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Abstract

In this paper, we obtain the generalized Ulam - Hyers stability of a 2 - variable AC - mixed type functional
equation

f2x+y2z+w) - f(2x —y, 2z —w) = 4[f(x +y, 2+ w) — f(x —y,z—w)] = 6f(y, w)
in Quasi - Beta normed space using direct and fixed point methods.
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1 Introduction

One of the most interesting questions in the theory of functional analysis concerning the Ulam stability
problem of functional equations is as follows: when is it true that a mapping satisfying a functional equation
approximately must be close to an exact solution of the given functional equation?

The first stability problem was raised by S.M. Ulam [24] during his talk at the University of Wisconsin in
1940. In 1941, D.H. Hyers [8] gave an first affirmative answer to Ulam problem for Banach spaces. It was
further generalized and excellent results were obtained by a number of authors.

Over the last seven decades, the above problem was tackled by numerous authors and its solutions via
various forms of functional equations including mixed type additive and cubic functional equations were
discussed. We refer the interested readers for more information on such problems to the monographs [1 4} 6}
7,09,[10, 11} 16} [17, 119} 21} 23} 25].

Very recently, M. Arunkumar et.al., [3] first time introduced and investigated the solution and generalized
Ulam-Hyers stability of a 2 - variable AC - mixed type functional equation

fRx+y2z+w) - f2x —y,2z—w) =4[f(x +y,z+w) - f(x —y,z—w)] - 6f(y,w) (1.1)

having solutions

f(x,y) =ax+by (1.2)
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and
f(x,y) = ax® + bx*y + cxy* + dy® (1.3)

in Banach space using direct and fixed point approach.
The solution of the AC functional equation (1.1) is given in the following lemmas.

Lemma 1.1. [B] If f : U? — V be a mapping satisfying and let g : U?> — V be a mapping given by
g(x, x) = f(2x,2x) — 8f(x, x) (1.4)

forall x € U then
g(2x,2x) = 2g(x, x) (1.5)

forall x € U such that g is additive.
Lemma 1.2. [B] If f : U? — V be a mapping satisfying and let h : U? — V be a mapping given by
h(x,x) = f(2x,2x) — 2f(x, x) (1.6)

forall x € U then
h(2x,2x) = 8h(x, x) (1.7)

forall x € U such that h is cubic.

Remark 1.1. [3] If f : U? — V be a mapping satisfying and let g, h : U*> — V be a mapping defined in and
then

Florx) = (1, ) ~ g(x,) 1.9
forall x € U.

In this paper, the authors established the generalized Ulam-Hyers stability of the 2-variable AC functional
equation (I.I) in Quasi-Beta Normed spaces using direct and fixed point methods are discussed in Section 3
and Section 4, respectively.

2 Preliminary results on quasi-beta normed spaces

In this section, we present some preliminary results concerning to quasi-f-normed spaces.
We fix a real number  with 0 < 8 < 1 and let K denote either R or C.

Definition 2.1. Let X be a linear space over K . A quasi-B-norm || - || is a real-valued function on X satisfying the
following:

(@) ||x||>0forallx € Xand || x ||= 0ifand only if x = 0.
(i) || Ax| =|A|P.| x| forall A€ Kandall x € X.

(iii) Thereis a constant K > 1suchthat | x +y [|[< K(| x|+ |y )
forall x,y € X.

The pair (X, || - ||) is called quasi-B-normed space if || - || is a quasi-B-norm on X. The smallest possible K is called
the modulus of concavity of || - ||.

Definition 2.2. A quasi-B-Banach space is a complete quasi-B-normed space.

Definition 2.3. A quasi-B-norm || - || is called a (B, p)-norm (0 < p < 1) if
Fx+y IP<lx |IP + Iy |IP

forall x,y € X. In this case, a quasi-B-Banach space is called a (B, p)-Banach space.

More details, one can refer [7, 25] for the concepts of quasi-normed spaces and p-Banach space.
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3 Stability results: Direct method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation using
direct method.

Through out this section, let us take U is a linear space over K and V is a (, p) Banach space with p—norm
- |l - Let K be the modulus of concavity of ||. ||;,. Define a mapping F : U> — V by

F(x,y,z,w) = f2x+y,2z4+w) — f2x —y,2z —w) —4f (x +y,z+ w)
+4f(x—y,z—w) +6f(y, w)
forall x,y,z,w € U.

Theorem 3.1. Let j = +1. Let F : U> — V be a mapping for which there exist a function a : U* — [0, 00) with the
condition

.1 ; ; i anj
nlgx;lo ?a(Z”/x,Z”fy,Z”]z,Z”]w) =0 (3.1)
such that the functional inequality
|F(x,y,z,w)lly <alx,y,zw) (3.2)

for all x,y,z,w € U. Then there exists a unique 2-variable additive mapping A : U*> — V satisfying the functional

equation and

K" & 5(2kx)P
_ _ P
If2n,26) =87 ) = A < 2 B S (3.3)
v
where 5(2x) and A(x, x) are defined by
525 x) = 4P w(2Mx, 28 x, 2K x, 2K x) + (2K x, 20H Vi, 2Ky, 2K+ D) (3.4)
A(x,x) = lim %( F(U iy, 2 i) _ g f(2Mix, 2" ) (35)
n—oo
forall x € U.
Proof. Assume j = 1. Letting (x,y,z, w) by (x, x, x, x) in (3.2), we obtain
Il f(3x,3x) —4f(2x,2x) +5f(x, %) ||y < a(x,x,x,x) (3.6)
for all x € U. Replacing (x,y,z, w) by (x,2x, x,2x) in (3.2), we get
|| f(4x,4x) —4f(3x,3x) + 6f(2x,2x) —4f(x,x)[|y < a(x,2x,x,2x) (3.7

for all x € U. Now, from and (3.7), we have
|| f(4x,4x) —10f(2x,2x) +16f(x, x) |},
<K (4/3 || f(3x,3x) —4f(2x,2x) + 5f (x, x)||, + || f(4x,4x) — 4f(3x,3x) + 6f(2x,2x) — 4f (x,x)||;/)
< K(4ﬁoc(x, x,x,x) + a(x,2x, x,2x)) (3.8)
for all x € U. From (3.8), we arrive
|| f(4x,4x) —10f(2x,2x) + 16f (x, x) |, < Ké(x) 3.9)

where
5(x) = 4Pa(x, x,x, x) + a(x, 2x, x, 2x) (3.10)

for all x € U. It is easy to see from that
|| f(4x,4x) — 8f(2x,2x) — 2(f(2x,2x) — 8f(x,x))|ly, < Kd(x) (3.11)

for all x € U. Using in (3.11), we obtain
Ig(2%,2%) — 28(x, )l < Ko(x) (.12)
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for all x € U. From (3.12), we arrive

