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1. Introduction

It is well known that various types of functions play a
significant role in the theory of classical point set topology.
A great number of papers dealing with such functions have
appeared, and a good number of them have been extended to
the setting of multifunctions [§—11]. This implies that both,
functions and multifunctions are important tools for studying
other properties of spaces and for constructing new spaces
from previously existing ones. The concept of ideals in topo-
logical spaces has been introduced and studied by Kuratowski
[6] and Vaidyanathaswamy, [13]. Anideal .# on a topological
space (X, ) is a nonempty collection of subsets of X which
satisfies (i) A € .# and B C A implies B € . and (ii)) A € ¥
and B € .# implies AUB € .#. Given a bitopological space
(X, 71, 72) with an ideal .# on X and if Z7(X) is the set of all
subsets of X, a set operator (.)7 : Z(X) — Z(X), called the
local function [13] of A with respect to 7; and ., is defined as
follows: forA C X, A¥(7;,.#) ={x€ X :UNA ¢ .7 for every
U € 1(x)}, where 7;(x) = {U € 7, : x € U}. A Kuratowski
closure operator i C1*(-) is defined by i CI"(A) = AUA}(7;,.%)
when there is no chance of confusion, A7 (.#) is denoted by

A7 If .7 is anideal on X, then (X, 71, 7o, %) is called an ideal
bitopological space. In this paper, we introduce and study
pairwise upper (lower) semi-.#-continuous multifunctions
and obtain several characterizations of such functions.

2. Preliminaries

By a multifunction F : X — Y, following [1], we shall
denote the upper and lower inverse of a set B of Y by F*(B)
and F~(B), respectively, that is, F*(B) = {x € X : F(x) C B}
and F~(B) = {x € X : F(x)NB # 0}. A subset S of an ideal
bitopological space (X, 71, T,-#) is (i, j)-semi-.#-open [3]
if § C jCI*(iInt(S)). The complement of an (i, j)-semi-.# -
closed set is said to be an (i, j)-semi-.#-open set. The (i, j)-
semi-.# -closure and the (i, j)-semi-.#-interior, that can be de-
fined in the same way as C1(A) and Int(A), respectively, will
be denoted by (i, j)-s-# Cl(A) and (i, j)-s-# Int(A), respec-
tively. The family of all (7, j)-semi-.#-open (resp. (i, j)-semi-
& -closed) sets of (X, 11, T,.#) is denoted by (i, j)-SZ O(X)
(resp. (i, j)-S-ZC(X)). The family of all (i, j)-semi-.#-open
(resp. (i, j)-semi-.#-closed) sets of (X, 7, T2,.¥) containing
a point x € X is denoted by (i, j)-S.ZO0(X,x) (resp. (i,j)-
S#C(X,x)). A subset A of a bitopolgical space (X, 7, T) is
said to be 7 Tp-closed [2] if A = 71-Cl(7,-CI(A)). The com-
plement of a 7 T>-closed set is said to be 7)7-open. The
intersection of all 7| 7>-closed sets containing A is called 7| 7»-
closure of A and denoted by 7, 7:-Cl(A). The union of all
T| Tp-open sets contained in A is called 7 T»-interior of A and
denoted by 7; 7>-Int(A).
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3. On (i, j)-semi-.#-continuous
multifunctions

Definition 3.1. A function F : (X, 71,72,.9) — (Y,01,02) is
said to be

1. upper (i, j)-semi-.% -continuous if for each x € X and
each o 0y-open setV of Y containing F (x), there exists
U € (i,))-SY0(X,x) such that F(U) C V.

. lower (i, j)-semi-.7 -continuous if for each 6)0»-open
setV of Y containing F (x) such that F (x) NV # 0, there
exists U € (i, j)-S-7 O(X,x) such that F (u) NV # 0 for
everyu e U.

. upper (lower) (i, j)-semi-¥ -continuous if it has the
property at each point of X.

Theorem 3.2. Let F : (X, 71,72,.#) — (Y,01,02) be a multi-
funtion, the following statements are equivalent

1. F is upper (i, j)-semi--% -continuous.

2. FH(V) € (i, ))-SFO(X) for any 6,0-open set V of Y.

3. F~(V)is (i, j)-semi- % -closed in X for any 61 06,-closed

setV of Y.

F((i,j)-s# Cl(A)) C 6102-CI(F (A)) for each subset A
inX.

