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Abstract

In the present investigation, we introduce a new class of meromorphic parabolic starlike functions with a
fixed point defined in the punctured unit disk A* := {z € C : 0 < |z| < 1} by making use of the Srivastava-
Attiya Operator ;. We obtained Coefficient inequalities, growth and distortion inequalities, as well as closure
results for functions f € Mj (A, B,7). We further established some results concerning convolution and the
partial sums.
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1 Introduction

Let § be a fixed point in the unit disc := {z € C : |z| < 1}. Denote by H() the class of functions which are
regular and

A ={feHO: f®) =f (&) -1=0}

Also denote by
Se={f € A(§) : f is univalent in },

the subclass of A(§) consist of the functions of the form
f@)=E=8+) au(z—8)", 1.1)
n=2

that are analytic in the open unit disc . Note that Sy = S be a subclass of A consisting of univalent functions in .
By S¢ (7) and K¢(7y), respectively, we mean the classes of analytic functions that satisfy the analytic conditions

() A

and z € for 0 < v < 1, introduced and studied by Kanas and Ronning [11]. The class S;(0) is defined by
geometric property that the image of any circular arc centered at § is starlike with respect to f(§) and the
corresponding class K¢ (0) is defined by the property that the image of any circular arc centered at § is convex.
We observe that the definitions are somewhat similar to the ones introduced by Goodman in [8] and [9] for
uniformly starlike and convex functions, except that in this case the point § is fixed. In particular, £y = K(0)
and S5 = §*(0) respectively, are the well-known standard class of convex and starlike functions(see [21]).
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Let X denote the class of meromorphic functions f of the form
1 &
f2) =+ ) anz", 1.2)
n=1

defined on the punctured unit disk A* := {z € C: 0 < |z| < 1}.
Denote by X¢ be the subclass of A(§) consist of the functions of the form

1 [ee]
f(Z)=27§+Zan(z—§)”,an20;z#§. (1.3)
n=1
A function f of the form is in the class of meromorphic starlike of order v (0 < ¢ < 1) denoted by ZE (7),
if
_ /
_%<(Zf?zj)c<z>> >q, z-§eA:=A"U{0} (1.4)

and is in the class of meromorphic convex of order v (0 < v < 1) denoted by Zlg('y), if

(z - §)f”(2)) N
—R|1+—7F—)>7 z-§€A:=A"U{0}.
( 7(2) g § {0}
For functions f(z) given by and g(z) = (ziig) + Y1 bu(z=38)", (by > 0) we define the Hadamard
product or convolution of f and g by
1 [o 0]
(F*8)@) = ;g + L anbaz=5)"

n=1

The study of operators plays a vital role in the geometric function theory and its associated fields. Many
differential and integral operators can be written in terms of convolution of certain analytic functions. It is ob-
served that this formalism brings an ease in further mathematical investigation and also helps to understand
the geometric properties of such operators better.

We recall a general Hurwitz-Lerch Zeta function €(z, s, a) defined by (see [24])

®(z,s,a) := i Z (1.5)

(aecC\{Z;};scC,R(s)>1 and |z| =1)

where, as usual, Z; := Z\ {N} (Z := {0,+1,£2,£3,..};IN := {1,2,3,...}). Several interesting properties
and characteristics of the Hurwitz-Lerch Zeta function ®(z, s, 4) can be found in the recent investigations by
Choi and Srivastava [5], Lin and Srivastava [12], Lin et al. [13]], and see the references stated therein.