<k’ (3.13)

g(2x,2x)
#5520 ] <

2

for all x € U. Now replacing x by 2x and dividing by 2 in (3.13), we get

g(2%2x,2%x)  ¢(2x,2x) 4(2x) (3.14)
22 2 ||, T 2B '
for all x € U. From (3.13) and (3.14), we obtain
2%y, 2%x g(2x,2x 2%y, 2%x 2x,2x
[#€520 i <K<H ) gt + 320 82320
v v v
K? 5(2x)
< — .
< 28 [5(x) += } (3.15)
for all x € U. Proceeding further and using induction on a positive integer n , we get
n n n n—1 k n oo k
Hg(z x;lZ x) x| < K" 5(2kx) < K" 5 (S(ka) (3.16)
2 v 2P = 2 2b = 2
g(2"x,2"x)

for all x € U. In order to prove the convergence of the sequence {

}, replacing x by 2"x and
dividing by 2™ in (3.16), for any m,n > 0, we deduce

2}’[

g(2m . 2mx, 2 . QM)

g(2" My, 2 My)  g(2Mx,2"x) . m
H 2(n+m) om v 2m,5 on g(2 x,2"x) v
Kt @ 5(2k+m ) 0
>~ 27}9 W — as m — oo
k=0
. 8(2"x,2"x) . . .
for all x € U. This shows that the sequence S (lsa Cauchy sequence. Since V is complete, there
exists a mapping A(x, x) : U? — V such that
— Jim $2'%2'%)
Ax,x) = nh_r& on , Vxel

Letting n — oo in (3.16) and using (1.4), we see that holds for all x € U. To show that A satisfies (L.1),
replacing (x,y,z, w) by (2"x,2"y,2"z,2"w) and dividing by 2" in (3.2), we obtain

1
o F(Z”x,Z”y,Z"z,Z"w)HV < 2704(2”9(, 2"y, 2"z, 2"w)

forall x,y,z,w € U. Letting n — oo in the above inequality and using the definition of A(x, x), we see that A
satisfies forall x,y,z,w € U. To prove A is a unique 2-variable additive function satisfying (1.1), we let
B(x, x) be another 2-variable additive mapping satisfying (1.1) and (3.3), then

|AGex) =BGy < 535 {HA ny,2Mx) — f(z"+1x,2"+1x)+8f(2”x,2"x)HV
+ Hf (2", 2 ) — 8F(2"x, 2"x) — B(2”x,2"x)HV}
2Kn+1 00 5(2k+n )

2F & o)

—0 as n— oo

for all x € U. Hence A is unique.
For j = —1, we can prove a similar stability result. This completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem .T| concerning the stability of (L.1).
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Corollary 3.1. Let F : U? — V be a mapping and there exists real numbers A and s such that

IE(x,y,2,w))lly

A,
AP+ [y + [z + ]} s<lors>1 (3.17)
APy Iz Pl P, S<% or S>%/' '
ALl Pyl Pl + (Tl + 1yl + ][ + [lzl*} ), s< g or s>
forall x,y,z,w € U, then there exists a unique 2- variable additive function A : U?> — V such that
Km2A4f +1)\"
2k '
(Kn“(‘*ﬁ 2Pt L))
282 — 2Ps| ’
2x,2x) — 8f (x,x) — A(x,x) |}, < 3.18
12 22) = 8320 = AN <300 as 4 oo g\ (318)
2|2 — 2P4s|
K"2A(5 - 48 4 22B5 4 2485+ 4 0) 7| |x[|% "
2|2 — 2B4s|

forallx € U.

Now we will provide an example to illustrate that the functional equation (1.1) is not stable for s = 1 in
condition (ii) of Corollary 3.1}

Example 3.1. Let a : I — K be a function defined by

_ ] omx iffx] <1
w(x) = { i, otherwise

where y > 0 is a constant, and define a function f : K*> — K by

el n
flo,x)=Y" “(inx) forall xe€K.
n=0
Then F satisfies the functional inequality
[F(x,y,z,w)lv < 32 p (|| + [y[ + [z[ + [w]) (3.19)

forall x,y,z,w € K. Then there do not exist a additive mapping A : K?> — K and a constant p > 0 such that
[f(2x,2x) — 8f(x,x) — A(x, x)|v < p|x] forall xe K. (3.20)
Proof. Now

o)< Y T =Y L=

n=0
Therefore we see that f is bounded. We are going to prove that f satisfies (3.19).
1
If x =y =z =w =0 then (3.19) is trivial. If |x| + |y| + |z| + |w| > 5 then the left hand side of (3.19) is less

1
than 32p. Now suppose that 0 < |x| + |y| + |z| + |w| < 5 Then there exists a positive integer k such that

1
7 < x|+ |yl + |z| + |w| < (3.21)

k-1’

1 1 1 1
so that 28 1x < X 21y < 5 21z < 5 21w < 5 and consequently

2y, w), 2 N x+y,z4+w), 2 W x—y,z—w),
21 02x +y,2z + w), 21 (2x — v, 2z — w), € (—1,1).
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Therefore foreachn =0,1,...,k — 1, we have

