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On various quasi ideals in b-semirings
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Abstract

We introduce six types of quasi ideals in b-semirings. Each quasi ideals generated by single element(set) is
established. We characterize various 1-regular(2-regular, regular) by using generalized 1-quasi (generalized
2-quasi, generalized quasi) ideal, 1-quasi (2-quasi, quasi) ideal, weak1(2)-right(left) ideal and weak1(2)-ideal.

Examples are provided to strengthen our results.
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1. Introduction

The concept of b-semirings [4] was introduced by Ron-
nason in 2009. The concept of weak 1(2)-right ideal, weak
1(2)- left ideal, weak 1(2)-ideal in b-semirings are introduced
by Mohanraj et al [3]. By introducing the 1-regular(2-regular,
regular) b-semirings. The 1-regular(2-regular, regular) b-
semirings are characterized by using various weak-ideals by
Mohanraj et al [1].We initiated the notions of k-regular b-
semirings using they are various weak k-ideals [2].

2. Preliminaries

The algebraic structure (S,+,-) is called a b-semiring if
(S,+) and (S,-) are semigroups, connected by four distribu-
tive laws that “-” distributes over “+ " from left and right
and “+ 7 distributes over “-” from left and right[4]. The
subset A of § is called a sub b-semiring in S if A is itself a
b-semiring. The subset A of § is called a weak-1 right ideal
(weak-1 leftideal) in Sifaj +ax €Aanda;-s €A (s-a; €A)
for all aj,a; € A and s € S [1]. The subset A of S is called a
weak-2 right ideal (weak-2 left ideal) in S if a; -a» € A and
aj+s€A (s+aj; €A) forall aj,ap € A and s € S[1]. The

subset A of § is called a weak-1 ideal (weak-2 ideal) in § if it
is both weak-1 right ideal (weak-2 right ideal) and weak-1 left
ideal(weak-2 left ideal) in S [1]. The subset A of S is called
a right ideal (left ideal) in S if it is both weak-1 right ideal
(weak-1 left ideal) and weak-2 right ideal(weak-2 left ideal)
in S [1]. The b-semiring S [1] is called 1-regular [2-regular]
if for each a € S there exists x € S such that a- (x-a) =a
[a+ (x+a) = a]. The b-semiring S [1] is called regular if it
is both 1-regular and 2-regular in S.

3. 1-quasi ideals in b-semirings

Throughout this paper, S denotes b-semirings unless oth-
erwise noted. The intersection of a weak-1 right ideal and
weak-1 left ideal in S is neither weak-1 right ideal nor weak-1
left ideal in S by the following Example 3.1. Naturally one
question arises;

What is the intersection of weak 1(2)-right ideal with
weak 1(2)-left ideal? We answer the questions by introducing
1-quasi(2-quasi)ideal.

Example 3.1. Consider the b-semiring
S=1{g1,82,83,84,85,86} by the following table.

+ | 81| 8 | 8 | 8 |8 | &
81 | 81 | 82 | 83| 84 | 8 | 86
82 | 81 | 82 | 83 | 84 | 8 | 86
83 | 81 | 82 | 83| 84 | 8 | 86
84 | 81 | 82 | 83 | 84 | 85 | 86
85 | 81 | 82 | 83 | 84 | 85 | 86
86 | 81 | 82 | 83 | 84 | 85 | 86




81 |82 | 8 |84 | & | &6
81 | 81 | 81 | 81 | 8 | & | &5
82 | 81 | 8 | 81 | 8 | & | 86
83 | 81 | 81 | 8 | 8 |[& | &
84 | 84 | 84 | 84 | 84 | 86 | 86
85 | 81 | 81 | 8 | 81 | 85 | &85
86 | 84 | 84 | 86 | 84 | 86 | 86

Now, A ={g1,85} and B ={gs,8¢} are weak-1 right ideal
and weak-1 left ideal respectively, but AN B is neither weak-1
right ideal nor weak-1 left ideal in S.

Definition 3.2. (i) The subset Q of S is called a generalized
1-quasi ideal in S if (Q-S)N(S-Q) C Q.

(ii) The generalized 1-quasi ideal Q is called a 1-quasi ideal
in S'if Q is a sub b-semiring.

Lemma 3.3. The generalized 1-quasi ideal Q is a 1-quasi
ideal in S if Q is closed under “+ .

Proof. Suppose that Q is a generalized 1-quasi ideal which
is closed under “+”. Now, 0-QC Q-Sand Q- QCS-Q
imply Q-0 C (Q-S)N(S-Q) C Q. Thus,Q is a 1-quasi ideal
inS. O

Remark 3.4. The generalized 1-quasi ideal fails to be a 1-
quasi ideal in S by the Example 3.5.

Example 3.5. Consider the b-semiring
S={a1,a2,a3,a4,as,a¢} by the following table.

+ a1 |a | a3 | a4 | as | ag
aj aj aj aj aj as | as
ay ag ay ag ayq as ag
as aj aj as aj as as
a4 a4 a4 a4 a4 ag ag
as aj aj as aj as as
ag ag ag ag ag ag ag

aq ar as ag as ae
aq aq aj aj aj aj aq
ar ar ar ar ar ar ar
as as as as as as as
ag ag ag ag ag ag ag
das | ds | ds | as | as | ds5 | ds
de | d6 | 6 | A6 | A6 | d6 | 46

Clearly, {ay,as} is a generalized 1-quasi ideal, but as + ay &
{az,as} implies {ay,as} is not 1-quasi ideal in S.