(i,))-s# CI(F*(B)) C F'(0102-CI(B)) for each sub-
setBinY.

Proof. The proof is clear. O

Theorem 3.3. The following are equivalent for a multifunc-
tionF: (X,7,%,.%)— (Y,01,02)

1. F is lower (i, j)-semi-.% -continuous.

2. F (V)€ (i,j)-SFO(X) for any 6,02-0pen set V of Y.

3. FY(V)is (i, j)-semi-% -closed in X for any o) 0,-closed

setV of Y.

(i,j)-s-# CI(F*(B)) C F*(010,-CI(B)) for any B C
Y.

5. F((i,j)-s-# Cl(A)) C 6102-CI(F(A)) for any A C X.
Proof. Straightforward. O

For a multifunction F : (X,7) — (¥,0), the graph mul-
tifunction Gr : X — X X Y is defined as follows Gr(x) =
{x} x F(x) for every x € X.

Lemma 3.4. For a multifunction F : (X,t) — (Y,0), the
following hold:

1. GF(AxB)=ANF"(B)
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2. Gg(Ax B) =ANF~(B) for any subsets A C X and
BCY.

Definition 3.5. [2] A bitopological space (X,7),72) is said
to be T To-compact if every cover of X by T Tr-open sets of X
has a finite subcover.

Theorem 3.6. Let F : (X, 11,7, ) — (Y,01,0,) be a multi-
function such that F (x) is 61062-compact for each x € X. Then
F is upper (i, j)-semi-.% -continuous if and only if Gp : X —
X XY is upper (i, j)-semi-. -continuous.

Proof. Letx € X and W be any 0] 0»-open set of X x Y con-
taining Gr (x). For each y € F(x) there exist 6] G2-open sets
U(y) C X and V(y) C Y such that (x,y) € U(y) x V(x) CW.
The family of {V(y) :y € F(x)} is a 6j02-open cover of
F(x) and F(x) is 0103-compact. Then there exist a finite
number of points, say yi,ys...,y, in F(x) such that F(x) C
U{V(i):1<i<n}. SetU=n{U(y):1<i<n}and
V=U{V(y):1<i<n}. ThenU and V are 0|0,-open in
X and Y respectively and {x} x F(x) CU xV C W. Since
F is upper (i, j)-semi-.# -continuous, there exists Uy € (i, j)-
S 0(X,x) such that F(Up) C V. By Lemma 3.4, we have
UNUy CUNFT(V) =G (U xV) C GE(W). Therefore,
we obtain U NUy € (i, j)-SZO0(X,x) and Gr(UNUp) CW.
This shows that Gr is upper (i, j)-semi-.#-continuous. Con-
versely, suppose that Gg : X — X X Y is upper (i, j)-semi-
Z-continuous. Let x € X and V be any 0;02-open set of
Y containing F(x). Since X x V is 0103-open in X x Y and
Gr(x) C X x V, there exists U € (i, j)-S-#O(X,x) such that
Gp(U) C X xV.ByLemma3.4 we have U C G} (X xV) =
FT(V)and F(U) C V. This shows that F is upper (i, j)-semi-
#-continuous. O

Theorem 3.7. A multifunction F : (X, 7y, 7,.#) — (Y,01,02)
is lower (i, j)-semi-.% -continuous if and only if Gr : X —
X x Y is lower (i, j)-semi-.% -continuous.

Proof. Suppose that F is lower (i, j)-semi-.# -continuous. Let
x € X and W be any 0]02-open set of X x Y such that x €
Gr(W). Since W N ({x} x F(x)) # 0, there exists y € F(x)
such that (x,y) € W and hence (x,y) € U xV C W for some
o10p-open sets U C X and V C Y. Since F(x) NV # 0, there
exits G € (i, j)-S#O(X,x) such that G C F~ (V). By Lemma
34, wehave UNG CUNF (V) =G (U xV) C Gz (W).
Moreover, x € UNG € (i, j)-S#0O(X) and hence Gr is a
lower (i, j)-semi-.# -continuous. Conversely, suppose that
Gr is a lower (i, j)-semi-.# -continuous. Let x € X and V be
a 01 0p-open set of Y such that x € F~ (V). Then X x V is
openin X XY and Gp(x) N (X x V) = ({x} x F(x)) N (X x
V) = {x} x (F(x)NV) # 0. Since Gr is a lower (i, j)-semi-
#-continuous, there exists U € (i, j)-S-# O(X,x) such that
U C G;(X xV). By Lemma 3.4, we obtain U C F~ (V).
This shows that F is lower (i, j)-semi-.# -continuous. O

Theorem 3.8. If F : (X,11,72,.%) — (Y,01,02) is an up-
per (i, j)-semi-.7 -continuous multifunction such that F(x)
is 0102-compact for each x € X and Y is a 616,-Housdorff
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space, then the multigraph G(F) of F is (i, j)-semi-.% -closed
inX xY.