For the class of analytic functions denote by A consisting of functions of the form

f(z)=z+ Z ayz",(z €)
n=2
Srivastava and Attiya [23] introduced and investigated the linear operator:

Tsp: A— A

defined in terms of the Hadamard product (or convolution) by

Tspf(z) = Gps * f(2) (1.6)

where, for convenience,
Gps(z) := (1 +b)°[®(z,5,b) — b ] (1.7)

(ze;becC\{Z,};scC;fcA).For f € Aitis easy to observe from and that

Tspf(z) =z + ’i (Tl:rl;)s anz", (z€.) (1.8)
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It is well known that the Srivastava-Attiya operator J; , contains, among its special cases, the integral opera-
tors introduced and investigated earlier by (for example) Alexander [1]], Libera [14], Bernardi [4], and Jung et
al. [10].
Motivated essentially by the above mentioned Srivastava-Attiya operator, in this paper we define a new
linear operator
in terms of Hadamard product given by
T5 f(2) = G+ f(2) (1.9)
(z=8e€A:=A"U{0};bcC\{Z,};scCfely,
where, for convenience
Qi,p(z) = (14+b)°[®p(z,5,b) —b7] (1.10)

and

1 (-5 (=%
®,(z,5,b) = b5+ 0 by +(2+b)9+""

For f € X¢, itis easy to observe from the above equations (1.9) and (1.10) that

1 o
T f(2) = — et Y Ci(man(z-¥8)", (z—§eA:=A"U{0}) (1.11)
n=1
where
Cn = | (2P Y (1.12)
B I \n+1+0 '
and (throughout this paper unless otherwise mentioned) the parameters s,b are constrained as b € C\
{Z,};seC.

Motivated by earlier works on meromorphic functions by function theorists(see [2, 3} 7, [15} 16, [17, [18} 19,
20, 25])), we define the following new subclass of functions in Z¢ by making use of the generalized operator
N/

For0 <y <land0 < A < 1/2, we let MZ(A, B, ) denote a subclass of Y consisting functions of the
form satisfying the condition that

B (z-9(Ff(2) + Az - )(szf(z))
§R(( NISF@) + Az - (T @) ) (119
(z = (T f(2) + Az - 5*(T;f(2)"
TNz e -grey T
where J; f is given by (L.11).
Further shortly we can state this condition by
(g gt
where

G(z) = (1-MNTf(2) + Az = (T f(2) = Z (nA = A+ 1)Cy(n)an(z = §)", an =0.  (1.15)

It is of interest to note that, on specializing the parameters A, B and s,b we can define various new sub-
classes of Z¢. We illustrate two important subclasses in the following examples.

Example 1.1. For A = 0, we let M;(0,B,v) = M;(B, ) denote a subclass of Zg consisting functions of the form
satisfying the condition that

(=BT
%( 7if(2) >>

(z—-8§)(Tpf(2)

T f(z) +1{+ (1.16)

where J; f (2) is given by (L.11).
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Example 1.2. For A = 0,8 = 0 we let M3} (0,0,7) = M;(7) denote a subclass of g consisting functions of the form
satisfying the condition that

_ R ((Z _5)(jlysf(z)>,) > (1.17)

J; f(2)
where J; f(z) is given by (1.11).

In this paper, we obtain the coefficient inequalities, growth and distortion inequalities, as well as closure
results for the function class M3 (A, B, y). Properties of certain integral operator and convolution properties of
the new class Mj (A, B, y) are also discussed.

2 Coefficients Inequalities
In order to obtain the necessary and sufficient condition for a function f € Mj(A, B,7y), we recall the
following lemmas.
Lemma 2.1. If 7y is a real number and w is a complex number, then ® (w) > v < [w+ (1 — )| —|w— (1+)| > 0.
Lemma 2.2. If w is a complex number and <y, k are real numbers, then
R (w) > klw— 1|+ < R{w(1 +ke?) —ke®} >, —r<0< .
Analogous to the lemma proved by Dziok et.al [7], we state the following lemma without proof.

Lemma 2.3. Suppose that v € [0,1), r € (0, 1] and the function H € X¢(7) is of the form H(z) = ﬁ +Y o1 bu(z—
8", 0<|z—=§| <r withb, >0 then

oo

Y (n+ bt <1—1. (2.1)

n=1
Theorem 2.1. Let f € X¢ be given by (1.3). Then f € M; (A, B, ) if and only if

[ee)

Y (1 +B) + (v + B)l(nA = A+1) Cj(n)ay < (1—2A)(1— 7). (2.2)

n=1

Proof. If f € M (A, B,y), then by (1.14) we have,

(45)

(z—-3G'(2)
G(z)

—i—l’—i—’y.

