j(xns1—p))
2(1 — Oy — ﬁnl + anSn - YnL)

a1 = plf?

= 1—
[ 2— o, — BuA + 04,6, — }/,,L(2—sn)]
APer1 = plf? (3.9)
+ 25,
2— o, — BuA + 0,0, — YL (2 — s4)
(f(p) = Py j(xnst1—P))
Let
o = 2(1_an_ﬁnl_an6n_7n14)
"2~y — BuA — 0,8, — YuL(2 —sp)
We have
a, > 1—oy _Bnl - an(sn - YnL
= ﬁn(l _}') _Yn(L_ 1)
> Bn(l - A’)
We claim that
Lo0 = oo
By step (4), we get
(I=fp,ilp—y)) <0 Vy e F(T)
Apply lemma (2.5) to (3.9),
we conclude that
lim [, — pl| =0.
This finish the proof. O

Theorem 3.2. Let E be a reflexive smooth Banach space with
a weakly sequentially continuous duality mapping. Let J,C
be a nonempty bounded and closed convex subset of E, and
let T : C — C be an asymptotically nonexpansive mapping
with a sequence ky, such that F(T) # ¢ and f : C — C be a
contraction with coefficient A € (0,1). Pick any xo € C, let x,
be a sequence generated by

Xn+1 = an(l - 5n)xn +ﬁnf(xn) +YnTn(Snxn + (1 _sn)xn+1)
(3.10)

where {04, },{Bn},{W}, {6} and {s,} C (0,1) satisfying the
conditions

1. o+ Bu+7 =1,

limy,—se0 6, = 0;

lim, .o B, =0, % = NP,
Sn+1) —

0< < —
T L= G5
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2. 0 < liminf, e o, < limsup,,_,.. 0 <1,
lim, ;e B, = 0, limy, soo | 01 — 0 |[= 0,
limn%oo ‘ ﬁnJrl *ﬁn |: 0, limn%w |6n+1 - 6n| =0.
3. Z:::OB” — oo, O<Sn <Sn+1 < 1, Z::zoan —= o0,
1
']/n(l —Sn) < Z,’
4. limy e [T X —=Tx|| =0, xeC

where C' is any bounded subset of C for all n > 0.Then {xn}
defined by (3.10) converges strongly to a fixed point p of the
asymptotically pseudocontractive mapping T, which solves
the variational inequality :

((I=F)p,j(p—y)) <0,

Theorem 3.3. Let E be a reflexive smooth Banach space with
a weakly sequentially continuous duality mapping. Let J,C
be a nonempty bounded and closed convex subset of E, and
let T : C — C be an asymptotically nonexpansive mapping
with a sequence ky, such that F(T) # ¢ and [ :C — C be a
contraction with coefficient . € (0,1). Pick any xo € C, let x,,
be a sequence generated by

Vye F(T)

Xn+l = an(l - 6n)xn+ﬁnf(xn)+7nTn(snxn+ (1 _Sn)anrl)
(3.1D)
where {0, },{Bu}, {1}, {0} and {s,} C (0,1) satisfying the
conditions
1. ay+Bi+1m=1,
kn—1=0(Bn);
2. 0 < liminf, e @, < limsup,,_,.. 0 < 1,
lim, e ﬁn =0, lim; e | Oyl — Oy |: 0,
lim,, e | 1 — Bn |= 0, limy e |81 — 84| = 0.

limnﬂw ,Bn = 0, limn%m 5,, = 0,

3. ZZO:OBH =00, 0<s, < Sp+1 < 1, Z;o:()gn =0,
1
Yn(l _sn) < i;

4. limy o [T X = Tx|| = 0,x € C

where C' is any bounded subset of C for all n > 0.Then {xn}
defined by (3.11) converges strongly to a fixed point p of the
asymptotically pseudocontractive mapping T, which solves
the variational inequality :

(I=f)p,j(p—y)) <0,

Theorem 3.4. Let E be a reflexive smooth Banach space with
a weakly sequentially continuous duality mapping. Let J,C be
a nonempty bounded and closed convex subset of E, and let
T : C — C be an asymptotically nonexpansive mapping with
a sequence ky, such that F(T) # ¢. Pick any xo € C, let x,, be
a sequence generated by

Vy e F(T)

X1 = O (1= 8,) %, + BV + 1T (suXn + (1 — 85)Xn41)
(3.12)

where {04, },{Bn},{¥} {6} and {s,} C (0,1) satisfying the
conditions
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1. an"’ﬁn"i"}/n: L
limnﬂoo 6)1 - 0,0 < T’ <

limy,seo By = 0, % = nPy;
Sn+l) -
L— (sn+1)

2. 0 <liminf,, e o, <limsup, .., 0 < 1;
limn_m Bn = O,' limn_m Oy — Oy |: 0 5
lim;, e | ﬁn-H - ﬁn |: 0, lim,_ |5n+1 - 5n| =0.

3 Yy oBr=000<s;, <spp1 <1, Yo g0y =o0;
Ta(l —sp) < %;

4. limy o |7 x = T"x|| = 0,x € C

where C' is any bounded subset of C for all n > 0. Then {xn}
defined by (3.12) converges strongly to a fixed point p of the
asymptotically pseudocontractive mapping T. Proof: In this
case, the mapping f : C — C defined by f(x) =v,Vx € C is
a strict contraction with constant A = 0. The proof follows
from Theorem 2.1 above.

4. Conclusion

We therefore conclude to say that H(-,-) — ¢ — n—accretive
operator are more general to establish the convergence of
explicit iterative algorithm using the resolvent operator tech-
nique in uniformly convex Banach space. Also those could be
the solution of certain variation inequality problem.

Remark 4.1.

1. Since every nonexpansive mapping is asymptotically nonex-
pansive and an asymptotically nonexpansive mapping is both
asymptotically pseudocontractive and uniformly L-Lipschitzian,
in Theorem 2.1 and 2.2, if T is a nonexpansive mapping in
Hilbert spaces, then it is the main results of Yu et. al[19].
Thus, Theorem 2.1 improves and extends the Yu et. al’s
theorem in several aspects and improves some other results
(see[1,5,7,8,11,12,14])

2. We note that in Theorems 2.2 and 2.3, we can choose
condition k, — 1 = o(B,); replacing the requirement ¥, = 13,

-1
o<n< % However, the proof is similar to Theorem
L—(sn+1)
2.1 above.

3. In Theorem 2.4, if s, = 0, then {x,} converges strongly to
a fixed point of T. It is the main results of Yao et.al.[21].
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