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Abstract

In this paper, we obtain the generalized Ulam - Hyers stability of a 2 - variable AC - mixed type functional
equation

f (2x + y, 2z + w)− f (2x− y, 2z− w) = 4[ f (x + y, z + w)− f (x− y, z− w)]− 6 f (y, w)

in Quasi - Beta normed space using direct and fixed point methods.

Keywords: Additive functional equations, cubic functional equations, Mixed type AC functional equations,
generalized Ulam - Hyers stability, fixed point.

2010 MSC: 39B52, 32B72, 32B82. c©2012 MJM. All rights reserved.

1 Introduction

One of the most interesting questions in the theory of functional analysis concerning the Ulam stability
problem of functional equations is as follows: when is it true that a mapping satisfying a functional equation
approximately must be close to an exact solution of the given functional equation?

The first stability problem was raised by S.M. Ulam [24] during his talk at the University of Wisconsin in
1940. In 1941, D.H. Hyers [8] gave an first affirmative answer to Ulam problem for Banach spaces. It was
further generalized and excellent results were obtained by a number of authors.

Over the last seven decades, the above problem was tackled by numerous authors and its solutions via
various forms of functional equations including mixed type additive and cubic functional equations were
discussed. We refer the interested readers for more information on such problems to the monographs [1, 4, 6,
7, 9, 10, 11, 16, 17, 19, 21, 23, 25].

Very recently, M. Arunkumar et.al., [3] first time introduced and investigated the solution and generalized
Ulam-Hyers stability of a 2 - variable AC - mixed type functional equation

f (2x + y, 2z + w)− f (2x− y, 2z− w) = 4[ f (x + y, z + w)− f (x− y, z− w)]− 6 f (y, w) (1.1)

having solutions

f (x, y) = ax + by (1.2)
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and

f (x, y) = ax3 + bx2y + cxy2 + dy3 (1.3)

in Banach space using direct and fixed point approach.
The solution of the AC functional equation (1.1) is given in the following lemmas.

Lemma 1.1. [3] If f : U2 → V be a mapping satisfying (1.1) and let g : U2 → V be a mapping given by

g(x, x) = f (2x, 2x)− 8 f (x, x) (1.4)

for all x ∈ U then
g(2x, 2x) = 2g(x, x) (1.5)

for all x ∈ U such that g is additive.

Lemma 1.2. [3] If f : U2 → V be a mapping satisfying (1.1) and let h : U2 → V be a mapping given by

h(x, x) = f (2x, 2x)− 2 f (x, x) (1.6)

for all x ∈ U then
h(2x, 2x) = 8h(x, x) (1.7)

for all x ∈ U such that h is cubic.

Remark 1.1. [3] If f : U2 → V be a mapping satisfying (1.1) and let g, h : U2 → V be a mapping defined in (1.4) and
(1.6) then

f (x, x) =
1
6
(h(x, x)− g(x, x)) (1.8)

for all x ∈ U.

In this paper, the authors established the generalized Ulam-Hyers stability of the 2-variable AC functional
equation (1.1) in Quasi-Beta Normed spaces using direct and fixed point methods are discussed in Section 3
and Section 4, respectively.

2 Preliminary results on quasi-beta normed spaces

In this section, we present some preliminary results concerning to quasi-β-normed spaces.
We fix a real number β with 0 < β ≤ 1 and let K denote either R or C.

Definition 2.1. Let X be a linear space over K . A quasi-β-norm ‖ · ‖ is a real-valued function on X satisfying the
following:

(i) ‖ x ‖≥ 0 for all x ∈ X and ‖ x ‖= 0 if and only if x = 0.

(ii) ‖ λx ‖ =| λ |β . ‖ x ‖ for all λ ∈ K and all x ∈ X.

(iii) There is a constant K ≥ 1 such that ‖ x + y ‖≤ K (‖ x ‖ + ‖ y ‖)
for all x, y ∈ X.

The pair (X, ‖ · ‖) is called quasi-β-normed space if ‖ · ‖ is a quasi-β-norm on X. The smallest possible K is called
the modulus of concavity of ‖ · ‖.

Definition 2.2. A quasi-β-Banach space is a complete quasi-β-normed space.

Definition 2.3. A quasi-β-norm ‖ · ‖ is called a (β, p)-norm (0 < p ≤ 1) if

‖ x + y ‖p≤‖ x ‖p + ‖ y ‖p

for all x, y ∈ X. In this case, a quasi-β-Banach space is called a (β, p)-Banach space.

More details, one can refer [7, 25] for the concepts of quasi-normed spaces and p-Banach space.
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3 Stability results: Direct method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.1) using
direct method.

Through out this section, let us take U is a linear space over K and V is a (β, p) Banach space with p−norm
‖. ‖V . Let K be the modulus of concavity of ‖. ‖V . Define a mapping F : U2 → V by

F(x, y, z, w) = f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w)

+ 4 f (x− y, z− w) + 6 f (y, w)

for all x, y, z, w ∈ U.

