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1. Introduction and Preliminaries

Let A indicate an analytic function family, which is nor-
malized under the condition of f(0) = f(0)—1=0in A=
{z:z€Cand [z] < 1} and given by the following Taylor-
Maclaurin series:

fR)=z+Y ad". (1.1)

n=2
Further, by S we shall denote the class of all functions in A
which are univalent in A. With a view to recalling the principle
of subordination between analytic functions, let the functions
f and g be analytic in A. Then we say that the function f

is subordinate to g if there exists a Schwarz function w (z),
analytic in A with

W@l <l (z€4),

such that
(z€A).
We denote this subordination by

f=gor f(z) <g(2) (z€A).
In particular, if the function g is univalent in A, the above
subordination is equivalent to

f(0)=¢(0), f(A)Cg(d).

In the year 1970, Robertson [19] introduced the concept of
quasi-subordination. For two analytic functions f and g, the
function f is said to be quasi-subordinate to g in A and written
as

f(2) <48(2) (zeA),

if there exists an analytic function |A(z)| < 1 such that %

analytic in A and

T&) 4o

") (z€A),
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that is, there exists a Schwarz function w(z) such that f(z) =
h(z)g(w(z)). Observe that if h(z) = 1, then f(z) = g(w(z))
so that f(z) < g(z) in A. Also notice that if w(z) = z, then
f(z) = h(z)g(z) and it is said that is majorized by g and
written f(z) < g(z) in A. Hence it is obvious that quasi-
subordination is a generalization of subordination as well as
majorization. (see, e.g. [19], [18], [14] for works related to
quasi-subordination).

The Koebe-One Quarter Theorem [9] ensures that the
image of A under every univalent function f € A contains a
disc of radius 1/4. Thus every univalent function f has an
inverse f~! satisfying f~' (f(z)) =zand £ (f ' (w)) =w
(wl <ro(f) . ro(f) > %), where

gw) =" (w) =w —an?

(12)
+ (2a% 7“3) w — (Sa% —Saraj +a4) W4+ e,

A function f € A is said to be bi-univalent in A if both f
and !
univalent functions in A given by (1.1). For a brief his-
tory and interesting examples in the class ¥, see [25] (see
also [5], [6], [13], [16]). Furthermore, judging by the re-
markable flood of papers on the subject (see, for example,
[11], [23] and [24]). Not much is known about the bounds
on the general coefficient |a,|. In the literature, there are
only a few works determining the general coefficient bounds
|a,| for the analytic bi-univalent functions ([4], [10], [21],
[26]). The coefficient estimate problem for each of |a,|
(neN\{1,2}; N={1,2,3,...}) is still an open problem.

The study of operators plays an important role in the Geo-
metric Function Theory and its related fields. It is observed
that this formalism brings an ease in further mathematical
exploration and also helps to understand the geometric prop-
erties of such operators better (see, for example [2], [3], [7],
[12] and [15]). Recently, Darus and Ibrahim [8] introduced a
differential operator

are univalent in A. Let X denote the class of bi-

k.o .
Dy A=A

by

n+o6—1
i%f _Z+ Z a)’] ( S ) an?"
where z € A and k, o0 € Ng =NU{0}, 1,6 > 0.
It should be remarked that the operator Di’oé is a gener-
alization of many other linear operators studied by earlier
researchers. Namely:

. foroc—l A= 0 0=0ora= 6=0; A =1, the oper-
ator D 0 = D 0 = DF is the popular Salagean operator
[22],
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e for ¢ =0, 6 =0, the operator Dﬁ’% = D’jl has been
studied by Al-Oboudi (see [1]),

e for ot = 0, the operator Dﬁ’% = D’jl’ s has been studied

by Darus and Ibrahim (see [8]),

o for k = 0, the operator D/l 5= = D? has been studied by
Ruscheweyh (see [20]).

Making use of the differential operator DY T 5, we introduce
a new class of analytic bi-univalent functions as follows:

Definition 1.1. A function f € ¥ given by (1.1) is said to
be in the class S];L’% (7,t,¥), if the following conditions are
satisfied:

< (D4%f))
Di’% f2)+1z (Dﬁ’% f (Z))

1
— - —1] <, (¥P(z)— 1
y (1) q( < )

and
!
1 w (Di’%g(w))
14 (1— t)Dﬁ’%g(w) +tw (Df{%g(w))

where y€ C\{0}, 0<t < 1;k,a0 € Ng=NU{0}, 1,6 >
0,z,w € A and the function g is given by (1.2).

/_l —<l](lP(W)_1)v

On specializing the parameters 7, k, § one can define the
various new subclasses of X as illustrated in the following
examples.