2"(y,w), 2" (x+y,z+w),2"(x —y,z —w),
2"2x+y,2z4+w),2"(2x —y,2z —w), € (-1,1)

and

a2"2x+y,2z+w)) —a(2"(2x —y,2z —w)) —4a(2"(x + y,z + w))
+4a(2"(x —y,z —w)) +6a(2" (y,w)) =0

forn=0,1,...,k — 1. From the definition of f and (3.21), we obtain that

fx+y,22 4 w) — f2x —y, 22— w) ~ A (x 4y, 2+ ) +4f (x g,z — w) + 6f(y,w)|

< i Zl” a2"(2x+y,2z4+w)) —a(2"(2x —y,2z —w)) —4a (2" (x + y,z + w))
n=0
+4a(2"(x —y,z — w)) +6oc(2"(y,w))‘v
< i 2% a2"(2x+y,2z4+w)) —a(2"2x —y,2z —w)) —4a (2" (x + y,z + w))

+4a(2"(x —y,z —w)) + 6a(2" (y, w))‘v

[e) 1 2
< Zkz—nmu:lwxg=32u(\x|+lyl+IZI+IWI)~
n=

Thus f satisfies (3.19) for all x,y,z,w € K with 0 < |x| + |y| + |z| + |w| < %

We claim that the additive functional equation is not stable for s = 1 in condition (i7) Corollary
Suppose on the contrary that there exist a additive mapping A : K2 — K and a constant p > 0 satisfying
(3:20). Since f is bounded and continuous for all x € K, A is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem 3.1, A must have the form A(x, x) = cx for any x in
K. Thus we obtain that

|f(2,2x) = 8f(x,%)[v < (p +[c]) [x]. (3.22)

But we can choose a positive integer m with myu > p + |c|.
Ifx e (O,zm%l) ,then2"x € (0,1) foralln =0,1,...,m — 1. For this x, we get

0 n m—1 n
fon 20 - sfex) = ¥ M5 2 T HEE <> (ot 1e) »

which contradicts (3.22). Therefore the additive functional equation (I.1) is not stable in sense of Ulam, Hyers
and Rassias if s = 1, assumed in the inequality condition (i7) of (3.17). O

A counter example to illustrate the non stability in condition (iii) of Corollary [3.1]is given in the
following example.

1
Example 3.2. Let s be such that 0 < s < T Then there is a function F : K?> — K and a constant A > 0 satisfying

s s s 1-3s
[F(x,y,z,w)|y < Alx|3 [y[4 [z]4 [w]* (3.23)

forall x,y,z,w € K and

. |f(2x,2x) — 8f(x,x) — A(x, %)|y

= 4o (3.24)
x#0 |x|

for every additive mapping A(x, x) : K? — K.
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Proof. 1f we take

[ (x,x)In|x, x| if x#0,
f(x’x)_{ 0, if x=0.
Then from the relation (3.24), it follows that
2x,2x) — 8f(x,x) — A(x, 2n,2n) —8f(n,n) — A(n,
sup |f(2x,2x) — 8f(x,x) — A(x X)\v_sup f(2n,2n) —8f(n,n) — A(n,n)|y
x#0 |x‘ nelN |n|
n#0
2,2)1n 21,21 — 8n(1,1)In|n,n| —n A (1,1
~ sup 1(2,2)In2n,2n| — 8n(1,1)In|n,n| —n A(1,1)|y
nelN |n|
n#0
= sup [(2,2)In|2n,2n| -8(1,1)In|n,n| - A(1,1)|, = oco.
ni]laT
n

We have to prove (3.23) is true.
Case (i): If x,y,z,w > 0in (3.23) then,

f2x+y,2z+w) — f2x —y,2z—w) —4f(x+y,z+w) +4f(x —y,z —w) +6f(y, w)|,
=|2x+y2zz+w)In]2x+y,2z+w| — 2x —y,2z —w) In|2x — y,2z — w|
—4(x+yz+w)n|x+y,z+w| +4(x—yz—w)In|x —y,z—w|+6(y,w)In |y, w||, .

Set x = v1,y = v,z = V3, w = vy it follows that

lf2x+y,2z+w)— f2x —y,2z —w) —4f(x +y,z+w) +4f(x —y,z—w) + 6f(y, w)|,
= |(201 + v, 203 + v4) In |201 + vy, 203 + V4| — 201 — V2, 203 — v4|In |207 — vy, 203 — VY|
—4(v1 + vp, 03+ v4) In|v1 + v, U3 + Vg | + 4|V — V2, U3 — V4| In|v] — Vp, U3 — VY|
+6(v2,v4) In |0p, V4] -
= |f(Qu1 + 2,203+ v4) — f(201 — V2,203 — v4) — 4f (V] + V2, U3 + Vg)
+4f(v1 —vp,v3 —vg) +6f(v2,04) |y
< Aor] [0z Jos|i Jog] T
= Alx[¥ [y|F [z]3 fw] 5

Case (ii): If x,y,z,w < 0in (3.23) then,

f2x+y,2z+w) — f2x —y,2z—w) —4f(x+y,z+w) +4f(x —y,z —w) + 6f(y, w)|,
=|2x+y2zz+w)In2x+y,2z+w| — (2x —y,2z —w) In |2x — y,2z — w|
—4(x+yz+w)n|x+y,z+w| +4(x—yz—w)In|x —y,z—w|+6(y, w)In|y,w||, .

Set —x = vy, —y = vy, —z = V3, —w = vy it follows that

lf2x+y,2z+w) - f2x —y,2z —w) —4f(x +y,z+w) +4f(x —y,z—w) + 6f(y, w)|,
= |(=2v1 — vy, —2v3 — vg) In| — 201 — vy, —203 — V4]

— (=201 + vy, —2v3 + v4) In | — 201 + vy, —203 + V4]

—4(—v1 — v, —v3 — v4) In| — vy — vy, —U3 — V4]
+4(—v1 + vy, —v3 +v4) In| — V1 + vy, —V3 + V4]
+6(—v2, —v4)In| — vy, —v4||y .