Theorem 3.1. Let j = ±1. Let F : U2 → V be a mapping for which there exist a function α : U4 → [0, ∞) with the
condition

lim
n→∞

1
2nj α(2njx, 2njy, 2njz, 2njw) = 0 (3.1)

such that the functional inequality
‖F(x, y, z, w)‖V ≤ α(x, y, z, w) (3.2)

for all x, y, z, w ∈ U. Then there exists a unique 2-variable additive mapping A : U2 → V satisfying the functional
equation (1.1) and

‖ f (2x, 2x)− 8 f (x, x)− A(x, x)‖p
V ≤ Knp

2βp

∞

∑
k= 1−j

2

δ(2kjx)p

2kjp (3.3)

where δ(2kjx) and A(x, x) are defined by

δ(2kjx) = 4β α(2kjx, 2kjx, 2kjx, 2kjx) + α(2kjx, 2(k+1)jx, 2kjx, 2(k+1)jx) (3.4)

A(x, x) = lim
n→∞

1
2nj ( f (2(n+1)jx, 2(n+1)jx)− 8 f (2njx, 2njx)) (3.5)

for all x ∈ U.

Proof. Assume j = 1. Letting (x, y, z, w) by (x, x, x, x) in (3.2), we obtain

‖ f (3x, 3x)− 4 f (2x, 2x) + 5 f (x, x)‖V ≤ α(x, x, x, x) (3.6)

for all x ∈ U. Replacing (x, y, z, w) by (x, 2x, x, 2x) in (3.2), we get

‖ f (4x, 4x)− 4 f (3x, 3x) + 6 f (2x, 2x)− 4 f (x, x)‖V ≤ α(x, 2x, x, 2x) (3.7)

for all x ∈ U. Now, from (3.6) and (3.7), we have

‖ f (4x, 4x)− 10 f (2x, 2x) + 16 f (x, x)‖V

≤ K
(

4β ‖ f (3x, 3x)− 4 f (2x, 2x) + 5 f (x, x)‖V + ‖ f (4x, 4x)− 4 f (3x, 3x) + 6 f (2x, 2x)− 4 f (x, x)‖V
)

≤ K(4βα(x, x, x, x) + α(x, 2x, x, 2x)) (3.8)

for all x ∈ U. From (3.8), we arrive

‖ f (4x, 4x)− 10 f (2x, 2x) + 16 f (x, x)‖V ≤ Kδ(x) (3.9)

where
δ(x) = 4βα(x, x, x, x) + α(x, 2x, x, 2x) (3.10)

for all x ∈ U. It is easy to see from (3.9) that

‖ f (4x, 4x)− 8 f (2x, 2x)− 2( f (2x, 2x)− 8 f (x, x))‖V ≤ Kδ(x) (3.11)

for all x ∈ U. Using (1.4) in (3.11), we obtain

‖g(2x, 2x)− 2g(x, x)‖V ≤ Kδ(x) (3.12)
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for all x ∈ U. From (3.12), we arrive ∥∥∥∥ g(2x, 2x)
2

− g(x, x)
∥∥∥∥

V
≤ K

δ(x)
2β

(3.13)

for all x ∈ U. Now replacing x by 2x and dividing by 2 in (3.13), we get∥∥∥∥ g(22x, 22x)
22 − g(2x, 2x)

2

∥∥∥∥
V
≤ K

δ(2x)
2β+1 (3.14)

for all x ∈ U. From (3.13) and (3.14), we obtain∥∥∥∥ g(22x, 22x)
22 − g(x, x)

∥∥∥∥
V
≤ K

(∥∥∥∥ g(2x, 2x)
2

− g(x, x)
∥∥∥∥

V
+
∥∥∥∥ g(22x, 22x)

22 − g(2x, 2x)
2

∥∥∥∥
V

)
≤ K2

2β

[
δ(x) +

δ(2x)
2

]
(3.15)

for all x ∈ U. Proceeding further and using induction on a positive integer n , we get∥∥∥∥ g(2nx, 2nx)
2n − g(x, x)

∥∥∥∥
V
≤ Kn

2β

n−1

∑
k=0

δ(2kx)
2k ≤ Kn

2β

∞

∑
k=0

δ(2kx)
2k (3.16)

for all x ∈ U. In order to prove the convergence of the sequence
{

g(2nx, 2nx)
2n

}
, replacing x by 2mx and

dividing by 2m in (3.16), for any m, n > 0 , we deduce∥∥∥∥ g(2n+mx, 2n+mx)
2(n+m) − g(2mx, 2mx)

2m

∥∥∥∥
V

=
1

2mβ

∥∥∥∥ g(2n · 2mx, 2n · 2mx)
2n − g(2mx, 2mx)

∥∥∥∥
V

≤ Kn

2β

∞

∑
k=0

δ(2k+mx)
2k+mβ

→ 0 as m → ∞

for all x ∈ U. This shows that the sequence
{

g(2nx, 2nx)
2n

}
is a Cauchy sequence. Since V is complete, there

exists a mapping A(x, x) : U2 → V such that

A(x, x) = lim
n→∞

g(2nx, 2nx)
2n , ∀ x ∈ U.