Making use of Lemma

(z—8)(1+pe)G'(2) + pe*G(z)
(s )

where G(z) is given by . Substituting for G(z), G'(z) and letting |z — §| < r — 17, we have

{ (1-20)(1 =) =L n(1+B) + (v + B)l(nA — A +1)Cj (n)an } =0
(1—2X) — 2 (nA — A+ 1)Cy(n)ay '

This shows that holds.
Conversely, assume that holds. Since —R(w) > v, if and only if |[w+1| < |w — (1 —27)|, itis sufficient
to show that

w+1
— — — — < _ .
’w(lZ'y)’ <land |w—(1-29)|#0for |z—§| <r<1, (z-=§) €A
Using and taking w(z) = (Zi{)(l+ﬁei2gl)<z)+ﬁeiec<z) we get
’ w+1 ’ Yori(mA =A+1)[(n+1)(1+ B)]Cj(n)an -1
w—(1-27)| - 20-7{1-20) Lo (A A+ D1+ )+ (B+27 —DCyman —

Thus we have f € Mj(A, B, 7). O
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For the sake of brevity throughout this paper we let
dn(A, B, y) i= [n(1+ ) + (v + B)J(nA = A +1) (2.3)

di(AB,y) = (147 +2B)

unless otherwise stated.
Our next result gives the coefficient estimates for functions in M; (A, B, ).

Theorem 2.2. If f € M} (A, B,7), then
b o (1=m-20)
= dn(A B, )G (1)
The result is sharp for the functions f,(z) given by
1 11—
z) = +
W)= T A BTG
Proof. 1If f € M;(A,B, ), then we have, for each n,

[e9)

du(A, B, 7)C(n Z (A B, 7)Ch(n)an < (1—79)(1=2A).

n=123,....

(z—-9)", n=1273....

Therefore we have
o =ma-21
= @A, B, 7)Cy(n)

1 (1-7@1-21) n
z) = + zZ—

M= . mpmcm © Y
satisfies the conditions of Theorem fu(z) € M} (A, B,7) and the equality is attained for this function. [

Since

Theorem 2.3. Suppose that there exists a positive number v
v=inf {d:(A,B,7)Cy(m)} . (2:4)

If f € Mj(A,B,7), then

g - DR < ey < 4 EEAZ2D, g
" L A=) s 1 (A=) (1-2))
e HICTEE PR (12— 8=
Ifv =di(A, B,7)C(1) = (14 +2B)C3(1), then the result is sharp for
fla) = 2+ VOS2 (o 5

z=§  (I+7+28)C1)
Proof. Let the function f given by we have
1 [e9)
< - < .
F)l < fr Lo <} an
Since,

1%

§ g < 1m0 =20)

Using this, we have

Similarly
1 (1-9)(1-2A)
> |- A\ =
IOk =
The result is sharp for function withv =di(A, B,7)Cy (1) = (1+ 9 +2B)Cy(1).
Similarly we can prove the other inequality |f'(z)]. O
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3 Radius of starlikeness

In the following theorem we obtain the radius of starlikeness for the class M; (A, B, 7). We say that f given
by is meromorphically starlike of order p, (0 < p < 1),in |z — §| < r when it satisfies the condition
injz—§| <r.