= |f(—2v1 — vy, —2v3 —v4) — f(—201 + vy, =203+ v4) —4f(—vV1 — V2, —U3 — V)

+4f(—v1 + 02, —v3 +vg) + 6f(—02, —v4) |y
<Al =orli [ = oofF [ —vslF |~ oy T

= Ml [y[¥ [elf o] 7.
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Case (iii): If x,z > 0,y,w < 0then2x+y,2z4+w,x+y,z+w > 0,
2x—y,2z—w,x —y,z—w < 0in (3.23) then,

lfx+y,2z+w) - f2x —y,2z —w) —4f(x +y,z+w) +4f(x —y,z—w) + 6f(y, w)|,
=|2x+y2zz+w)In|2x+y,2z+w| — 2x —y,2z —w) In |2x — y,2z — w|

—4(x+yz+w)n|x+y,z+w| +4(x -y z—w)ln|x —y,z—w|+6(y, w)In |y, w|| .

Set x = vy, —y = v,z = v3, —w = vy it follows that

Fx+ 1,22+ w) — f(2x —y,22 — w) — 4f (x + 9,2+ ©) + 4f (x — v,z — W) + 6 (y, )]
= |(201 — v2, 203 — v4) In(201 — v, 203 — vy)

—(2u1 + v2,203 + v4) In| — (201 + V2,203 + v4)|

—4(v1 — v2,v3 — vg) In[v1 — vz, V3 — V4|
+4(v1 + 02,03+ v4) In| — (v1 + V2,03 + V4)|
+6(—v2, —v4) In(—v2, —v4) |y .

= |f(2v1 —vp,2v3 —v4) — f(2U1 + V2,203 + Vy) — 4f(v1 — V2, U3 — Vs)

+4f(v1 + 02,03 +04) + 6f(—0v2, —04)|y

E E 1-3:
< AMop|i | = va|d [vs|d | — vy T

s E E 1-3s

= Alx| [y|4 |z]* [w] 7.

Case (iv): Ifx,z>0,y,w <0then2x+y,2z4+w,x+y,z+w <0,
2x —y,2z—w,x —y,z—w > 01in (3.23) then,

lfx+y2z+w)— f2x—y,2z—w) —4f(x+y,z+w)+4f(x —y,z—w) +6f(y,w)|,
=|2x+y,2z+w)In2x +y,2z + w| — (2x —y,2z — w) In |2x — y,2z — w|
—d(x+yz+w)n|x+y,z+w|+4(x—y,z—w)In|x —y,z—w|+6(y, w)In|y,wl||, .

Set x = vy, —y = vy, z = v3, —w = vy it follows that

[f2x+vy,2z4+w) — f2x —y,2z—w) —4f (x+y,z+w) +4f(x —y,z—w) +6f(y,w)|,
= [(201 — 02,203 — v4) In| — (201 — V2, 203 — vy

—(2v1 + v3,2v3 + v4) In |201 + vy, 203 + V4]

—4(v1 — 02,03 —vg) In| — (01 — vz, V3 — vy)|
+4(v1 + v2,v3 +v4) In |07 + V2, V3 + V4]
+6(—v2, —v4) In(—vp, —v4) |y, .

= |f(2v1 — v2,203 — v4) — f (201 + vy, 203 + v4) —4f (V] — V2, U3 — V4)

+4f (v + 02,03 +04) +6f(—v2, —04)|y,

< AMor]i [ = vai [o3] | — 0] T

= Alx|¥ | [z]3 fw] 5"

Case (v): If x =y = z = w = 0 in (3.23) then it is trivial. O

1
Now we will provide an example to illustrate that the functional equation is not stable for s = — in
condition (iv) of Corollary 3.1}

Example 3.3. Let a : KK — K be a function defined by

ux, il < -
a(x) = I 4

,  otherwise
4
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where y > 0 is a constant, and define a function f : K?> — K by

0 n
flrx) =Y "‘(;x) forall xeK.
n=0
Then F satisfies the functional inequality
1 1 1 1
By, z,w) v < 8 p (113 lylF 2/ [wlF + {Ix| + |y] + o] + |21} (3.25)

forall x,y,z,w € K. Then there do not exist a additive mapping A : K?> — K and a constant p > 0 such that

[f(2x,2x) = 8f(x,x) — A(x, x)|v < p|x] forall xe K. (3.26)
Proof. Now
B ST
=0 \2” =0 2" g 2°

Therefore we see that f is bounded. We are going to prove that f satisfies (3.25).
If x =y =z = w = 0 then (3.25) is trivial.

1
If |x|% |y|i \z\% |w|% +{lx| + ly| + |w| + |z|} > 5 then the left hand side of (3.25) is less than 8. Now suppose

1
that 0 < |x|% |y|% \z\% |w\% + {|x] + |y + |w| + |z]} < 5 Then there exists a positive integer k such that

1

1
% < < Jx|® [yl# J2]% fwlf + {|x| + ly| + o] + |z]} < T (3.27)
1 1 1 1
so that 26~ 1|x|T |y|% |z|7 |w] < 5 27N <5, 2Nyl < 5, 27Nl < 5,

1
21| < 5 and consequently

2k_1(y, w),Zk_l(x +y,z+ w),Zk_l(x —y,z—w),
11
2"*1(2x +y,2z+ w),2ki1(2x —y,2z—w), € (—4, 4> .
Therefore for eachn =0,1,...,k — 1, we have
2"y, w), 2" (x+y,z4+w),2"(x —y,z —w),

and

a2"2x+y,2z+w)) —a(2"2x —y,2z —w)) —4a(2"(x +y,z+ w))
+4a(2"(x —y,z—w)) +6a(2"(y,w)) =0

forn=0,1,...,k — 1. From the definition of f and (3.27), we obtain that

|f@2x +y,22+w) = fl2x—y, 22— w) 4 (x +y, 2+ w) +4f (x —y,2 —w) + 6f (v, )|

agk
N‘,_‘

Il
=}

<

a2"2x+y,2z+w)) —a(2"(2x —y,2z —w)) —4a(2"(x +y,z + w))

n

+4a(2"(x —y,z—w)) + 6a(2"(y, w))‘v

a2"(2x+y,2z4+w)) —a(2"2x —y,2z —w)) —4a (2" (x + v,z + w))

IA
hgk
N‘H

3
Il
~

+4a(2"(x — y, 2~ w)) +6a(2"(y,)|
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16 1 16 2 1,01 11
_Z oo = = S = s (il 2l Gl (1 byl ol + 1)

Thus f satisfies (3.25) for all x,y,z, w € K with

1
0 < Jxl¥ [yl [zl wl® + {lx] + [y| + || + |2]} < 5.