Lemma 3.6. Every weak-1 right (left) ideal is a 1-quasi ideal
in S.

Remark 3.7. Converse of the Lemma 3.6 fails by the
Example 3.8.

Example 3.8. Consider the b-semiring (S,+,-) by the
following table.
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+ | x| x2 | X3 | X4 | X5 | X6
X1 X1 X2 X3 X4 X5 X6
X2 X1 X2 X3 X4 X5 X6
X3 X1 X2 X3 X4 X5 X6
X4 X1 X2 X3 X4 X5 X6
X5 X1 X2 X3 X4 X5 X6
X6 X1 X2 X3 X4 X5 X6

X1 | X2 | X3 | X4 | X5 | X6
X1 X1 X1 X1 X1 X1 X1
X2 X1 X2 X2 X4 X4 X4
X3 X1 X2 | X3 X4 | X5 X6
X4 X1 X2 X2 X4 X4 X4
X5 X1 X2 X3 X4 X5 X6
X6 X1 X2 X3 X4 X5 X6

Clearly, {x1,x,} is a 1-quasi ideal, but not weak-1 right ideal
inS.

Theorem 3.9. The intersection of weak-1 right ideal with
weak-1 left ideal in S is a 1-quasi ideal.

Proof. For the weak-1 right ideal A and weak-1 left ideal B in
S,ANB is a sub b-semiring. Now,[(ANB)-S]N[S-(ANB)] C
(A-S)N(S-B) CANB implies ANB is a 1- quasi ideal in
S. O

Theorem 3.10. For any a € S, the generalized 1-quasi ideal

generated by “a”, denoted by < a >y, is given by {a} U[(a-
S)N(S-a)).

Proof. Now, x € (a-S)N(S-a), then (x-S)N(S-x) C (a-S)N
(S-a). Thus, {a} U[(a-S)N(S-a)] is a generalized 1-quasi
ideal in S. If A is a generalized 1-quasi ideal in S such that
acA, then {a}U[(a-S)N(S-a)] CA. Thus < a >, is the
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generalized 1-quasi ideal generated by “a”.

Corollary 3.11. For a subset A of S, AU[(A-S)N(S-A)] is
the generalized 1-quasi ideal generated by a set A in S.

Lemma 3.12. [I] Forn € Z* and a € S,

(i) (na-s) =n(a-s) = (a-ns).

(ii) (s-na) =n(s-a) = (ns-a), where na = a+a+ ...n times.
(iii) (a" +s) = (a+s)" = (a+s").

(iv) (s+d") = (s+a)" = (s"+a), whered" =a-a-...ntimes.

Theorem 3.13. For any a € S, the I-quasi ideal generated by
“a”, denoted by < a >4 is given by {naln € Z*}U[(a-S)N

(S-a)l.

Proof. Clearly, {naln € Z*} U[(a-S)N(S-a)] is generalized
1-quasi ideal. For x,y € [(a-S)N(S-a)],x+y=a-(s1 +s3) €
a-S. Similarly, x+y = (s2+s4)-a € S-aimplyx+y € (a-S)N
(S-a). Forx € {naln € Z"} and y € [(a-S)N(S-a)] and by
Lemma3.12,x+y=na+(a-s3)=a-[(n+1)(na+s3)] €a-S
andx+y=na+(sa-a) =[(n+1)(na+s4)]-a € S-a. Thus
x+y€(a-S)N(S-a)]. Similarly y+x € [(a-S)N(S-a)].
By Lemma 3.3, {naln € Z*}U[(a-S)N(S-a)] is a 1-quasi
ideal in S. If A is a 1-quasi ideal in S such that a € A, then
{naln € Z*} U[(a-S)N(S-a)] CA. Hence < a >y, is the
1-quasi ideal generated by “a”. O



Notation 3.14. For a subset A of Sandi=1,2,3,....n

() YA={(a1+ax+...4+ay)|a; € A}.

(i) [TA={(a1-az-...-ay)|a; € A}.

(131) Y(A-S)={(ar-s1)+(az-s2)+...+ (an-sp)|ai €A, s; €

(V) TI(A+S) =
S}

Corollary 3.15. For the subset A of S, YA U[Y(A-S)NY(S-
A)] is the 1-quasi ideal generated by a set A in S.

{(a1+s1) (a2 +52)...-(an+sn)|ai €A, s; €

Theorem 3.16. [1] (i) The b-semiring S is I-regular if and
only if

RNL=R-L, for every weak-1 right ideals R and every weak-1
left ideals L in S.

(ii) The b-semiring S is 2-regular if and only if RNL =R+ L,
for every weak-2 right ideals R and every weak-2 left ideals L
inS.

Theorem 3.17. For a b-semiring S, the following conditions
are equivalent.

(1) S is I-regular.

(2) RN Q1 CR-Qy, for the weak-1 right ideals R and gener-
alized 1-quasi ideals Q.

(3) RNQ CR-Q, for the weak-1 right ideals R and 1-quasi
ideals Q.

(4) Q1 NL C Qg - L, the for generalized 1-quasi ideals Q| and
weak-1 left ideals L.

(5) ONL C Q-L, for the I-quasi ideals Q and weak-1 left
ideals L.

(6) RNL =R-L, for the weak-1 right ideals R and weak-1 left
ideals L.