Letting n → ∞ in (3.16) and using (1.4), we see that (3.3) holds for all x ∈ U. To show that A satisfies (1.1),
replacing (x, y, z, w) by (2nx, 2ny, 2nz, 2nw) and dividing by 2n in (3.2), we obtain

1
2n

∥∥∥F(2nx, 2ny, 2nz, 2nw)
∥∥∥

V
≤ 1

2n α(2nx, 2ny, 2nz, 2nw)

for all x, y, z, w ∈ U. Letting n → ∞ in the above inequality and using the definition of A(x, x), we see that A
satisfies (1.1) for all x, y, z, w ∈ U. To prove A is a unique 2-variable additive function satisfying (1.1), we let
B(x, x) be another 2-variable additive mapping satisfying (1.1) and (3.3), then

‖A(x, x)− B(x, x)‖V ≤ K
2nβ

{∥∥∥A(2nx, 2nx)− f (2n+1x, 2n+1x) + 8 f (2nx, 2nx)
∥∥∥

V

+
∥∥∥ f (2n+1x, 2n+1x)− 8 f (2nx, 2nx)− B(2nx, 2nx)

∥∥∥
V

}
≤ 2Kn+1

2β

∞

∑
k=0

δ(2k+nx)
2(k+nβ) → 0 as n → ∞

for all x ∈ U. Hence A is unique.
For j = −1, we can prove a similar stability result. This completes the proof of the theorem.

The following Corollary is an immediate consequence of Theorem 3.1 concerning the stability of (1.1).
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Corollary 3.1. Let F : U2 → V be a mapping and there exists real numbers λ and s such that

‖F(x, y, z, w))‖V

≤


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s} , s < 1 or s > 1;
λ ||x||s||y||s||z||s||w||s, s < 1

4 or s > 1
4 ;

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s}} , s < 1

4 or s > 1
4 ;

(3.17)

for all x, y, z, w ∈ U, then there exists a unique 2- variable additive function A : U2 → V such that

‖ f (2x, 2x)− 8 f (x, x)− A(x, x)‖p
V ≤



(
Kn2λ(4β + 1)

2β

)p

,(
Kn2λ(4β+1 + 2βs+1 + 2)λ||x||s

2β|2− 2βs|

)p

,(
Kn2λ(4β + 22βs)λ||x||4s

2β|2− 2β4s|

)p

(
Kn2λ(5 · 4β + 22βs + 24βs+1 + 2)λ||x||4s

2β|2− 2β4s|

)p

(3.18)

for all x ∈ U.

Now we will provide an example to illustrate that the functional equation (1.1) is not stable for s = 1 in
condition (ii) of Corollary 3.1.

Example 3.1. Let α : K → K be a function defined by

α(x) =
{

µx, if |x| <1
µ, otherwise

where µ > 0 is a constant, and define a function f : K2 → K by

f (x, x) =
∞

∑
n=0

α(2nx)
2n f or all x ∈ K.

Then F satisfies the functional inequality

|F(x, y, z, w)|V ≤ 32 µ (|x|+ |y|+ |z|+ |w|) (3.19)

for all x, y, z, w ∈ K. Then there do not exist a additive mapping A : K2 → K and a constant ρ > 0 such that

| f (2x, 2x)− 8 f (x, x)− A(x, x)|V ≤ ρ|x| f or all x ∈ K. (3.20)

Proof. Now

| f (x, x)| ≤
∞

∑
n=0

|α(2nx)|
|2n|

=
∞

∑
n=0

µ

2n = 2 µ.

Therefore we see that f is bounded. We are going to prove that f satisfies (3.19).

If x = y = z = w = 0 then (3.19) is trivial. If |x|+ |y|+ |z|+ |w| ≥ 1
2

then the left hand side of (3.19) is less

than 32µ. Now suppose that 0 < |x|+ |y|+ |z|+ |w| < 1
2

. Then there exists a positive integer k such that

1
2k ≤ |x|+ |y|+ |z|+ |w| < 1

2k−1 , (3.21)

so that 2k−1x <
1
2

, 2k−1y <
1
2

, 2k−1z <
1
2

, 2k−1w <
1
2

and consequently

2k−1(y, w), 2k−1(x + y, z + w), 2k−1(x− y, z− w),

2k−1(2x + y, 2z + w), 2k−1(2x− y, 2z− w),∈ (−1, 1).
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Therefore for each n = 0, 1, . . . , k− 1, we have

2n(y, w), 2n(x + y, z + w), 2n(x− y, z− w),

2n(2x + y, 2z + w), 2n(2x− y, 2z− w),∈ (−1, 1)

and

α(2n(2x + y, 2z + w))− α(2n(2x− y, 2z− w))− 4α(2n(x + y, z + w))