Proof. Let (x,y) ¢ G(F), thatis, y ¢ F(x). Since Y is 0 0,-
Housdorff, for each z € F(x), there exist disjoint 0} 6,-open
sets V(z) and U(z) of Y such that z € U(z) and y € V(z).
Then {U(z) : z € F(x)} is a 6102-open cover of F(x) and
since F(x) is 010,-compact, there exits a finite number of
points say, $,21,22, ...z, in F(x) such that F (x) CU{U(z;) :i =
1,2,.n}. PutU=U{U(z):i=1,2,..n} and V =n{V (y;) :
i=1,2,..n}. Then U and V are 0]10;-open in ¥ such that
F(x) CU,yeVandUNV =0. Since F is upper (i, j)-semi-
#-continuous, there exist W € (i, j)-S-# O(X,x) such that
F(W) CU. Since V is 0102-open, W X V € (i, j)-SZ O(X x
Y) and (x,y) e W xV C X xY\G(F). Then X x Y\G(F) =
W xVe(i,j)-SFO(X xY) and hence G(F) is

O

U
(x,y)EXXY\G(F)
semi-.¥ -closed in X x Y.

For any two multifunctions F; : X1 — Y and F> : Xo — Y3,
the following hold:

1. (Fi x )T (AxB) =F(A) x F,"(B)

2. (i xFB) (AxB)=F (A)xF, (B) forany A C X,
and B C X;.

Lemma 3.9. IfFi : X| — Y, and F» : Xo — Y, are upper (i, j)-
semi-. -continuous (resp. lower (i, j)-semi-.% -continuous)
multifunctions, then Fy X Fy : X1 X Xp — Y| X Y; is upper (i, j)-
semi-% -continuous (resp. lower (i, j)-semi-.% -continuous).

Proof. We prove only the case for F upper (i, j)-semi-.# -
continuous. Let (x1,x2) € X; X X, and W be any ¢} 06,-open
set of ¥; x ¥, containing Fj(x;) X F>(x2). There exist 0} 03-
open sets U and V of ¥; and Y; respectively, such that Fj (x;) x
Fy(x2) CU xV C W. Since Fy and F, are upper (i, j)-semi-
. -continuous, there exist Uy € (i, j)-S-ZO(X;.x1) and Vp €
(i,j)-SfO(Xz,)Cz) such that Fj (U()) C U and Fz(Vo) cV.
Then we have Uy x Vo C F|" (U) x F," (V) = (Fi x F,) " (U x
V) C (F; x F»)™(W). Therefore, we obtain Uy x Vy € (i, j)-
SIO0(X; x X5, (x1,x2)) and (Fy x F2)+(U() x Vo) C W. This
shows that F; x F, is upper (i, j)-semi-.# -continuous. O

Definition 3.10. /2] A collection % of subsets of a bitopolog-
ical space (X,T1,T) is said to be T1T-locally finite if every
x € X has a t1Ty-neighborhood which intersects only finitely
many elements of U .

Definition 3.11. [2] A subset A of a bitopological space
(X, 01,07) is said to be

1. ©102-paracompact if every cover of A by 0102-0open
sets of X is refined by a cover of A which consists of
01 02-0open set of X and is 6163-locally finite in X.

. 010y-regular if for each a € A and each 6| 0,-0open set
U of X containing a, there exists a 610,-open set G of
X such that a € G C 0102-CI(G) C U.
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Lemma 3.12. [2] If A is a T T>-regular T Ty-paracompacat
set of a bitopological space (X,11,7) and U is a T) Tp-open
neighbourhood of A, then there exists a T1Ty-open set G of X
such that A C G C 111»-C1(G) C U.

Remark 3.13. [2] For a multifunction F : (X,7, T, %) —
(Y,01,02), byCIF : (X, 11,70) — (Y, 01, 02) we denote a mul-
tifunction defined as follows C1F (x) = 11 T,-C1(F (x)) for each
xeX.