Proof. First, we prove that (1) = (2) = (3) = (6) = (1) and
(1) = (4) = (5) = (6).

(1) = (2) For a € RN Qy, then there exampleist s € S such
thata = (a-s)-a. Thus, RNQ; CR- 0.

(2) = (3) Straightforward.

(3)= (6) By Lemma 3.6, RNLCR-L. Now,R-LCR-SCR

and R-L C S-L C L. Then (6) follows.

(6) = (1) The proof follows from Theorem 3.16.

(1) = (4) For a € Q1 NL, then there exampleist s € S such
thata=a- (s-a). Thus, Q;NL C Q; - L.

(4) = (5) Straightforward.

(5) = (6) The proof follows from Lemma 3.6. O

Theorem 3.18. For a b-semiring S, the following conditions
are equivalent.

(1) S is I-regular.

(2) O1NINQy C Q1 -1-Qy, forthe generalized 1-quasi ideals
01 and Q, and weak-1 ideals I.

(3) O1NINQ C Qq-1-0Q, for the generalized 1-quasi ideals
Q1, weak-1 ideals I and 1-quasi ideals Q.

(4) ONINQr CQ-1I-Q», for the 1-quasi ideals Q, weak-1
ideals I and generalized 1-quasi ideals Q.

(5)0NINQ C Q-1-Q, for the 1-quasi ideals Q and weak-1
ideals I.

(6) O1NINL C Qq-1-L, for the generalized I-quasi ideals
Q1, weak-1 ideals I and weak-1 left ideals L.

(7)) QNINLC Q-1-L, for the 1-quasi ideals Q, weak-1 ideals
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I and weak-1 left ideals L.

(8) RNINQr CR-1-Q», for the weak-1 right ideals R, weak-1
ideals I and generalized 1-quasi ideals Q5.

(9)RNINQ CR-I-Q, for the weak-1 right ideals R, weak-1
ideals I and 1-quasi ideals Q .

(10) RNINL CR-1-L, for the weak-1 right ideals R, weak-1
ideals I and weak-1 left ideals L.

(11) RNL =R-L, for the weak-1 right ideals R and weak-1
left ideals L.

(12) Q1 NI C Q1 -1-Qy, for the generalized 1-quasi ideals Q
and weak-1 ideals I.

(13) QNI C Q-1I-Q, for the I-quasi ideals Q and weak-1
ideals 1.

(14) Q1 = Q1 -S- Oy, for the generalized 1-quasi ideals Q.
(15) Q= Q-S-Q, for the 1-quasi ideals Q.

Proof. First, we prove that (1) =
(1), (3) = (6) = (7) = (1
(10) = (11), (12) = (14) =
(15) = (1).

(1) = (2) For a € Q1 NN Q;, then there exists s € S such
thata=a-s-a. Thus,a=a-(s-a-s)-a€ Q;-1-0. Thus
(2) holds.

2)=
1), (2) = (
(1) and (2

(2) = (3) Straightforward.

(3) = (5) Straightforward.

(5) = (11) Taking I/ = Sin (5), RNLC R-L. Thus, RNL =
R-L.

(11) = (1) The proof follows from Theorem 3.16.

(3) = (6) By Lemma 3.6, (6) holds.

(6) = (7) Straightforward.

(7) = (11) By taking I =S, RNLC R-L.Thus, RNL=R-L.
(2) = (4) Straightforward.

(4) = (8) By Lemma 3.6, we get the result.

(8) = (9) Straightforward.

(9) = (10) The proof follows from Lemma 3.6.

(10) = (11) Taking I = S'in (10), RNLC R-L. Thus, RNL =
R-L.

(12) = (14) By (12), 01 C Q1-S-Q1 C[(Q1-S)N(S-Q1)] C
Q) implies Q1 = Q1 -S- Q1.

(14) = (1) Forany a € S, a €< a >g414 -S- < a >g14 and by
Theorem 3.10,a € [a-S-a] U [a~S- [(a~S)ﬂ(S-a)]} U {[(a-
‘gmy@ysﬂuwwammﬂ»s«mgmmﬂﬂ.
Thus, a € a- S -a. Therefore S is 1-regular.

(2) = (12) Taking Q» = Q; in (2), we get the result.

(12) = (13) Straightforward.

(13) = (15) By (13), 0C 0-S-Q C [(Q-5) N(S- Q)] € O

impliesQ =Q-S- Q.
(15) = (1) For any a € S by (15), a €< a >14-S- < a >y
and by Theorem 3.13 and Lemma 3.12, a € [na . S~ma] U

rms«wwmmﬂﬂuwwgmwﬂ»5m4uww
$)N(S-a)]-S-[(a-5)N(S-a)]
is 1-regular.

. Thus,a€a-S-a. Hence S
O



4. 2-quasi ideals in b-semirings

Definition 4.1. (i) The subset Q of S is called a generalized
2-quasi ideal in S if (Q+S)N(S+Q) C Q.

(ii) The generalized 2-quasi ideal Q is called a 2-quasi ideal
in S if Q is a sub b-semiring.

Definition 4.2. The generalized 1-quasi ideal Q is called a
generalized quasi ideal if it is generalized 2-quasi ideal.

Definition 4.3. The sub b-semiring Q of S is called a quasi
ideal if it is Q is generalized quasi ideal.

Lemma 4.4. The generalized 2-quasi ideal Q is a 2-quasi
ideal in S if Q is closed under *“-”.