Theorem 3.1. Let the function f given by (1.3) be in the class M3 (A, B,v). Then, if there exists

(1= p)du(A, B,7)C3(n) ] 7T

and it is positive, then f is meromorphically starlike of order p in |z — §| < r < r1(A,7,p).
Proof. Let the function f € M5 (A, B, ) be of the form (I.3). If 0 < r < r1(A, 7, p), then by
it (=P (LB 1)C) .
T (nt+p)(1-7)(1-22)
for all n € N. From we get
n-+ prn+1 < le (/\/ ,B/ ()/)CZ(”)
1=p" S T-mi-2n)
for all n € N, thus
SN+ a1 e dn(A B )G (n)
apr"Tt <y 0y, <1 3.3
L R S T e
because of (2.2). Hence, from and (2.I), f is meromorphically starlike of order pin |z — §| < r < r1(A, 7, p).
O

Suppose that there exists a number 7, ¥ > r1(A, 7, p) such that each f € Mj(A, B, ) is meromorphically
starlike of order p in |z — §| < 7 < 1. The function

1 (1—79)(1-2A)
f& = % T 0t b c)

is in the class Mj (A, B, ), thus it should satisfy with 7 :

(z—8)"

[e9)

Y (n+p)a "t <1-p, (3.4)
n=1
while the left-hand side of becomes
(A=—71=24) (1= -21) (A =p)du(AB7)C(n)
O Gm T LR B (it o) (- —2A)

which contradicts with (3.4). Therefore the number r1(A, 7, p) in Theorem cannot be replaced with a
greater number. This means that r1(A, 7, p) is called radius of meromorphically starlikness of order p for the
class M (A, B,7).

4 Results Involving Modified Hadamard Products

For functions
1
z—3§

we define the Hadamard product or convolution of f; and f, by

@) =

+ ) anj(z=8)"a,;>0 (4.5)
n=1

(e ()= g + X tnainalz = )"

n=1

Let
(mA—A+1)

Yo A) = 5y G

(4.6)
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Theorem 4.2. For functions fj(j = 1,2) defined by (.5), let f € M (A, B, ) and fo € Mj(A,B,6). Then fi + fo €
M (A, B,17) where
4 (1-7)(1-6)3+B)
1= A T2+ + 2B F(LA) —2(1 = 71) (1 =) (47)

and ¥(1,1A) = ﬂ The results is the best possible for

1 1—7v
he = Tt A rpvan C Y
1 1-6

LE = et arsrapwan ¢ Y

where ¥(1,A) = 10(21/2

Proof. In the view of Theorem .1} it suffices to prove that

o [n(1+B) + (7 +B)]
n; (1-1n)

where 7 is defined by under the hypothesis. It follows from and the Cauchy’s-Schwarz inequality

that
) £ 101 B) ¢ (r-+ 21+ ) + (0 )
n—1 (1=7)(1-9)
Thus we need to find largest 7 such that

Y(n,Aay1a,2 <1

Y(n,A)y/an1a,2 < 1. (4.8)

;i““l+g”§f+ﬁ”Tw~w%ﬂ%a

= (14 B) + (v + B2 [n(1+ B) + (6 + B)I'/2
< n;l (1 = 7)(1 — (5) ‘IJ(”/ A)\/ Ap1an2
< 1.

By virtue of it is sufficient to find the largest 7, such that
(1-y)(1-9)

(1 +B) + (v + B)Y2[n(1+ B) + (6 + B)]V/2¥(n,A)
o mA+p)+(r+ + B2 [n(1+B) + (6 + B)]'/2 1—1
- 1—7)(1-9) [n(1+pB) + (1 +p)

which yields

<1 (1-7)(1-8)@2n+1+p)
o AR (P B+ (0 +PIE(mA) — (1)1~ 0)(n+1)

for n > 1 where ¥(n, A) is given by (4.6) and since ¥ (n, A) is a decreasing function of n (n > 1), we have

— (1-1)(1- &)@ +)
I+9+2B8)1+5+28)¥(L,A) —2(1—79)(1—9)

and ¥(1,A) = 1 (212, which completes the proof. O

Theorem 4.3. Let the functions f;, (j = 1,2) defined by be in the class Mj(A,B, ). Then (f1 * f2)(z) €
M (A, B,17) where
- (1= 776 +p)
(1479 +2B)7¥(1,A) —2(1 - 7)?