We claim that the additive functional equation is not stable for s = 411 in condition (iv) Corollary
Suppose on the contrary that there exist a additive mapping A : K? — K and a constant p > 0 satisfying
(26). Since f is bounded and continuous for all x € K, A is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem A must have the form A(x,x) = cx for any x in
K. Thus we obtain that

|f(2x,2x) = 8f(x,x)[v < (o + [c]) [x]. (3.28)

But we can choose a positive integer m with mu > p + |c|.
Ifx e (O, = 1) then2"x € (0,1) foralln =0,1,...,m — 1. For this x, we get

f(2x,2x) —8f(x,x) = i Z_; —myx> (p+c]) x

which contradicts :3.28). Therefore the additive functional equation (1.1) is not stable in sense of Ulam, Hyers

[
and Rassias if s = 7 assumed in the inequality condition (iv) of (3.17).

O

Theorem 3.2. Let j = +1. Let F : U> — V be a mapping for which there exist a function a : U* — [0, 00) with the
condition

nhm %W(Z’”x 2"y, 2%z, 2" w) = 0 (3.29)
such that the functional inequality
IE(x,y,z,w)|ly < a(x,y,z,w) (3.30)

for all x,y,z,w € U. Then there exists a unique 2-variable cubic mapping C : U> — V satisfying the functional

equation and
K" &2 5(2x)P
e 221t -l = g5 3. 331

where 5(2%x) and C(x, x) are defined by

5(2Mx) = 4Pa(2Mx, 28 x, 28 x, 2K x) 4+ w(2Mx, 20+ Vi x, 2Ky, 2K+ Dy (3.32)
C(x,x) = lim %( FUDiy, 20 Dix) — 2 (2" x, 2" x)) (3.33)

forall x € U.

Proof. Tt is easy to see from (3.9) that

|| f(4x,4x) —2f(2x,2x) — 8(f(2x,2x) —2f(x,x))|, < Kd(x) (3.34)
for all x € U. Using in (3.34), we obtain
[Ih(2x,2x) — 8h(x, x)|y, < Ké(x) (3.35)

for all x € U. From (3.35), we arrive

< k%) (3.36)

Hh(Zx,Zx) ()
v 8

8

for all x € U. The rest of the proof is similar to that of Theorem O
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The following Corollary is an immediate consequence of Theorem [3.2]concerning the stability of (L.T).

Corollary 3.2. Let F : U? — V be a mapping and there exists real numbers A and s such that

1E(x,y,2,w0))lly

A
AP+ [y [P+ (2] + ([} s<3 or 5>3 (3.37)
AP Yz Pl S<g or s>y
ALy 11zl P Heol[* + [ + [yl + [[w][* + [lzl*} }, 1 or s>y
forall x,y,z,w € U, then there exists a unique 2- variable cubic function C : U?> — V such that
K"8A(4F +1)\"
78 '
(K”s)\ (41 4 2B+ LA\
8P|8 — 26| ’
2x,2x) — 2f(x,x) — C(x, x)||}, < (3.38)
| F(2x,2%) = 2f (x,%) — C(x, 0} RIS 4 25 o\
8|8 — 2645
K"8A(5 - 48 +22Fs 1 04541 1 )[4\ "
8P|8 — 2P4s|

forallx € U.

Now we will provide an example to illustrate that the functional equation (I.1) is not stable for s = 3 in
condition (if) of Corollary 3.2}

Example 3.4. Let a : I — K be a function defined by

= 1 <

U, otherwise

where y > 0 is a constant, and define a function f : K?> — K by

[ee] 2n
=) a(8nx) forall x e K.
n=0
Then F satisfies the functional inequality
16 4 x 8
Gy, zw)lv < =552 (3P + [y + 2 + ) (3:39)

forall x,y,z,w € K. Then there do not exist a cubic mapping C : K* — K and a constant B > 0 such that
|f(2x,2x) — 2f (x,x) — C(x,x)|y < B|xf? forall x e K. (3.40)

Proof. Now

n=0
Therefore we see that f is bounded. We are going to prove that f satisfies (3.39).

Ifx =y =z =w = 0 then (3.39) is trivial. If [x|*> + |y|*> + |z[® + |w|? > 3 then the left hand side of (3.39) is
16 x 8u
7

less than
such that

1
. Now suppose that 0 < [x[> + |y|® + |z|*> + |w|? < g Then there exists a positive integer k

iz SIP P+ 2P + P < o (3.41)

the rest of the proof is similar to that of Example O
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A counter example to illustrate the non stability in condition (iii) of Corollary [.2]is given in the fol-
lowing example.

3
Example 3.5. Let s be such that 0 < s < T Then there is a function F : K* — K and a constant A > 0 satisfying

E E E 3-3s
[ECoy,z,w)ly < Alx[* Jy[* |z|* [w] 3 (342)
forall x,y,z,w € K and
2 ,2 _2 7 _C 7

sip |f(2x,2x) f|ix3x) @)y _ +00 (3.43)

x#0
for every cubic mapping C : K? — K.
Proof. If we take

~f (x,x)%In]|x, x| if x#0,
f(x’x)_{ 0, if x=0.