Proof. Suppose that Q is generalized 2-quasi ideal in S which
is closed under “-”. Now, Q+Q C Q+Sand Q+Q CS+Q
implies Q+Q C (Q+S)N(S+ Q) C Q. Thus, Q is a 2-quasi
ideal in S. O

Remark 4.5. The generalized 2-quasi ideal fails to be a 2-
quasi ideal in S by the Example 4.6.

Example 4.6. Consider the b-semiring (S,+,-) by the follow-
ing table.

+ | ST | S2 | s3 | Sa| S5 | Se
ST | ST [ S1 | St [ S1 81|81
2 | S2 | S22 | S22 | S22 |82
53 §3 53 53 853 53 §3
S4 S4 S4 S4 Sq S4 S4
S5 S5 S5 S5 A S5 S5
S6 S6 S6 S6 S6 S6 S6

51 52 53 S4 S5 S6
51 S1 S1 51 51 51 51
52 S1 52 52 A\ 52 52
53 51 S3 53 853 53 53
S4 51 52 52 S4 S4 S4
S5 S1 853 53 A S5 S5
S6 S1 853 53 S6 S6 S6

Clearly, {s1,s2,5s5} is a generalized 2-quasi ideal, but ss - sy &
{s1,82,85} implies {s1,s2,55} is not 2-quasi ideal in S.

Lemma 4.7. Every weak-2 right (left) ideal is a 2-quasi ideal
in S.

Remark 4.8. Converse of the Lemma 4.7 fails by the
Example 4.9.

Example 4.9. In Example 4.6, {s3,s5} is a 2-quasi ideal, but
s1+ss5 & {s3,55} implies {s3,s5} not weak-2-left ideal in S.

Theorem 4.10. The intersection of weak-2 right ideal with
weak-2 left ideal in S is a 2-quasi ideal.

Proof. For the weak-2 right ideal A and weak-2 left ideal B
in S, ANB is a sub b-semiring. Now, [(ANB) +S]N[S+ (AN
B)]C (A+S)N(S+B) CANB implies ANB is a 2-quasi
ideal in S. O
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Theorem 4.11. For any a € S, the generalized 2-quasi ideal
generated by “a”, denoted by < a > is given by {a}U[(a+
S)N(S+a)).

Proof. Now, x € (a+S)N(S+a), then (x+S)N(S+x) C (a+
S)N(S+a). Thus {a}U[(a+S)N(S+a)]is a generalized
2-quasi ideal in S. If A is a generalized 2-quasi ideal in S such
that a € A, then {a} U[(a+S) N (S+a)] C A. Therefore
< a >g4 is the generalized 2-quasi ideal generated by

9

a’.
O

Corollary 4.12. For a subset A of S, AU[(A+S)N(S+A)]
is the generalized 2-quasi ideal generated by a set A in S.

Theorem 4.13. For any a € S, the 2-quasi ideal generated
by “a”, denoted by < a >4 is given by {a"|m € ZT}U[(a +
S)N(S+a)).

Proof. Clearly, {a"|m € Z*}U[(a+S)N(S+a)] is general-
ized 2-quasi ideal. Forx,y € [(a+S)N(S+a)], x-y=a+ (s -
s3)€a+Sandx-y=(s2-54)+a€S+aimplyx-y € [(a+
S)N(S+a)]. Forxe {a"meZ"},y € [(a+S)N(S+a)] and
by Lemma3.12,x-y =a"-(a+s3) =a+[(a"-s3)" ] €a+S
and x-y = a" - (s4+a) = [(@"-s4)" '] +a € S+a. Thus,
x-y € [(a+S)N(S+a)]. Similarly, y-x € [(a+ S) N (S+a)].
By Lemma 4.4, {a"}U[(a+S) N (S+a)] is a 2-quasi ideal
in S. If A is a 2-quasi ideal in S such that a € A, then
{@"}Ul(a+S)N(S+a)] CA. Hence < a >, is the 2-quasi
ideal generated by O
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a .

Corollary 4.14. For a subset A of S, [TA U[[T(A+S)N[T(S+
A)] is the 2-quasi ideal generated by a set A in S.

Theorem 4.15. For a b-semiring S, the following conditions
are equivalent.

(1) S is 2-regular.

(2) RN Q1 C R+ Qy, for the weak-2 right ideals R and gener-
alized 2-quasi ideals Q).

(3) RNQ C R+ Q, for the weak-2 right ideals R and 2-quasi
ideals Q.

(4) Q1 NL C Q1+ L, for the generalized 2-quasi ideals Q
and weak-2 left ideals L.

(5) ONL C Q+L, for the 2-quasi ideals Q and weak-2 left
ideals L.

(6) RNL = R+ L, for the weak-2 right ideals R and weak-2
left ideals L.

Proof. First, we prove that (1) = (2) = (3) = (6) = (1) and
()= (4)= (5= (6).

(1) = (2) For a € RN Qy, then there exist s € S such that
a=(a+s)+a. Thus, RNQ; CR+ Q.

(2) = (3) Straightforward.

(3) = (6) By Lemma 4.7, RNL C R+ L. Now, R+L C
R+SCRand R+L CS+LCL. Then (6) follows.

(6) = (1) The proof follows from Theorem 3.16.

(1) = (4) For a € Q; NL, then there exist s € S such that
a=a+(s+a). Thus, O;NLC Q) +L.

(4) = (5) By Lemma 4.5, (5) holds.