with¥(1,A) = 15(212\

Proof. By taking d = v in the above theorem, the results follows. O
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For functions in the class M3 (A, B,y) we can prove the following inclusion property.
Theorem 4.4. Let the functions f;(j = 1,2) defined by be in the class M3 (A, B, 7). Then the function h defined
by
Z n1t )z —§)"

n=1

is in the class M} (A, B, 8) where

4(1—7)2(1+B)
s=l- 147 +2B12¥(1,A) +2(1— )% (4.9)

and ¥(1,1) = 2.

b R

Proof. In view of Theorem 2.1} it is sufficient to prove that

fﬁﬂmAﬂ“1+?f§f+ﬁ”(ﬁﬂ+é2w<1 (410)

n=2

where f; € Mj(A,B,7) (j = 1,2), we find from and Theorem 2.1} that

00 2 00 2
ngl [T(Tl,)\) [n(1+,31)i(y7+ls)] } ai,j < ngl I:lif(n,/\) [H(l+ﬂl>i(y'7+5)} a,;| < 1, (4.11)
which would yields
> 1 1+B)+(v+8)] 1°
Zz[ PRyt @y'ﬁ”}m%+ﬁﬂgl (4.12)
On comparing and it can be seen that inequality will be satisfied if
n(l+p) +(0+ 1 n(1+p)+ (y+p) 1°
T(”J‘)[ ( ,[31)_; B (ap1 +5) < 5 [‘I’(n,/\)[ ( !31)_ o +h)l (a1 + a5,)-
v
That is, if
a2
21— )20 + (1 + B wis)

O LT B) £ (o + BT (n, A) + 2(1— )

where ¥ (1, A) is given by and ¥ (n, A) is a decreasing function of n (n > 1), we get [&.9), which completes
the proof. 0

5 Closure Theorems

We state the following closure theorems for f € M (A, B,y) without proof ( see [Z, 16} [18]).

Theorem 5.5. Let the function fi(z) = g + Yot Anx(z — §)" be in the class Mj (A, B,y) for every k = 1,2,...,m
Then the function f defined by

f(z) =

Z— +Zank ank>0)

belongs to the class Mj (A, B, 7y), where a,, . = % Yilqank (n=1,2,.).

Theorem 5.6. Let fy(z) = ﬁ and fu(z) = % + %&E%(z =8 forn=1,2,.... Then f € M;(A,B,7) if

and only if f can be expressed in the form f(z) = Y.;° o infu(z) where 17, > 0and Y57 o 1n = 1.
Theorem 5.7. The class M} (A, B, ) is closed under convex linear combination.

Now, we prove that the class isMj (A, B, v) closed under integral transforms .
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Theorem 5.8. Let the function f(z) given by be in Mj (A, B, ). Then the integral operator

1
F(Z):c/0 u®f(uz)du 0<u<1,0<c< o)

is in M} (A, B,0), where
_ A+ +n[(v+p)+ A +pA+en)]+ (c+D(y+B) +cpl—7)
n2(L+p) +nl(y+p) + 1+ )1+ B+ (A +e)(y +p)+c(1-7)
The result is sharp for the function f(z) = ﬁ + %(z -35).

Proof. Let f(z) € Mj(A,B,7). Then

It is sufficient to show that

ay < 1. (5.14)

Since f € M} (A, B, ), we have
(A, B,7)Cp(n)

n
- - 7 <1.
1—7)(1—2A)“”—1

Note that is satisfied if
c (A, B0CH(n) _ da(A B,7ICy(n)
T (I=ma=-24)°

Solving for 6, we have

cmA+P) +n[(v+ B+ A+B A+ e+ e+ D (v +B) +cB(1-17)
n?(1+B) +n((y+B)+ (1 +c) A+ )]+ (1 +c)(v+p) +c(1-7)

A simple computation will show that ®(n) is increasing and ®(n) > ¢(1). Using this, the results follows. [

= ¢(n).