Then from the relation (3.43), it follows that
2 ,2 - 2 12 - C 7
s (2520) = 2f(5,) - Clx )y

3
x£0 x|
2. ,2 _2 7 - C 7
< aup 220) = 2700m) —Con
nelN |7’l‘
n#0
|n3(2,2) In|n,n| — 2n%(1,1)%In |n,n| — n3 C (1,1)|,,
= sup 5
nelN |1/Z‘
n#0
= sup |(2,2)Inn,n| = 2(1,1)%In|n,n| ~ € (1,1)] = oo
neN 14
n#0
Rest of the proof is similar to that of Example O

Now we will provide an example to illustrate that the functional equation 1i is not stable for s = % in

condition (iv) of Corollary[3.2}
Example 3.6. Let o : K — K be a function defined by

. 3
i, il <>

4
%l, otherwise

a(x) =

where y > 0 is a constant, and define a function f : K2 — K by

) n
= Z zx(2nx) forall x e K.
n=0 8
Then F satisfies the functional inequality
9%6u x 8 3,3, 3 3
Gy, zw)ly < == (1T I3 J20T fwld + {2+ Iyl + o + [z }) (3.44)

forall x,y,z,w € K. Then there do not exist a cubic mapping C : K* — K and a constant p > 0 such that
|f(2x,2x) —2f(x,x) — C(x,x)|y < plx| forall x e K. (3.45)

Proof. Now

Z 28* Pl

Therefore we see that f is bounded. We are going to prove that f satisfies (3.44).
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Ifx=y=z=w=0then l) is trivial. If |x|% |y\% |z|% w|%
+{|xP+ P+ |wP + 2P} > 3 then the left hand side of (3.44) is less than 77/[ Now suppose that 0 <

1
\x|% |y|% |z|% \w|% + {|x|3 + 1y + |w] + |z|3} <3 Then there exists a positive integer k such that

1
gen < Iy izl ol d o {JxP + P+ ol + 2P} < o, (3.46)
the rest of the proof is similar to that of Example O

Now, we are ready to prove our main stability results.

Theorem 3.3. Let j = +1. Let F : U> — V be a mapping for which there exist a function a : U* — [0, 00) with the
conditions given in (3.1) and (3.29) respectively, such that the functional inequality

[F(x,y,z,w)lly < alx,y,z,w) (3.47)

forall x,y,z,w € U. Then there exists a unique 2-variable additive mapping A : U*> — V and a unique 2-variable cubic
mapping C : U?> — V satisfying the functional equation and

I£r2) = Al 2) ~ Clr )l < S {Kp y G2 K ‘“ij-")p} .49

2Pp ST 2kip 8hr e 8gkir

2

where 6(28x), A(x, x) and C(x, x) are respectively defined in , and forall x € U.

Proof. By Theorems and there exists a unique 2-variable additive function A; : U?> — V and a unique
2-variable cubic function C; : U2 — V such that

K"P > 5(2kix)P

@20 -85 - il < 2 3 G5 (3.49)
k="
K" & 52k x)P
_ _ p
s 2 -2 -l < g & G (350)
=7
for all x € U. Now from (3.49) and (3.50), one can see that
1 1 b
flx,x)+ -A1(x,x) — =Cq(x, x)
6 6 ”
 f(2x,2x) 8f(x,x) N Aq(x,x) N f2x,2x)  2f(x,x)  Ci(x,x) |
6 6 6 6 6 6 ”

I /\

e {||f(zx 2x) = 8f(x,x) = A1 (x, )|, + | £(2%,2%) - 2f (x,%) - Ca(x, %)} }

KP ) K" i 5(zkfx)r’+1<np > 52k x)P
6r | 2pr ; 2kp sﬁpk T, 8kip

1,
k=7~ =7

IN

for all x € U. Thus we obtain 1} by defining A(x, x) = 2L A1 (x,x) and C(x, x) = $Ci(x, x), 5(24x), A(x, x)
and C(x, x) are respectively defined in (3.4), and (3.33) for all x € U. O

The following corollary is the immediate consequence of Theorem [3.3] using Corollaries [3.1 and [3.2] con-
cerning the stability of (1.1).

Corollary 3.3. Let F : U? — V be a mapping and there exits real numbers A and s such that

IF(x,y,z,w))ly

A,
A1 + yll® + [zl + [ [w] I}, s#1,3
< (3.51)
Al I |21 o] 7, s # %, g;
A 1xIF Iy Bzl ] * -+ {11+ 1yl + w][® + z]1%}), s # 1,3
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forall x,y,z,w € U, then there exists a unique 2-variable additive mapping A : U? - Vanda unique 2-variable cubic
mapping C : U?> — V such that

[1f(x, %) = —C(x, x|}
KnHA 4ﬁ 172 8 1\
( {2/3 * 785]> '
K 1A( 4ﬁ+1 + 26541 4 2)||x|? 2 8 :
) ( P sﬁs—zﬁwD ’ 5
) [Kkra@eb +22ﬁ5)||x||4s 2 8 g '
( [zﬁ|22ﬁ45|+8ﬁ82ﬁ4S|D ’
K" 18A(5 - 4ﬁ 025 4 0B+ 4 ) A ][40 2 8 g
( 6 [zﬁz—zﬁ‘ls * 8ﬁ|8_zﬁ4S|D
forallx € U.

4 Stability results: Fixed point method

In this section, we apply a fixed point method for achieving stability of the 2-variable AC functional equa-
tion (L.1).
Now, we present the following theorem due to B. Margolis and J.B. Diaz [12] for fixed point Theory.

Theorem 4.1. [12]] Suppose that for a complete generalized metric space (Q), B) and a strictly contractive mapping
T : QO — Q with Lipschitz constant L. Then, for each given x € (), either

A(T"x, T" 'x) =0 ¥V n2>0,

or there exists a natural number ng such that

(i) d(T"x, T"'x) < oo forall n > ny ;

(ii) The sequence (T"x) is convergent to a fixed to a fixed point y* of T

(iii) y* is the uniqueﬁxed point of T in the set A = {y € Q) : d(T"x,y) < oo};
(iv) d(y*,y) < 1ipd(y, Ty) forall y € A.

Using the above theorem, we now obtain the generalized Ulam - Hyers stability of (I.T).
Through out this section let U be a normed space and V is a (, p) Banach space with p—norm ||. ||;,. Define
a mapping F : U? — V by

Fx,y,z,w) = f2x+y,2z4+w) — f2x —y,2z —w) —4f (x +y,z +w)
+4f(x—y,z—w)+6f(y,w)

forall x,y,z,w € U.