(5) = (6) The proof follows from Lemma 4.7. O



Theorem 4.16. For a b-semiring S, the following conditions
are equivalent.

(1) S is 2-regular.

(2) O1NINQy C Q1 +1+ Oy, for the generalized 2-quasi
ideals Qy and Q, and weak-2 ideals I.

(3) O1NINQ C Q1 +1+ 0, for the generalized 2-quasi ideals
01, weak-2 ideals I and 2-quasi ideals Q.

(4) ONINQr C QO+ 1+ Qy, for the 2-quasi ideals Q, weak-2
ideals I and generalized 2-quasi ideals Q.

(5) ONINQ C Q+1+ Q, for the 2-quasi ideals Q and weak-2
ideals I.

(6) O1NINL C Q1 +1+L, for the generalized 2-quasi ideals
01, weak-2 ideals I and weak-2 left ideals L.

(7) ONINL C Q+1+L, for the 2-quasi ideals Q, weak-2
ideals I and weak-2 left ideals L.

(8) RNINQr C RA+1+ Oy, for the weak-2 right ideals R,
weak-2 ideals I and generalized 2-quasi ideals Q5.

(9) RNINQ CR+1+ Q, for the weak-2 right ideals R, weak-
2 ideals I and 2-quasi ideals Q.

(10) RONINL C R+1+L, for the weak-2 right ideals R, weak-
2 ideals I and weak-2 left ideals L.

(11) RNL = R+ L, for the weak-2 right ideals R and weak-2
left ideals L.

(12) Q1 NI C Q1+ 1+ Qy, for the generalized 2-quasi ideals
Q1 and weak-2 ideals I.

(13) QNI C Q+1+ Q, for the 2-quasi ideals Q and weak-2
ideals I.

(14) Q1 = Q1+ S+ Oy, for the generalized 2-quasi ideals Q.
(15) Q = Q+ S+ Q, for the 2-quasi ideals Q.

Proof. First, we prove that (1) = (2) =
(1), (3) = (6) = (7) = (11), (2) =
(10) = (11), (12) = (14) = (1) and (2) = (12) = (13)
(15) = (1).

(1) = (2) Fora € Q1 NINQy, then there exists s € S such that
a=a+s+a. Thus,a=a+(s+a+s)+ac 0 +1+Qs.
Then (2) follows.

(2) = (3) Straightforward.

(3) = (5) Straightforward.

(5) = (11) By taking / = S in (5§), RNL C R+ L. Thus,
RNL=R+L.

(11) = (1) The proof follows from Theorem 3.16.

(3) = (6) The proof follows from Lemma 4.7.

(6) = (7) Straightforward.

(
(

(7) = (11) By taking I =S, RNLC R+ L. Thus, RNL =
R+L.

(2) = (4) Straightforward.

(4) = (8) By Lemma 4.7, the result holds.

(8) = (9) Straightforward.

(9) = (10) By Lemma 4.7, (10) holds.

(10) = (11) Taking I = S'in (10), RNL C R+ L. Thus, RN

01)] C 0,. Thus, (14) holds .
(14) = (1) For any a € S, a €< a >4 +5+ < a >4, and

by Theorem 4.11 ,a € [a+S+a] U [a+S+[(a+S)ﬂ(S+
a)]} U [[(a+S)m(S+a)} +S+a} U {[(a+S)ﬁ(S+a)}+S+

24

On various quasi ideals in b-semirings — 24/27

[(a+S)N (S—&—a)]] Thus, a € a+ S+ a. Therefore S is 2-

regular.

(2) = (12) Taking Q> = Q; in (2), we get the result.

(12) = (13) Straightforward.

(13) = (15) By (13), 0 C 0+ 5+ Q C [(Q+S)N (5 +0Q)] C
QimpliesQ=0+S+0.

(15) = (1) For any a € Sby (15), a €< a >95 +5+ < a >y
and by Theorem 4.13 and Lemma 3.12, a € [a” +S+ a’"] U

[a"+S+ [(a—i—S)ﬂ(S—Fa)]} u {[(a+S)ﬂ(S+a)]+S+a’"} U

[[(a+5)m(s+a)]+s+[(a+sm(s+a)]] Thus, a € a +

S+ a. Hence S is 2-regular. O
Theorem 4.17. For a b-semiring S, the following conditions
are equivalent.

(1) S is regular.

(2) RNQ1 C (R-Q1)N(R+ Q1), for the right ideals R and
generalized quasi ideals Q.

(3)RNQ C (R-Q)N(R+ Q), for the right ideals R and quasi
ideals Q.

(4) O1NLC (Q1-L)N(Q1 + L), for the generalized quasi
ideals Q1 and left ideals L.

(5) ONLC(Q-LYN(Q+L), for the quasi ideals Q and left
ideals L.

(6) RNL = (R-L)N(R+L), for the right ideals R and left
ideals L.

Proof. First, we prove that (1) = (2) = (3) = (6) = (1) and
()= (4)= (5= (6).

(1) = (2) By Theorem 3.17, RN Q; C R-Q; and by Theorem
4.15,RNQ; CR+Q;. Thus, RNQ; C (R-Q1)N(R+ Q)
(2) = (3) The proof follows from Theorem 3.17 and 4.15.
(3) = (6) By Theorem 3.17, RNL = R- L and by Theorem
4.15, RNL =R+ L. Then (6) follows.