+ 4α(2n(x− y, z− w)) + 6α(2n(y, w)) = 0

for n = 0, 1, . . . , k− 1. From the definition of f and (3.21), we obtain that∣∣∣ f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)
∣∣∣
V

≤
∞

∑
n=0

1
2n

∣∣∣α(2n(2x + y, 2z + w))− α(2n(2x− y, 2z− w))− 4α(2n(x + y, z + w))

+ 4α(2n(x− y, z− w)) + 6α(2n(y, w))
∣∣∣
V

≤
∞

∑
n=k

1
2n

∣∣∣α(2n(2x + y, 2z + w))− α(2n(2x− y, 2z− w))− 4α(2n(x + y, z + w))

+ 4α(2n(x− y, z− w)) + 6α(2n(y, w))
∣∣∣
V

≤
∞

∑
n=k

1
2n 16µ = 16 µ× 2

2k = 32 µ (|x|+ |y|+ |z|+ |w|) .

Thus f satisfies (3.19) for all x, y, z, w ∈ K with 0 < |x|+ |y|+ |z|+ |w| < 1
2

.

We claim that the additive functional equation (1.1) is not stable for s = 1 in condition (ii) Corollary 3.1.
Suppose on the contrary that there exist a additive mapping A : K2 → K and a constant ρ > 0 satisfying
(3.20). Since f is bounded and continuous for all x ∈ K, A is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem 3.1, A must have the form A(x, x) = cx for any x in
K. Thus we obtain that

| f (2x, 2x)− 8 f (x, x)|V ≤ (ρ + |c|) |x|. (3.22)

But we can choose a positive integer m with mµ > ρ + |c|.
If x ∈

(
0, 1

2m−1

)
, then 2nx ∈ (0, 1) for all n = 0, 1, . . . , m− 1 . For this x, we get

f (2x, 2x)− 8 f (x, x) =
∞

∑
n=0

α(2nx)
2n ≥

m−1

∑
n=0

µ(2nx)
2n = mµx > (ρ + |c|) x

which contradicts (3.22). Therefore the additive functional equation (1.1) is not stable in sense of Ulam, Hyers
and Rassias if s = 1, assumed in the inequality condition (ii) of (3.17).

A counter example to illustrate the non stability in condition (iii) of Corollary 3.1 is given in the
following example.

Example 3.2. Let s be such that 0 < s <
1
4

. Then there is a function F : K2 → K and a constant λ > 0 satisfying

|F(x, y, z, w)|V ≤ λ|x|
s
4 |y|

s
4 |z|

s
4 |w|

1−3s
4 (3.23)

for all x, y, z, w ∈ K and

sup
x 6=0

| f (2x, 2x)− 8 f (x, x)− A(x, x)|V
|x|

= +∞ (3.24)

for every additive mapping A(x, x) : K2 → K.
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Proof. If we take

f (x, x) =
{

(x, x) ln |x, x| i f x 6= 0,
0, i f x = 0.

Then from the relation (3.24), it follows that

sup
x 6=0

| f (2x, 2x)− 8 f (x, x)− A(x, x)|V
|x|

≥ sup
n∈N
n 6=0

| f (2n, 2n)− 8 f (n, n)− A(n, n)|V
|n|

= sup
n∈N
n 6=0

|n(2, 2) ln |2n, 2n| − 8n(1, 1) ln |n, n| − n A (1, 1)|V
|n|

= sup
n∈N
n 6=0

|(2, 2) ln |2n, 2n| − 8(1, 1) ln |n, n| − A (1, 1)|V = ∞.

We have to prove (3.23) is true.
Case (i): If x, y, z, w > 0 in (3.23) then,

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2x + y, 2z + w) ln |2x + y, 2z + w| − (2x− y, 2z− w) ln |2x− y, 2z− w|

−4(x + y, z + w) ln |x + y, z + w|+ 4(x− y, z− w) ln |x− y, z− w|+ 6(y, w) ln |y, w||V .

Set x = v1, y = v2, z = v3, w = v4 it follows that

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2v1 + v2, 2v3 + v4) ln |2v1 + v2, 2v3 + v4| − |2v1 − v2, 2v3 − v4| ln |2v1 − v2, 2v3 − v4|

−4(v1 + v2, v3 + v4) ln |v1 + v2, v3 + v4|+ 4|v1 − v2, v3 − v4| ln |v1 − v2, v3 − v4|
+6(v2, v4) ln |v2, v4||V .

= | f (2v1 + v2, 2v3 + v4)− f (2v1 − v2, 2v3 − v4)− 4 f (v1 + v2, v3 + v4)

+4 f (v1 − v2, v3 − v4) + 6 f (v2, v4)|V
≤ λ|v1|

s
4 |v2|

s
4 |v3|

s
4 |v4|

1−3s
4

= λ|x|
s
4 |y|

s
4 |z|

s
4 |w|

1−3s
4 .