6 Partial Sums

Silverman [22] determined sharp lower bounds on the real part of the quotients between the normalized
starlike or convex functions and their sequences of partial sums. As a natural extension, one is interested to
search results analogous to those of Silverman for meromorphic univalent functions. In this section, motivated
essentially by the work of Silverman [22] and Cho and Owa [6] we will investigate the ratio of a function of
the form to its sequence of partial sums

1
z=§

k
fi(z) = + ) an(z-¥)" (6.15)
n=1

when the coefficients are sufficiently small to satisfy the condition analogous to

[09)

Y du(A, B, 7)Ci(n) an < (1 —7)(1 —2A).

n=1

[ filz

More precisely we will determine sharp lower bounds for <m) and R (W) . In this connection we make

use of the well known results that Gfgg;) >0, (z—§e€A)ifand only if w(z) = ¥ cu(z — §)" satisfies
n=1

the inequality |w(z)| < |z — §|.
Unless otherwise stated, we will assume that f is of the form (1.3) and its sequence of partial sums is

denoted by (6.15).
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Theorem 6.9. Let f(z) € M3(A,B, ) be given by satisfies condition, and suppose that all of its partial

sums don’t vanish in A. Moreover, suppose that

2_2nil lan] - dk+(11():i)gc_z<2];\4)— 2 ”él |an| >0, for all k€ N.
Then, ‘o ( ’ N
z B 1-1-2 -
! (fk(z)> =1 dk+1()\,ﬁ,'y)cl57(k+1) (z—=8€A4)
where

(1-7)(1-21), if n=1,2,3,...k
d A’/ 7 Z .
B { A (A, B, 7)Ch(k+1), if n=k+Lk+2,....
The result is sharp with the function given by
1 (1-7)(1-2A)
z) = +
f@) == di1 (A, B, 7)Cy(k+1)

(Z _ g)k+1.
Proof. Define the function w(z) by

_da(ABNGEHD [fE) [, (1-p-2))
e =T [mz) (1 dk+1(A,ﬁ,v)CZ(k+l)>]

de1 (ABYC (k1) &
k+(117’y>(17h2)\> n:%rl ay(z — g+t

14 f an(z — §)nt1
n=1

It suffices to show that R(w(z)) > 0, hence we find that

=1+

b (BN 2
iy Xl
<— s <1
e OABNChD) &
22 % |ay| - G R,
R

1+ w(z)
e

From the condition (2.2),it readily yields the assertion (6.17) of Theorem|[6.9}
To see that the function given by (6.19) gives the sharp result, we observe that for z = re™/ (k+2)

fla) _ o, (=70 -24) __ (A=ma-=24)
fv(2) i1 (A, B, 7)Ch(k +1) A1 (A, B, 7)Ch(k +1)

when r — 1~ which shows the bound (6.17) is the best possible for each k € IN.

(z=3)" =1

We next determine bounds for f(z)/ f(z).
Theorem 6.10. Under the assumptions of Theorem [6.9} we have

fk(2)> dra (A B )Gk + 1)
R > z—w € N),
( f(2) )~ depa (A B ) Cp(k+1) + (1= 7)(1 =24) ( )
The result is sharp with the function given by .
Proof. By setting
i1 (A7) Gy (k+1)
w(z) = (1 4 B (4B )Gk + 1)) [fk(z) i
B 1-9)(1-2A 1 (AB,7)C (k+1)
=020 ) [fl&) " 1y S EGED

proceeding as in Theorem|[6.9] we get the desired result and so we omit the details.

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

O

Remark 6.1. We observe that, if we specialize the parameters A and p as mentioned in Examples 1 and 2 , we obtain the
analogous results for the classes M (B, v) and M (y). Further specializing the parameters s, b various other interesting
results (as in Theorems|2.1|to ) can be derived easily for the function class based on interesting integral operators.
Further by taking |§| = d and |z — §| = r +d < 1, one can easily prove analogous results as in Theorems [2.1] to

The details involved may be left as an exercise for the interested reader.
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