6) = (1) Now,R-LCRNL=(R-L)N(R+L) CR-L, then
by Theorem 3.16, S is 1-regular. Similarly, R+L C RNL =
(R-L)YN(R+L) CR+L. Then by Theorem 3.16, S is 2-
regular. Thus, S is regular.

(1) = (4) By Theorem 3.17 and 4.15, O;NL C Q; - L and
O01NL C Q1+L. Then (4) follows.

(4) = (5) The proof follows from Theorem 3.17 and 4.15.
(5) = (6) By Lemma 3.6 and 4.7, (6) holds. O
Theorem 4.18. For a b-semiring S, the following conditions
are equivalent.

(1) S is regular.

(2) Q1NINQ2 C(Q1-1-Q2) N (Q1 +1+ Qa), for the gener-
alized quasi ideals Q| and Q and ideals 1.

(3)01NINQ C(Q1-1-0)N(Q1+1+Q), for the generalized
quasi ideals Q1, ideals I and quasi ideals Q.

(4)ONINQy C(Q-1-02)N(Q+I4 Q»), for the quasi ideals
Q, ideals I and generalized quasi ideals Q3.

(5)0NINQ C(Q-1-0)N(Q+1+ Q), for the quasi ideals
Q and ideals 1.

(6) O1NINLC (Q-1-L)N(Q1 +1+L), for the generalized
quasi ideals Q1, ideals I and left ideals L.

(7)QNINLC (Q-I-L)N(Q+1+L), for the quasi ideals Q,
ideals I and left ideals L.



(8) RNINQ2 C (R-1-Q2)N(R+1+ Q»), for the right ideals
R, ideals I and generalized quasi ideals Q».

(99 RNINQ C (R-1-Q)N
ideals I and quasi ideals Q .
(10)RNINLC (R-I-L)N
ideals I and left ideals L.
(I11) RNL = (R-L)N(R+L), for the right ideals R and left
ideals L.

(12)O1NIC(Q1-1-01)N(Q1 +1+ Q1), for the generalized
quasi ideals Q1 and ideals 1.

(13) ONI C(Q-1-Q)N(Q+1+ Q), for the quasi ideals Q
and ideals 1.

(14) Q1 =(Q1-S-Q1)N
quasi ideals Q.

(15)Q=(Q-S-0)N

Proof. First, we prove that (1) = (2) = (3) = (5) =
(1), (3) = (6) = (7) = (11), 2) = (4) = (8) = (9) =
(10) = (11), (12) = (14) =

(1)and (2) = (12) = (13) =
(15) = (1).

(1) = (2) By Theorem 3.18, 01 NINQ> C (Q1-1-Q>) and by
Theorem 4.16, Q1 NINQ, C (Q1 +1+ Q3). Thus, (2)holds.
(2) = (3) By Theorem 3.18 and 4.16, (3) holds.
= (5) The proof follows from Lemma 3.6 and 4.7.
)= (11) By Theorem 3.18 and 4.16, (11) holds.
) (1) The proof follows from Theorem 4.17.
= (6) The proof follows from Theorem 3.18 and 4.16.
= (7) By Theorem 3.18 and 4.16, (7) holds.
= (11) By Theorem 3.18, RNL = R - L and by Theorem
.16, RNL =R+ L. Thus, (11) holds.
4) By Theorem 3.18 and 4.16, (4) holds.
8) The proof follows from Lemma 3.6 and 4.7.
9) The proof follows from Theorem 3.18 and 4.16.
10) By Lemma 3.6 and Lemma 4.7, (10) holds.
= (11) The proof follows from Theorem 3.18 and 4.16.
= (14) By Theorem 3.18 and 4.16, Q; = Q; - S- Q; and
= Q1+ S+ Q;. Thus, (14)holds.
(14) = (1) Now, 01 C 01-S-01 C [(Q1-S)N
Then Q; = Q1 -S- Q. By Theorem 3.18, S is 1-regular. Then,
01 CO1+S+01C[(Q1+8)N(S+01)] € Q1. Thus Q) =
01+ S+ Q;1. By Theorem 4.16, S is 2-regular. Thus, S is
regular.
(2) = (12) Taking Q> = Q; in (2), we get the result.
(12) = (13) By Theorem 3.18 and 4.16, (13) holds.
(13) = (15) By Theorem 3.18 and 4.16, Q = Q-S- Q and
0 =0+ S+ Q. Thus, (15)holds.
(15) = (1) Now, 0 C 0-5-0 C [(Q-5)N(S-0)] C 0. Then
Q=0Q-S-0. By Theorem 3.18, S is 1-regular. Then, Q C
Q+S+0C[(Q+9)
By Theorem 4.16, § is 2-regular. Thus, S is regular.

(Q1+S+Q1), for the generalized

(Q+ S+ Q), for the quasi ideals Q.
(11) =

O

Theorem 4.19. For any a € S, the generalized quasi ideal
generated by “a”, denoted by < a >4, is given by {a} U[(a-

$)N(S-a)]u [(a+5)m(5+a)}u[[(Q.S)+S]m[s+(s.a)]}.

Proof. By Theorem 3.10 and 4.11,{a}U[(a-S)N(S-a)] and
{a}U[(a+S)N(S+a)] is a generalized 1-quasi ideal and
generalized 2-quasi ideal of S respectively.

Forx e [(a-S)N(S-a)],x+s = (a-s1)+s € [(a-S)+S]and

(R+1+ Q), for the right ideals R,

(R+1+L), for the right ideals R,

(S-01)] € 0.