Case (ii): If x, y, z, w < 0 in (3.23) then,

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2x + y, 2z + w) ln |2x + y, 2z + w| − (2x− y, 2z− w) ln |2x− y, 2z− w|

−4(x + y, z + w) ln |x + y, z + w|+ 4(x− y, z− w) ln |x− y, z− w|+ 6(y, w) ln |y, w||V .

Set −x = v1,−y = v2,−z = v3,−w = v4 it follows that

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(−2v1 − v2,−2v3 − v4) ln | − 2v1 − v2,−2v3 − v4|

−(−2v1 + v2,−2v3 + v4) ln | − 2v1 + v2,−2v3 + v4|
−4(−v1 − v2,−v3 − v4) ln | − v1 − v2,−v3 − v4|

+4(−v1 + v2,−v3 + v4) ln | − v1 + v2,−v3 + v4|
+6(−v2,−v4) ln | − v2,−v4||V .

= | f (−2v1 − v2,−2v3 − v4)− f (−2v1 + v2,−2v3 + v4)− 4 f (−v1 − v2,−v3 − v4)

+4 f (−v1 + v2,−v3 + v4) + 6 f (−v2,−v4)|V
≤ λ| − v1|

s
4 | − v2|

s
4 | − v3|

s
4 | − v4|

1−3s
4

= λ|x|
s
4 |y|

s
4 |z|

s
4 |w|

1−3s
4 .
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Case (iii): If x, z > 0, y, w < 0 then 2x + y, 2z + w, x + y, z + w > 0,
2x− y, 2z− w, x− y, z− w < 0 in (3.23) then,

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2x + y, 2z + w) ln |2x + y, 2z + w| − (2x− y, 2z− w) ln |2x− y, 2z− w|

−4(x + y, z + w) ln |x + y, z + w|+ 4(x− y, z− w) ln |x− y, z− w|+ 6(y, w) ln |y, w||V .

Set x = v1,−y = v2, z = v3,−w = v4 it follows that

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2v1 − v2, 2v3 − v4) ln(2v1 − v2, 2v3 − v4)

−(2v1 + v2, 2v3 + v4) ln | − (2v1 + v2, 2v3 + v4)|
−4(v1 − v2, v3 − v4) ln |v1 − v2, v3 − v4|

+4(v1 + v2, v3 + v4) ln | − (v1 + v2, v3 + v4)|
+6(−v2,−v4) ln(−v2,−v4)|V .

= | f (2v1 − v2, 2v3 − v4)− f (2v1 + v2, 2v3 + v4)− 4 f (v1 − v2, v3 − v4)

+4 f (v1 + v2, v3 + v4) + 6 f (−v2,−v4)|V
≤ λ|v1|

s
4 | − v2|

s
4 |v3|

s
4 | − v4|

1−3s
4

= λ|x|
s
4 |y|

s
4 |z|

s
4 |w|

1−3s
4 .

Case (iv): If x, z > 0, y, w < 0 then 2x + y, 2z + w, x + y, z + w < 0,
2x− y, 2z− w, x− y, z− w > 0 in (3.23) then,

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2x + y, 2z + w) ln |2x + y, 2z + w| − (2x− y, 2z− w) ln |2x− y, 2z− w|

−4(x + y, z + w) ln |x + y, z + w|+ 4(x− y, z− w) ln |x− y, z− w|+ 6(y, w) ln |y, w||V .

Set x = v1,−y = v2, z = v3,−w = v4 it follows that

| f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)|V
= |(2v1 − v2, 2v3 − v4) ln | − (2v1 − v2, 2v3 − v4)|

−(2v1 + v2, 2v3 + v4) ln |2v1 + v2, 2v3 + v4|
−4(v1 − v2, v3 − v4) ln | − (v1 − v2, v3 − v4)|

+4(v1 + v2, v3 + v4) ln |v1 + v2, v3 + v4|
+6(−v2,−v4) ln(−v2,−v4)|V .

= | f (2v1 − v2, 2v3 − v4)− f (2v1 + v2, 2v3 + v4)− 4 f (v1 − v2, v3 − v4)

+4 f (v1 + v2, v3 + v4) + 6 f (−v2,−v4)|V
≤ λ|v1|

s
4 | − v2|

s
4 |v3|

s
4 | − v4|

1−3s
4

= λ|x|
s
4 |y|

s
4 |z|

s
4 |w|

1−3s
4 .

Case (v): If x = y = z = w = 0 in (3.23) then it is trivial.

Now we will provide an example to illustrate that the functional equation (1.1) is not stable for s =
1
4

in

condition (iv) of Corollary 3.1.

Example 3.3. Let α : K → K be a function defined by

α(x) =

 µx, if |x| < 1
4µ

4
, otherwise
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where µ > 0 is a constant, and define a function f : K2 → K by

f (x, x) =
∞

∑
n=0

α(2nx)
2n f or all x ∈ K.