Example 1.2. Fort =0 and y € C\{0}, a function f € £
given by (1.1) is said to be in the class Si’% (v,¥), if the
following conditions are satisfied:

1 _Z(Dﬁ’%f(z))/
¥ W_l <¢ (¥(z) - 1)

and

/
1|w (Di’%g (W)> |
Y Di’% g(w)

where k,a € Ng =NU{0}, 1,6 > 0,z,w € A and the func-
tion g is given by (1.2).

Example 1.3. Fort =k =06 =0and y € C\{0}, a function
f € X given by (1.1) is said to be in the class Sy (y,¥), if the
following conditions are satisfied:

<‘1 (lP(W) - 1) )

1 [zf'(2)

e e
and

1[wg'(w) W)

7[ g(w) ]} = (F() 1),

where z,w € A and the function g is given by (1.2).
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2. Main Result and its Consequences

Firstly, we will state the Lemma 2.1 to obtain our result.

Lemma 2.1. (See [17]) If p € P, then |p;| < 1 for each i,
where P is the family all functions p, analytic in A, for which

R{p(2)} >0,
where
p(2) =14+ piz+pr2+---.

Through out this paper it is assumed that W is analytic in
A with ¥(0) = 1 and let

¥(z) =1+Ciz+ G+ (C>0). 2.1

Also let
h(z) =Do+Diz+D2++ (|h(z)| <1, z€A). (2.2)

We begin this section by finding the estimates on the
coefficients |az| and |as3| for functions in the class Sﬁ’% (v,1,'P)
proposed by Definition 1.1.

1+M(Z) 2
— =1
p1(2) 1 —u(2) +p1z+p2zt+
and
1+
pa(w) = ) g gt gon e
1—v(w)
Thus,
pi(x)—-1 1 P% 2
=20 Syl @5
M(Z) Pl(Z)+1 ) PIZ+ P2 D) z+ ( )
and

_pw)—1 1 4\ 2

The fact that p; and p, are analytic in A with p;(0) = p2(0) =
1. Since u,v : A — A, the functions pj, p, have a positive real
partin A, and the relations | p;| <2 and |g;| < 2 are true. Using

Theorem 2.2. Let f of the form (1.1) be in the class 5’;% (7,1,'¥). (2.5) and (2.6) together with (2.1) and (2.2) in the right hands

Then
|az|
< WIDO|CVE (1 -1)(1+8)] 2
O)|(14+8) 2% (1 + ) [(1 —1)(C1 — C2) — (1 +1)¥C3Dy)

_1

+[B3%(14+24)]* 2+ 8)yCiDy| ~

and

las| < lyDol*C? + [¥D1|C

(1=0)22%(142)*(1468)2  (1-1)[3B*(1424)]F(1468)(2+8)
lYDo|C)

B (1-0) 3¢ (1420) % (1+8) (2+8) °

Proof. If f € Sﬁ’% (7,¢,'P) then, there are analytic functions
u,v:A— Awith u(0) =v(0) =0, |u(z)| < 1,|v(w)| < 1 and
a function A given by (2.2), such that

1 (Dh%r) -
Y| 0-0)D5% )+ (Dﬁ'%f(Z) ,

and

1 w(D4%s0)’
Y (17z)D§‘%g(W)+IW(DIE%g(W)),

- 1] =h(z) (P(w(z))—1).
(2.4)

Determine the functions p; and p; in P given by O
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of the relations (2.3) and (2.4), we obtain

h(z) [¥ (u(2)) — 1] = 3DoCip12

{1DiCp1+3D0C (p2— )+ 100Cap? } 2 4
and
h(w) [¥ (v(w)) = 1] = 3DoCig1w
+{%D1C1q1 +1DoCy (q2 — é) + %DOCzq%}W2+... _
In the light of (2.3) and (2.4), we get

(1-0) 2% (1+2)]%(1+8)
Y

a) = DOC21P1 , (27)

(1= (120 (148) (2+8)az — (1—1) (14+0) 2% (14+-A)]* (14:6)2a3
Y

2 2
_ DiCip1 | DoCy _r DoCypy
==+ + —

P2—5 2
2.8)

and

. (171)[2a(1+x)]k(1+5)a2 _ Doglql 7

v (2.9)

(1= (1+2)F (148) (2+8) (23 —a3) — (1—1) (141) 2% (14+-A)]* (14-6)2a3
Y

2 2
_ DiCiq1 | DoCy q DyCrqy
==+ \Q2—75)+—F
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(2.10)
Now, (2.7) and (2.9) give
PL=—q (2.11)

and

8(1—1)22%(1+A)* (1+6)%a3 = ¥DIC} (P2 +43) .-

(2.12)
Adding (2.8) and (2.10), we get

2(1=0) B (1420 (1468) (2+8)—2(1=1) (1+0) 2% (1+4)]* (14:6)2

v @
= DoCi(ptay) | Dy(C=C1)(pi+4i)
- 2 4 .
(2.13)

By using (2.11), (2.12) and Lemma 2.1 in (2.13), we obtain
the desired result.