Theorem 4.2. Let F : U? — V be a mapping for which there exist a function a : U* — [0, o0) with the condition

1
Nm —a (i’ x, wi'y, wi'z, pi w) = 4.1)

n—oo l,{
where p; = 2ifi = 0 and p; = % if i = 1 such that the functional inequality
[E(x,y,z,w)lly < a(x,y,z,w) 42)
forall x,y,z,w € U. If there exists L = L(i) < 1 such that the function
x
x — y(x) =Ké (E) ,

has the property
v(x) <L piy (pix).- 4.3)
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for all x € U. Then there exists a unique 2-variable additive mapping A : U?> — V satisfying the functional equation

and

1-i \?
| £(2x,2%) = 8f (x,%) = A%, ) )< (f_ L) Y(x)? (44

forall x € U.

Proof. Consider the set
Q= {g/q:U* =V, 01(0,0) = 0}

and introduce the generalized metric on (2,
d(q1,92) = do(q1,92) = Inf{M € (0, 00) :[| g1 (x, x) — g2(x, x) [|< My(x),x € U}.

It is easy to see that ((), d) is complete.
Define T : Q% — Q by

1
Tqi(x,x) = ;%(#ix, Jix),
1
forall x € U. Now q1,42 € ),

d(g1,92) <M= | q1(x, x) — g2(x,x) [|< My(x),x € U.

1 1 1
= H,ql(uix,uix) — —q2(pix, pix) || < —My(pix),x € U,
Hi Hi Hi

< LMy(x),x € U,

:>H1 (nix -x)—l (Hix, pix)
y/]l HiX, Ui Hiﬂh HiX, Hi

= || Tq1(x,x) — Tqa2(x, x) [|[< LMy(x),x € U,
=dy(q1,92) < LM.

This implies d(Tq1, Tq2) < Ld(q1,92), for all 41,9, € Q. ie., T is a strictly contractive mapping on Q) with
Lipschitz constant L.

From (3.12), we arrive

‘ g(2x,2x) <K ) (4.5)

2
for all x € U. Using for the case i = 0 it reduces to

—g(x,x)

2x,2x
SEE2) )| < L)
forall x € U,
ie, d(g,Tg) <L= ziﬁ =d(g Tg) <L= L' < o. (4.6)
Again replacing x = 3 in (&5), we get,
X x x
Jsto 22 (33)], <% (3) 47

Using (4.3) for the case i = 1 it reduces to

25 (55, = o

forall x € U,

ie, d(gTg) <1=4d(gTg) <1=L°<co. (4.8)

From ({#.6) and (£38), we have

d(Tg,g) < L', (4.9)

Now from from the fixed point alternative in both cases, it follows that there exists a fixed point A of T in

) such that .
A(x,x) = Tim — (F (", u" V) - 8F (ulix, pl'x)) (4.10)

n—oo Vl
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for all x € U.
To prove A : U? — V is additive. Replacing (x,y,z, w) by (u?x, ul'y, u’'z, pw) in and dividing by u”,
it follows from that

EGerx, by, miz i)y o« wpy, iz, piw)

=0
M e M

1AGx,y,z,w)lly = lim

forall x,y,z,w € U i.e., A satisfies the functional equation .
According to the fixed point alternative, since A is the unique fixed point of T in the set A = {A € () :
d(f,A) < oo}, A is the unique function such that

1f(2x,2x) = 8f (x, x) — A(x, x) [y < My(x)

for all x € U and K > 0. Again using the fixed point alternative, we obtain

1
A(f, A) < T=—7A(f,Tf)

this implies

L1- i
<
Af,A) < T
which yields
Ll*i p
| F(2,22) 8 (x, %) — A(x, ) [} < (1 - L) )
this completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem .2 concerning the stability of (T.1).

Corollary 4.4. Let F : U> — V be a mapping and there exists real numbers A and s such that

IE(x,y,z,w0))ly

A,
A |x]| + S+ 1|z]|® + [|lw|]°}, s<1 or s>1;
< { MU+ P+ P+ ) ! 3 w1
[Py P[] S<g or s>y
AL E Izl ol + {1 + 1 + ] * + izl } g O s>y
forall x,y,z,w € U, then there exists a unique 2- variable additive function A : U*> — V such that
(KA(4P +1))P
2+ zs+1 + SR
— 26s] ’
If(2x,2x) — 8f(x,x) — A(x, x)|}, < 4/5+22S K/\\|x\|45 (4.12)
2= 2P%]
(5- 4P 4 925 4 pds+1 —|—2)KA||x||4S P
|2 — 2P%]
forallx € U.
Proof. Setting
A
#(x,1,7, w) = AN+ HYIP + 1121 + (]}
A EETZ APyl |zl ol

AL IE NIl + {l1 + Nyl + el [ + 1111} }
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forall x,y,z,w € U. Now

a(pi'x, 1y, 1i'z, pi'w)
wi
A
PtA:‘l/
7 {Ipg U1 + gy + 1 2l + g} —0as n— oo,
= /\l n.|S 1S n,|s n,.1S = —0as n — oo,
R | 217 1y 21 [ ool ~) S 0as n— oo,
1
A — 0as n — oo.
o el Tty ) ol
1
{110l Nyl + Nzl + ool |
Thus, (@) is holds.
But we have v(x) = Ké (%) has the property (x) < L- p; 7y (p;x) for all x € U. Hence
K/\ (4/5+1),
2+25+1 +45+1) HxHS
x X X x x x X ( ’
100 =Ko (3) =K (4 (3. 5.5:5) +e (30 5%)) = B () i,
S
K
ﬁ (225 +25+1 +24s+1 _’_5.4/3) HXH4S'
Now,
u KA (45 +1), 1
Hs lK/\ (2+23+l +4(54—1) Hst ]/lé_l’)’(X),
Lo (i) = 2 ' o
ﬂi V?571K24 (225 +4'B> Hx|‘4sr }45717(9()/
A pi (%)
y;}s 1K24s (225 2s+1+24s+1+5_4/3) HxH4s

Hence the inequality 1| holds either, L = 25" fors < 2ifi =0and L =
Now from (4.4), we prove the following cases for condition (ii).
Case:l L =2"!fors < 1ifi=0

5o L fors >2ifi=1.