Then F satisfies the functional inequality

|F(x, y, z, w)|V ≤ 8 µ
(
|x|

1
4 |y|

1
4 |z|

1
4 |w|

1
4 + {|x|+ |y|+ |w|+ |z|}

)
(3.25)

for all x, y, z, w ∈ K. Then there do not exist a additive mapping A : K2 → K and a constant ρ > 0 such that

| f (2x, 2x)− 8 f (x, x)− A(x, x)|V ≤ ρ|x| f or all x ∈ K. (3.26)

Proof. Now

| f (x, x)| ≤
∞

∑
n=0

|α(2nx)|
|2n|

=
∞

∑
n=0

1
2n ×

µ

4
=

µ

2
.

Therefore we see that f is bounded. We are going to prove that f satisfies (3.25).
If x = y = z = w = 0 then (3.25) is trivial.

If |x|
1
4 |y|

1
4 |z|

1
4 |w|

1
4 + {|x|+ |y|+ |w|+ |z|} ≥ 1

2
then the left hand side of (3.25) is less than 8µ. Now suppose

that 0 < |x|
1
4 |y|

1
4 |z|

1
4 |w|

1
4 + {|x|+ |y|+ |w|+ |z|} <

1
2

. Then there exists a positive integer k such that

1
2k ≤ |x|

1
4 |y|

1
4 |z|

1
4 |w|

1
4 + {|x|+ |y|+ |w|+ |z|} <

1
2k−1 , (3.27)

so that 2k−1|x|
1
4 |y|

1
4 |z|

1
4 |w|

1
4 <

1
2

, 2k−1|x| < 1
2

, 2k−1|y| < 1
2

, 2k−1|z| < 1
2

,

2k−1|w| < 1
2

and consequently

2k−1(y, w), 2k−1(x + y, z + w), 2k−1(x− y, z− w),

2k−1(2x + y, 2z + w), 2k−1(2x− y, 2z− w),∈
(
−1

4
,

1
4

)
.

Therefore for each n = 0, 1, . . . , k− 1, we have

2n(y, w), 2n(x + y, z + w), 2n(x− y, z− w),

2n(2x + y, 2z + w), 2n(2x− y, 2z− w),∈
(
−1

4
,

1
4

)
and

α(2n(2x + y, 2z + w))− α(2n(2x− y, 2z− w))− 4α(2n(x + y, z + w))

+ 4α(2n(x− y, z− w)) + 6α(2n(y, w)) = 0

for n = 0, 1, . . . , k− 1. From the definition of f and (3.27), we obtain that∣∣∣ f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w) + 4 f (x− y, z− w) + 6 f (y, w)
∣∣∣
V

≤
∞

∑
n=0

1
2n

∣∣∣α(2n(2x + y, 2z + w))− α(2n(2x− y, 2z− w))− 4α(2n(x + y, z + w))

+ 4α(2n(x− y, z− w)) + 6α(2n(y, w))
∣∣∣
V

≤
∞

∑
n=k

1
2n

∣∣∣α(2n(2x + y, 2z + w))− α(2n(2x− y, 2z− w))− 4α(2n(x + y, z + w))

+ 4α(2n(x− y, z− w)) + 6α(2n(y, w))
∣∣∣
V
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≤
∞

∑
n=k

16µ

4
× 1

2n =
16µ

4
× 2

2k = 8 µ
(
|x|

1
4 |y|

1
4 |z|

1
4 |w|

1
4 + {|x|+ |y|+ |w|+ |z|}

)
.

Thus f satisfies (3.25) for all x, y, z, w ∈ K with

0 < |x|
1
4 |y|

1
4 |z|

1
4 |w|

1
4 + {|x|+ |y|+ |w|+ |z|} <

1
2

.

We claim that the additive functional equation (1.1) is not stable for s =
1
4

in condition (iv) Corollary 3.1.

Suppose on the contrary that there exist a additive mapping A : K2 → K and a constant ρ > 0 satisfying
(3.26). Since f is bounded and continuous for all x ∈ K, A is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem 3.1, A must have the form A(x, x) = cx for any x in
K. Thus we obtain that

| f (2x, 2x)− 8 f (x, x)|V ≤ (ρ + |c|) |x|. (3.28)

But we can choose a positive integer m with mµ > ρ + |c|.
If x ∈

(
0, 1

2m−1

)
, then 2nx ∈ (0, 1) for all n = 0, 1, . . . , m− 1 . For this x, we get

f (2x, 2x)− 8 f (x, x) =
∞

∑
n=0

α(2nx)
2n ≥

m−1

∑
n=0

µ(2nx)
2n = mµx > (ρ + |c|) x

which contradicts (3.28). Therefore the additive functional equation (1.1) is not stable in sense of Ulam, Hyers

and Rassias if s =
1
4

, assumed in the inequality condition (iv) of (3.17).