Lemma 3.14. [2]IfF : (X,71,T2,. %) — (Y,01,02) is a mul-
tifunction such that F(x) is T|T,-paracompact T) Ty-regular
for each x € X, then for each 6103-open set V of Y, GT (V) =
F*(V), where G denotes CIF.

Theorem 3.15. Let F : (X, 71,72,.9) — (Y, 01,02) be a mul-
tifunction such that F (x) is a 6| 0y-paracompact and G| 0;-
regular for each x € X. Then the following statements are
equivalent.

1. F is upper (i, j)-semi- ¥ -continuous.
2. (i,j)-s# CIF is upper (i, j)-semi-.% -continuous.
3. CIF is upper (i, j)-semi-.% -continuous.

Proof. We put G = (i, j)-s.# C1F or CIF in the sequel. Sup-
pose that F' is upper (i, j)-semi-.# -continuous. Let x € X and
V be any 0)03-open set of ¥ containing G(x). By Lemma
3.14, we have x € G (V) = F* (V) and hence there exists U €
(i,7)-S-#O(X,x) such that F(U) C V. Since F(u) is 0102-
paracompact and 6] 6,-regular for each u € U by Lemma 3.12,
there exists a 0] 0,-open set W such that F(u) C W C 0,0;-
CI(W) C V; hence G(u) C 0102-CI(W) C V foreach u € U.
Therefore, we obtain G(U) C V. This shows that G is up-
per (i, j)-semi-.#-continuous. Conversely, suppose that G
is upper (i, j)-semi-.#-continuous. Let x € X and V be any
o10z-open set of Y containing F(x) By Lemma 3.14, we
have x € F*(V) = G™(V) and hence G(x) C V there exist
U € (i,j)-S-# O(X,x) such that F(U) C V. Therefore, we ob-
tain U C G*(V) = F*(V) and hence F(U) C V. This shows
that F is upper (i, j)-semi-.# -continuous. O

Lemma 3.16. [2]IfF : (X,7), ™, ) — (Y,01,02) is a multi-
function then for each G)62-open setV of Y. G~ (V) =F~ (V)
where G denotes (i, j)-s.# C1F or CIF.

Theorem 3.17. The following are equivalent for a multifunc-
tionF:(X,7,7,%)— (Y,01,0,):

1. F is lower (i, j)-semi-.¥ -continuous.
2. (i,j)-s-7 CIF is lower (i, j)-semi-.¥ -continuous.
3. CIF is lower (i, j)-semi-.7 -continuous.

Proof. By using Lemma 3.16 this is shown similarly to that
of Theorem 3.15.
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Definition 3.18. The (i, j)-semi--# -frontier of a subset A of
an ideal bitopological space (X,11,7,.%), denote by (i, j)-
sIFr(A), is defined by (i, j)-sIFr(A) = (i, j)-s.# Cl(A) N
(i,7)-s# Cl(X\A) = (i, j)-s- CI(A)\ (i, j)-s-# Int(A).

Theorem 3.19. The set of all points of X at which a multi-
Sunction F : (X, 71,72, ) — (Y,01,02) is not upper (lower)
(i, ])-semi-& -continuous is identical with the union of the
semi-.¥ -frontier of the upper (lower) inverse images of open
sets containing (meeting ) F (x).

Proof. Suppose that x € X at which F is not upper (i, j)-
semi-.# -continuous. Then there exists a 61 0»-open set V of
Y containing F(x) such that U N (X\F*(x)) # 0 for every
U € (i,j)-S#0(X,x). Then x € (i, j)-s.# C(X\FT(V)) =
X\ (i, j)-s-# Int(F*(V)) and x € F* (V). Hence we obtain x €
(i,j)-sZFr(F*(V)). Conversely, suppose V is 0] 0»-open set
of Y containing F (x) such that x € (i, j)-s.ZFr(F*(V)). If F
is upper (i, j)-semi-.# -continuous at x, there exists U € (i, j)-
S.#0(X,x) such that U C FT(V). It is clear that x € (i, j)-
s Int(F*(V)). This is a contradiction and hence F is not
(i, j)-upper semi-.# -continuous at x. O

In the following (D, >) is directed set, (F),) is a net of multi-
function Fy : (X,11,72) — (Y,01,02) forevery A € D and F
is a multifunction from X into Y.