Next, to find the bound on |as3|, by using subtracting (2.10)
and (2.8), we have

2(1-1) 3% (1420) [ (1+8) (2+8)
¥

2\ _ DoCi(pa—q2) | DiCi(p1—q1)
612) = 5 =+ 5 .

(a5
(2.14)
It follows from (2.11), (2.12) and (2.14) that

7 D3 (pi+ai)
B2 (1) (148)2

YD1Ci(p1—q1)
4(1—1) 3% (1422)]F (1+8)(2+8)

a3 =

YDoC1(P2—42)
41— B (122)F(148)(2+6)

Applying Lemma 2.1 once again for the coefficients p, and
¢, we readily get

lyDol*C}
229 (144)] % (1+6)2

[¥D1|Cy
(1—1‘)[3"‘(1+27L)]k(1+5)(2+3)

<
|a3| = (1t *

[¥Do|C)
(1-0)[3%(1+22) % (1+8) (2+8)

+

This completes the proof of Theorem 2.1.
Putting = 0 in Theorem 2.1, we have the following corol-
lary.

Corollary 2.3. Letf of the form (1.1) be in the class Sﬁ'% (v,¥).

M Po|€1v/C1

\/(1+5)‘(1+5)[2a(1+1)]2k [ —C2)—7C%DO]+[30‘(1+Zl)]k(2+5)yC%DO‘

laz] <

and

[yDoC3
[2&(1+x)]2k(1+5

WDllcl
Be(1+24)F (1+8)(2+5)

|as|

[YDolCy
3 (1422)F(1+8)(2+8)
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Corollary 2.4. Letf of the form (1.1) be in the class Sy, (7,
Then

®).

[YDo| C1v/C
C1—Cy+YCiDy|

Iﬁtl\/|

and

(1D1]+ Do €1

jas| < YD} + D

For the function W is given by

14z

¢
1—z> =1+282+28%7 +--- (0< & <1)

Y(z) = (
which gives

C) =2, C, =282,
Theorem 2.1 reduces to:

Corollary 2.5. Let f € Sﬁog [y, ,(li)g} . Then

Jas] < 2171 Dol € [(1 —1)(1+ 8)]7% |(14+8)[2(1+ A)P*[(1 —1)(1 &)

1
—2(141)YEDo) +2[3% (1 +22)¥ (2 + 8)yEDo :

and

4]yDo[2&2
(1=1)2[2%(14-2)]%(14-6)2

2|yDy|€
(1-1)[3%(1+22)[F(1+6)(2.+5)

|as| +

2|yDy|€
(1=0)[3*(1+20) % (1+8) (2+8)

If we set

1+A
W(o)=

B(A—B)Z*+---
1+ Bz (A-B)z+

=1+ (A—B)z— (—1<B<A<I)

which gives

Ci=(A—B), C,=—B(A—B),

Theorem 2.1 reduces to:

Corollary 2.6. Let f € S35 [1,t, 1245] . Then
laa] < Y1 1Do] (4~ B) [(1 —1)(1 4 8)] 2

()| (14 8) 2% (14 A)* [(1 = 1)(1+B) — (1 +1)7(A = B)Dy]

|
=

+B*(1+20)* (2+8)y(A—B)Dy

and

lyDo|*(A—B)?
(1=0)2[2%(14-2)]%*(14-6)2

|vD,|(A—B)
(1-0)[3*(14+2)] (1+8)(2+8)

IN

|as|

[YDo|(A—B)
(1-0)[3%(14+20) % (1+8) (2+8)
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Finally, if we set

14+(1-2B)z

¥la) = -z

=14+2(1=-B)z+2(1-B)+--- (0<&E<L)
which gives

C1=C=2(1-p),
Theorem 2.1 reduces to:

Corollary 2.7. Let f € Si’% [}/,t, %] . Then

laa] < Y1 1Do] (A~ B) (1 1)(1+8)] 2

1

X [BA(1+22)F 2+ 8)yDo — (1+6) [2a(1+/1)]2k(1+z>y1)0| 2

and

AyDoP(1-B)° 20yD1|(1-)

jas| - < (1=0)22%(1+2)(148)2 ~ (1-1)[B(1424)]F(1468)(2+8)

G 2hDolU-p)
(1=0) 3¢ (1422) % (148) (2+6) °
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