Theorem 3.2. Let j = ±1. Let F : U2 → V be a mapping for which there exist a function α : U4 → [0, ∞) with the
condition

lim
n→∞

1
8nj α(2njx, 2njy, 2njz, 2njw) = 0 (3.29)

such that the functional inequality
‖F(x, y, z, w)‖V ≤ α(x, y, z, w) (3.30)

for all x, y, z, w ∈ U. Then there exists a unique 2-variable cubic mapping C : U2 → V satisfying the functional
equation (1.1) and

‖ f (2x, 2x)− 2 f (x, x)− C(x, x)‖p
V ≤ Knp

8βp

∞

∑
k= 1−j

2

δ(2kjx)p

8kjp (3.31)

where δ(2kjx) and C(x, x) are defined by

δ(2kjx) = 4βα(2kjx, 2kjx, 2kjx, 2kjx) + α(2kjx, 2(k+1)jx, 2kjx, 2(k+1)jx) (3.32)

C(x, x) = lim
n→∞

1
8nj ( f (2(n+1)jx, 2(n+1)jx)− 2 f (2njx, 2njx)) (3.33)

for all x ∈ U.

Proof. It is easy to see from (3.9) that

‖ f (4x, 4x)− 2 f (2x, 2x)− 8( f (2x, 2x)− 2 f (x, x))‖V ≤ Kδ(x) (3.34)

for all x ∈ U. Using (1.6) in (3.34), we obtain

‖h(2x, 2x)− 8h(x, x)‖V ≤ Kδ(x) (3.35)

for all x ∈ U. From (3.35), we arrive ∥∥∥∥h(2x, 2x)
8

− h(x, x)
∥∥∥∥

V
≤ K

δ(x)
8β

(3.36)

for all x ∈ U. The rest of the proof is similar to that of Theorem 3.1
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The following Corollary is an immediate consequence of Theorem 3.2 concerning the stability of (1.1).

Corollary 3.2. Let F : U2 → V be a mapping and there exists real numbers λ and s such that

‖F(x, y, z, w))‖V

≤


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s} , s < 3 or s > 3;
λ ||x||s||y||s||z||s||w||s, s < 3

4 or s > 3
4 ;

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s}} , s < 3

4 or s > 3
4 ;

(3.37)

for all x, y, z, w ∈ U, then there exists a unique 2- variable cubic function C : U2 → V such that

‖ f (2x, 2x)− 2 f (x, x)− C(x, x)‖p
V ≤



(
Kn8λ(4β + 1)

7 · 8β

)p

,(
Kn8λ(4β+1 + 2βs+1 + 2)λ||x||s

8β|8− 2βs|

)p

,(
Kn8λ(4β + 22βs)λ||x||4s

8β|8− 2β4s|

)p

(
Kn8λ(5 · 4β + 22βs + 24βs+1 + 2)λ||x||4s

8β|8− 2β4s|

)p

(3.38)

for all x ∈ U.

Now we will provide an example to illustrate that the functional equation (1.1) is not stable for s = 3 in
condition (ii) of Corollary 3.2.

Example 3.4. Let α : K → K be a function defined by

α(x) =
{

µx3, if |x| <1
µ, otherwise

where µ > 0 is a constant, and define a function f : K2 → K by

f (x, x) =
∞

∑
n=0

α(2nx)
8n f or all x ∈ K.

Then F satisfies the functional inequality

|F(x, y, z, w)|V ≤ 16 µ× 83

7

(
|x|3 + |y|3 + |z|3 + |w|3

)
(3.39)

for all x, y, z, w ∈ K. Then there do not exist a cubic mapping C : K2 → K and a constant β > 0 such that

| f (2x, 2x)− 2 f (x, x)− C(x, x)|V ≤ β|x|3 f or all x ∈ K. (3.40)

Proof. Now

| f (x, x)| ≤
∞

∑
n=0

|α(2nx)|
|8n|

=
∞

∑
n=0

µ

8n =
8 µ

7
.

Therefore we see that f is bounded. We are going to prove that f satisfies (3.39).

If x = y = z = w = 0 then (3.39) is trivial. If |x|3 + |y|3 + |z|3 + |w|3 ≥ 1
8

then the left hand side of (3.39) is

less than
16× 8µ

7
. Now suppose that 0 < |x|3 + |y|3 + |z|3 + |w|3 <

1
8

. Then there exists a positive integer k
such that

1
8k+2 ≤ |x|3 + |y|3 + |z|3 + |w|3 <

1
8k+1 , (3.41)

the rest of the proof is similar to that of Example 3.1.
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A counter example to illustrate the non stability in condition (iii) of Corollary 3.2 is given in the fol-
lowing example.

Example 3.5. Let s be such that 0 < s <
3
4

. Then there is a function F : K2 → K and a constant λ > 0 satisfying

|F(x, y, z, w)|V ≤ λ|x|
s
4 |y|

s
4 |z|

s
4 |w|

3−3s
4 (3.42)

for all x, y, z, w ∈ K and

sup
x 6=0

| f (2x, 2x)− 2 f (x, x)− C(x, x)|V
|x|3

= +∞ (3.43)

for every cubic mapping C : K2 → K.

Proof. If we take

f (x, x) =
{

(x, x)3 ln |x, x| i f x 6= 0,
0, i f x = 0.