NS+0)] CO. ThusQ=0+S5+0.
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s +x=s +(s2-a) €

[S+(S-@)] imply |[(a-5)N(S-a) +
s|n[s+i@-s)n(s:

(S
a)l] < [[(a-s>+s1m[s+<s-a>1}.

Forx e [(a+S) (S+a).x-s =(a+s1)-s €[(a-S)+5] and
" (s2+a) € [S+(S- )] imply {[(cH—S)ﬁ(S—Fa)]-S}
N [s-[(a+s)m(s+a)]} c [[(a-s)+s}m[s+(5~a)]]
Now, [(a-S)+S]+SC[(a-S)+S] and S+ [S+ (S-a)] C
[S+(S-a)] imply [[[(a $)+SIN[s+(s-a)]] +5] N[5+ (@
S)+SIN[S+(S-a)] a-S)+SIN[S+(S-a))
[(a-S)+S]-SC[(a- S)+S] and S-[S+ (S-a)] C [S+(S-a)]
imply [[[(wS)—i—S]ﬂ[S-i—(Sﬂ)]] .S m[s- [[(a-$)+8]N
[s+(s-a)]] | < [[(-8)+ 8] N[5+ (5-a)].

Thus, {a} U[(a-S)N(S-a)]U[(a+S)N(S+a)]U {[(wS) +
SINS+(S- a)}] is a generalized quasi ideal in S. If A is a
generalized quasi ideal in S such that a € A, then {a} U|(a-
HN(S-a)Ul(a+$)N(S+a)]U [[(a-5)+S]NIS+(S-a)]] €

A. Thus, < a >4, is a generalized quasi ideal generated by

ua”. D

X-

"
N ')C:S

(a
c

] Now,

Theorem 4.20. For any a € S, the quasi ideal generated by
“a”, denoted by < a >4 is given by {naln € Z*}U{d"|m €

Z*}U[(a-S)N(S-a)lU[(a+S)N(S+a)U [[(a‘S)JrS]
[s+(5~a)]].
Proof. By Theorem 4.19, {a}U[(a-S)N(S-a)]U[(a+S)N

(S+a)U [[(a-5)+5]n

ideal of S. Now,

[({na|n € Z+} +8)N (S+ {naln € zﬂ)} ClatS)N(S+
C

a)] and [({am\m e Z*}-S)N (S {a"|m e Zﬂ)} [(a-$)N

(S-a)].
By Theorem 3.13 and 4.13, Q = {najn € Z*} U{a""|m €

Z+YUl(a-$)N(S-a)]U[(a+S)N(S+a) U [[(a.S)+S]m

S+ (s.a)}] , {naln € Z*YU[(a-S)N(S-a)] and {a"|m €
Z*YU[(a+ S)N (S + a)] are generalized quasi ideal and sub
b-semirings of S respectively.

Now, {naln € Z*}+{a"|im € Z*} C [(a+S)N
and {d"lm € Z "} +{naln€ ZT} C[(a+S)N(S+a)] C O
and {naln € Z*} - {a"m e Z*} C(a-S)N(S-a)] C Q and
{@"meZ"} -{nalneZT} C[(a-S)N(S-a)] C Q.
Letx€{najne€Z*}andye€ [(a+S)N(S+a)]. Thenx+y=
na+(a+s;))=m+1a+s; =a+ (na+sy) €a+S and
x+y=na+(s2+a) = (na+s2)+a € S+aimply {najn €
ZT}+[(a+S)N(S+a)] C[(a+S)N(S+a)] C Q. Similarly,
[(a+S)N(S+a)]+{naneZ} C[(a+S)N(S+a)] C Q.
Now, x-y=na-(a+s1)=la-(a+s1)]+[(n—1)a-(a+s1)] €
[(a-S)+S]and x-y=na-(s2+a) = (na-s2)+ (na-a) €

[S+(S-a)] imply {naln € Z*}-[(a+ )N (s +a)] € [[(a-

[S+(S- a)}} is a generalized quasi

(S+a)lCO



S)+s]m[s+(s-a)]} C Qand [(a+S)N(S+a)] {naln €
z*} C [[(a-$)+5]n[s+(5-a)]| €0
Let x € {naln € Z*} and y € [[(a S)+8]N

Thenx+y=na+[(a-s1)+s2] =[(n+1)a (na+s1)]+s€
[(a-5)+S] and x+y = (na +-55) + (s4-a) € [S+ (S a)]

imply x+y € [[(a-S)+S]ﬂ[S+(S-a)}] C Q. Now, x-y=
na-[(a-s1)+2] = [(@ n(a-s)+(na-s2)| € [(a-5)+S]
and x-y =na-[s3+ (s4-a)] = {(na $3)+ ((na-s4) - )} €
[S+(5-a)] imply x-y € [[(a-$)+S]N[S+(S-a)| € ©
[s+(s-a)]] 0

+(-a)]].

Similarly, y +xand y-x € [[(a .S)+8]N

Letx € {a"|meZ*}andy € [(a-S)N(S-a)]. Then,x+y=
a"+(a-s1) = (a-a" ) +(a-s1) = [a+(a-s1)]- [@" ' +
(a-s))]€l(a-S)+S]andx+y=ad"+ (s3-a) = (" +53) -
(@"+a) = [(a" +53)-a"| + [(@"+53) -] € [S+ (S-a)] imply

x+ye [[(a.5)+sms+(s.a)]] co.