10
(12(5 21()5)1) I;\ (2+2s+1 +45+1) |x[[°

KA (242571 4 49F1) x| s
- 225

[1f(2x,2x) = 8f(x, x) — A(x, x)[| <

Case:2 L = fors >1ifi=1

251

(ﬁ)l_l KA

1
1- 2(=1)

KA (2_|_2s+1 +45+1) HXHS
25 —2

If(2x,2x) = 8(x, %) = A(x, )| < = (2427 45 e

Similarly, the inequality (4.3) holds either, L = 27! fors = 0ifi = Oand L = 1 ; fors =0ifi =1 for

condition (i), the inequality 1i holds either, L = 2%~ fors < 2ifi =0and L = 245

fors>21fz—1for

condition (iii) and the inequality holds either, L = 2%~! fors < 2ifi = 0and L = 245 rfors >2ifi=1

for condition (iv).
Hence the proof is complete
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The proof of the following Theorem and Corollary is similar to that of Theorem .2l and Corollary
Hence the details of the proof is omitted.

Theorem 4.3. Let F : U?> — V be a mapping for which there exist a function a : U* — [0, c0) with the condition

lim Lw(u?’x/ Wiy uiz piw) =0 (4.13)

n—oo y?n
where p; = 2ifi = 0 and p; = % if i = 1 such that the functional inequality
[E(x,y,z,w)lly < a(x,y,z,w) (4.14)
forall x,y,z,w € U. If there exists L = L(i) < 1 such that the function
x
x — y(x) = Ké (E) ,

has the property
() < Ly (i) (4.15)
Then there exists a unique 2-variable cubic mapping C : U?> — V satisfying the functional equation and

1-i \ P
| £(2x,2x) = 2f(x,%) = C(x,%) [y < (f_ L) Y(x)? (416)

forall x € U.

Corollary 4.5. Let F : U> — V be a mapping and there exists real numbers A and s such that

IE(x,y,2,w))lly

A
S s s S .
< A+ Ll + 1 ol s<1oor s>, w17)
AP HYIP 2]zl P, S<g or s>y
ALl Hy Izl Plol[* + {1l + [y [l + [Jw][* + Jlzl*} }, g or s>y
forall x,y,z,w € U, then there exists a unique 2- variable cubic function C : U?> — V such that
(KA(45+1)>”
(221 4 4B KA x| 7
1£(2x,22) ~2f(x, %) ~ Clx, )} < 52 | 418)
x,2x) —2f(x,x) — C(x,x) ||, < _
' 4ﬁ+225 JKA]|x|f*
2/54s|
5- 4ﬁ +225 4 o4+ )R x4 )
|8 — 2P4s|

forallx € U.
Now, we are ready to prove the main fixed point stability results.

Theorem 4.4. Let F : U> — V be a mapping for which there exist a function a : U* — [0, 00) with the conditions
and where y; =2 ifi = 0and y; = % if i = 1 such that the functional inequality

[F(x,y,z,w)lly <alx,y,z,w) (4.19)

forall x,y,z,w € U. If there exists L = L(i) < 1 such that the function

x — y(x) =Ko (%),
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has the properties (4.3} (.) and (-) Then there exists a unique 2-variable additive mapping A : U> — V and a unique
2-variable cubic mapping C : U? — V satisfying the functional equation (1.1} (.) 1) and

1-i
I £x) = Ae) — Clox) < 250 (f_L> 1) (4.20)

forall x € U.

Proof. By Theorems and there exists a unique 2-variable additive function A; : U?> — V and a unique
2-variable cubic function C; : U? — V such that

1-i \ 7
I£(2x,22) - 8f(x, ) ~ As (5, 0) [}, < (f_ L) ) @21)
and
Ll i\"P
I£(2%,2) = 2(x,%) = Ca(x, )l < (1 - L) ) @22)
forall x € U . Now from and {22), one can see that
P
Hf x) + ;Al(x x) — %Q(x,x)
14
f(2x,2x) 8f(x,x) Aq(x,x) f(2x,2x)  2f(x,x)  Ci(x,x) ||
H 6 6+16}+{6_6_16}V
< o {1F2x,20) ~ 876, ) — A1) ) + 1120, 2) ~ 2 (x,%) - G )]}

KP [1-i =i \?
< 4 4
< {(1_L> ()P + (1_L> 7(x) }
for all x € U. Thus we obtain 1i by defining A(x,x) = %Al(x,x) and C(x,x) = 1Ci(x,x), for all

x e U. O

The following Corollary is an immediate consequence of Theorem (.4} using Corollaries 4.4 and 4.5 con-
cerning the stability of (1.1).

Corollary 4.6. Let F : U? — V be a mapping and there exists real numbers A and s such that

IE(x,y,z,w0))ly

A,

ALl + 11 + Nzl + [l ), s£LY @23
Al Fllyl €112l <] ol 5, N 2

Al FllylF1z0E] el <+ Ll + vl + el 1120}, s # 1,3

forall x,y,z,w € U, then there exists a unique 2-variable additive mapping A : U?> — V and a unique 2-variable cubic
mapping C : U?> — V such that

Hf(xlx) - A(x,x) - C(x,x)HV

<K2A(4ﬁ+1)[ 1D”
R
7
z+2s+1+4/3+1)1<2)\||x||5[ 1o, }’”
2—25 " g—2F[) )
< ) (4.24)
4ﬁ+2251<2/\\|x\|4s 1 N 1
|2 — 25| " |8 — 2P%|
54/3+225+24S+1+2)K2/\|x||45{ 1o, ]’“
6 |2 — 24| |8 — 2P4s|

forallx € U.
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