Definition 3.20. Let (F),),cp be a net of multifunctions from
(X,71,72) to (Y,01,02). A multifunction F* : (X,7,72) —
(Y,01,07) is defined as for eachx € X, F*(x) ={y €Y : for
each ©10,-open neighbourhood V of y and each . € D, there
exist A € D such that A > 1 and V N Fy (x) # 0} is called the
01 02 -topological limit of the net (Fy)).cp.

Definition 3.21. A net (Fy),cp is said to be equally upper
(i, ])-semi-& -continuous at xo € X if for every G)03-open
set Vy, containing F), (xo), there exists U € (i, j)-S# O(X,xp)
such that F, (U) C V), forall A € D.

Theorem 3.22. Let (F) ) cp be a net of multifunction from an
ideal bitopological space (X, 71, T2,.%) into a G 0y-compact
space (Y,01,02). If the following are satisfied.

1. U{Fy(x) : u > A} is 0102-closed in Y for each A € D
and each x € X.

2. (Fy)ep is equally upper (i, j)-semi-.% -continuous on
X, then F* is upper (i, j)-semi-.% -continuous on X.

Proof. From definition and (1) we have F*(x) = N({UFy (x) :
> A}:AeD). Since the net (U{F,(x) : > A})repisa
family of 6] 0,-closed sets having the finite intersection prop-
erty and Y is 0] 0x-compact, F*(x) # 0 for each x € X. Now,
let xo € X and let V be a proper 07 0,-open subset of ¥ such
that F*(xo) C V. Since F*(xo) N (Y\V) =0,F*(x0) # 0 and
(Y\V) #0,N{(U{Fu(xo) :u>A}):AeD}N(Y\V)=0and
hence N{(U{Fyu(x0) N(Y\V):u >A}): A € D} =0. Since
Y is 6105-compact and the family {(U{Fy (xo) N(Y\V):u >
A}): A € D} is a family of 0] 0,-closed sets with the empty
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intersection, there exit A € D such that Fj, (xo) N (Y\V) =0
for each u € D with p > A. Since the net (F, ), cp is equally
upper (i, j)-semi-.# -continuous on X, there exists U € (i, j)-
S.70(X,x0) such that F,(U) C V for each p > A that is,
Fu(x)N(Y\V) =0 for each x € U. Then U{F,(x)N(Y\V):
p > A} =0and hence N{(U{Fu(x)N(Y\V):u>A}): 4 €
D}N(Y\V) = 0. This implies that F*(U) C V. If V =7,
then it is clear that for each U € (i, j)-S-# O(X,xo) we have
F*(U) C V. Hence F* is upper (i, j)-semi-.# -continuous at
Xo. Since xy is arbitrary, the proof completes. O

Theorem 3.23. If F : (X,71,7,-#) — (Y,01,02) is upper
(i, j)-semi-.7 -continuous, point 6|0;-closed andY is 003~
regular, then the graph G(F) of F is (i, j)-semi-.% -closed set
in the product space X X Y.

Proof. Suppose (x,y) ¢ G(F). Then we have y ¢ F(x). Since
Y is 01 0;,-regular, there exist disjoint o7 0»-open sets V| and
V2 of Y such thaty € V; and F(x) C Va. Since F is upper (i, j)-
semi-.# -continuous, F+(V3) is (i, j)-semi-.# -closed set in X
containing x. Therefore, we obtain (x,y) € U x F(V2) C
X x Y\G(F) and so G(F) is (i, j)-semi-.# -closed. O

Theorem 3.24. IfF : (X,71,72,-#) — (Y, 01,02) is an upper
(lower) (i, j)-semi-.# -continuous, point 6)0,-closed and Y
is 010-normal, then A = {(x1,x2) : F(x1) = F(x2)} is (i, j)-
semi-.% -closed in the product space X X Y.

Proof. Let (x1,x2) ¢ A, then F(x;) # F(x2). Since Y is 61 0»-
normal, there exist disjoint 0] 6>-open sets V| and V, of Y such
that F(x;) C V; and F(x;) C V,. Since F is upper (i, j)-semi-
#-continuous, F*(V;) and F*(V3) are (i, j)-semi-.#-open
sets and x; € F*(V}) and x, € F*(V,). Therefore [F* (V) x
Ft(V2)]NA = 0. Since (x1,x) € [FT(V;) x FT (V)] and
Ft (Vi) x Ft(Va) is (i, j)-semi-.# -open set in X X Y, we ob-
tain (x1,x2) € (i, j)-s.# CIA. O
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