Now ,x-y=da"-(a-s;) €a-Sandx-y=a"-(sy-a) = (a™-s7)-
a€S-aimply x-y € [(a-S)N(S-a)] C Q. Similarly, y+x €

[[(@-5)+S]N[s+(S-a)]| € Qand y-x € [(a-S)N(S-a)] € 0.
Let x € {a"jm € Z+} and y € [[(a~S) +SIN[s+ (s-a)]].
Now, x+y=a"+[(a-s1)+s2] = (a-a" ") +[(a-s1) +52] =
ja+ [(a-s1) 52| - [@ !+ [(a-s1) + 52] | € [(a-5) +5] and
Xty = (@ 53) + (53-0)] € [S+(S-)] imply x-+ y € [[(a-
s)+s]m[s+(s-a)]} C Q. Now, x-y=a"[(a-s1)+s2] =
a-[@ "' (a-s1)]+ (@ -s2) €[(a-S)+S] and x-y = a"-
[sa+ (s5-a)] = (a"-s54) +[(@" -55)-a)] € [S+(S-a)] imply
x-ye [[(a~S)+S]ﬂ[S+(S-a)]] C Q. Similarly, y+x and
yoxe [[(a-3)+s]m[s+(s-a)]} co.

Now, (a-8)+ (a+S)C (a-S)+ S and (S-a)+ (S
[S+(S+a)]- [(a+5)+a] € - ($+a) imply [[(a S)
a)]Jr[(aJrS)ﬁ(SJra)]] [[(a-S)+S]ﬂ[S+(S
and [[(a+sm(s+a)} + [(a.sm(s.a)ﬂ c [[(a.

s+(s-a)| co.
Now, (a-S)-(a+S)=1[(a-S)-a]+[(a-S) 5]
and (S-a)-(S+a)=[(S-a)-S|+[(S-a)-q]

imply |[(a-$)N(S-a)]- [(a+85)N (S +a)]] €
[s+(s-a)]} C Qand [[(a+s)m(s+a)]-[(a-s
[[(a-s)+s]m[s+(s-a)]} co.

Now, (a-S)+[(a-S)+S] C[(a-S)+S]and (S-a)+[S+(S-
@) C [$+(S-a)] imply [(a-5)1(S-@)] + [[(@-5)+S)N[s+
(S-a)]] C {[(a-S)—i—S]ﬂ[S—i—(S-a)]} co. Similarly,{[(a-
S)+S]m[s+(s-a)}] + {(wS)ﬂ(S-a)} c [[(a-5)+s]m[s+

]
-
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(S-a)]| 0.

Now, (a-S)-[(a-5)+S] € [(a-S) +S] and (S-a) - [S+(S-a)] =

[(S-a)-S]+[(S-a)-(S-a)] C [S+(S-a)] imply [( §)N(s-
(

a)-
a)| - |[(a-$) +S]n1S+ (S @) € [[(a-$)+8]N[S+ (S
a)]}gQ. Similarly, [[(a~S)+S] [s+(s.a)]} [( S)N(S-
)

} c [[(a.s)+sm[s+(5~a)}] co.
Now, (a+S)+[(a-S)+S) C (a+S)+ [(a+
S+ (a+8)] [(a+S)+S)]C(a+S)-S=|(a-S)+S] and

(S+a)+[S+(S-a)] C [S+(S-a)] imply [(a—kS)ﬁ(S—&-a)} +
[[(@-5)+5]n[s+(5-a)]] € [[(a-$) +5]N[5+(S-a)]| @
Similarly,[[(a-5)+S] N [S+(5-a)]| + [(a+S) N (S+a)| €
[[(a S)+8]A[S+(S- )}] C Q. Now, (a+5)-[(a-S)+S] C
[(a+S)-S] = [(a-S)+S] and (S+a)-[S+(S-a)] C [(S+a)-
S+ [(S+a)-(S-a)] C [S+(S-a)] imply |(a+5)N(S+a)|-
[[(@-$)+5]n[s+(5-a)]] € [[(a-$) +5]N[5+(S-a)]| € 0.
Similarly, [[(a -S)+S]N[S+ (S-a)]} : [(a+s) N (S-l—a)} c
[[(@-8)+5]N[s+(5-a)]

Now, [(a-S)+S]+[(a-S
[S+(S-a)] C[S+(S-a)
[[(a-S +S]N[S+( a)}

)
Now, [(a-S)+ S]]
J{r(S a)l-[$

(a+5)-8] =

|ce

Y+S]C[(a-S)+S]and [S+(S-a)]
Jimply |[(a-S)+S]0[S+(S-a)]
1] € [[(a-5)+8)ns+(S-a)]

C
S)+S]C(a-S)+S]-SC[(a-S)+S5]
(S a)]CS-[S+(S-a)] C[S+(S-a)]

[(a-5)+S]N[s+(5-a)] [[(a.5)+s] S+ (s
a)]} - [[ a-S)+SINS+(S- a)]} C Q. Thus, Q is a quasi
ideal in S. If A is a quasi ideal in S such that a € A, then
{naln € Z*}u{a™im e Z*}U[(a-S)N(S-a)]U[(a+S)N
(S+a)U {[(a-S) L SIN[s+ (S-a)]} CA. Thus, < a >, is
the quasi ideal generated by “a”.

+
+
0.
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S-
a-
+
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