Then from the relation (3.43), it follows that

sup
x 6=0

| f (2x, 2x)− 2 f (x, x)− C(x, x)|V
|x|3

≥ sup
n∈N
n 6=0

| f (2n, 2n)− 2 f (n, n)− C(n, n)|V
|n|3

= sup
n∈N
n 6=0

∣∣n3(2, 2)3 ln |n, n| − 2n3(1, 1)3 ln |n, n| − n3 C (1, 1)
∣∣
V

|n|3

= sup
n∈N
n 6=0

∣∣∣(2, 2)3 ln |n, n| − 2(1, 1)3 ln |n, n| − C (1, 1)
∣∣∣
V

= ∞.

Rest of the proof is similar to that of Example 3.2.

Now we will provide an example to illustrate that the functional equation (1.1) is not stable for s = 3
4 in

condition (iv) of Corollary 3.2.

Example 3.6. Let α : K → K be a function defined by

α(x) =


µx3, if |x| < 3

4
3µ

4
, otherwise

where µ > 0 is a constant, and define a function f : K2 → K by

f (x, x) =
∞

∑
n=0

α(2nx)
8n f or all x ∈ K.

Then F satisfies the functional inequality

|F(x, y, z, w)|V ≤ 96µ× 82

7

(
|x|

3
4 |y|

3
4 |z|

3
4 |w|

3
4 +

{
|x|3 + |y|3 + |w|3 + |z|3

})
(3.44)

for all x, y, z, w ∈ K. Then there do not exist a cubic mapping C : K2 → K and a constant ρ > 0 such that

| f (2x, 2x)− 2 f (x, x)− C(x, x)|V ≤ ρ|x| f or all x ∈ K. (3.45)

Proof. Now

| f (x, x)| ≤
∞

∑
n=0

|α(2nx)|
|8n|

=
∞

∑
n=0

1
8n ×

3µ

4
=

6 µ

7
.

Therefore we see that f is bounded. We are going to prove that f satisfies (3.44).
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If x = y = z = w = 0 then (3.44) is trivial. If |x|
3
4 |y|

3
4 |z|

3
4 |w|

3
4

+
{
|x|3 + |y|3 + |w|3 + |z|3

}
≥ 1

8
then the left hand side of (3.44) is less than

96 µ

7
. Now suppose that 0 <

|x|
3
4 |y|

3
4 |z|

3
4 |w|

3
4 +

{
|x|3 + |y|3 + |w|3 + |z|3

}
<

1
8

. Then there exists a positive integer k such that

1
8k+2 ≤ |x|

3
4 |y|

3
4 |z|

3
4 |w|

3
4 +

{
|x|3 + |y|3 + |w|3 + |z|3

}
<

1
8k+1 , (3.46)

the rest of the proof is similar to that of Example 3.3.

Now, we are ready to prove our main stability results.

Theorem 3.3. Let j = ±1. Let F : U2 → V be a mapping for which there exist a function α : U4 → [0, ∞) with the
conditions given in (3.1) and (3.29) respectively, such that the functional inequality

‖F(x, y, z, w)‖V ≤ α(x, y, z, w) (3.47)

for all x, y, z, w ∈ U. Then there exists a unique 2-variable additive mapping A : U2 → V and a unique 2-variable cubic
mapping C : U2 → V satisfying the functional equation (1.1) and

‖ f (x, x)− A(x, x)− C(x, x)‖p
V ≤ Kp

6p

Knp

2βp

∞

∑
k= 1−j

2

δ(2kjx)p

2kjp +
Knp

8βp

∞

∑
k= 1−j

2

δ(2kjx)p

8kjp

 (3.48)

where δ(2kjx), A(x, x) and C(x, x) are respectively defined in (3.4), (3.5) and (3.33) for all x ∈ U.

Proof. By Theorems 3.1 and 3.2, there exists a unique 2-variable additive function A1 : U2 → V and a unique
2-variable cubic function C1 : U2 → V such that

‖ f (2x, 2x)− 8 f (x, x)− A1(x, x)‖p
V ≤ Knp

2βp

∞

∑
k= 1−j

2

δ(2kjx)p

2kjp (3.49)

‖ f (2x, 2x)− 2 f (x, x)− C1(x, x)‖p
V ≤ Knp

8βp

∞

∑
k= 1−j

2

δ(2kjx)p

8kjp (3.50)

for all x ∈ U. Now from (3.49) and (3.50), one can see that∥∥∥∥ f (x, x) +
1
6

A1(x, x)− 1
6

C1(x, x)
∥∥∥∥p

V

=
∥∥∥∥{− f (2x, 2x)

6
+

8 f (x, x)
6

+
A1(x, x)

6

}
+
{

f (2x, 2x)
6

− 2 f (x, x)
6

− C1(x, x)
6

}∥∥∥∥p

V

≤ Kp

6p

{
‖ f (2x, 2x)− 8 f (x, x)− A1(x, x)‖p

V + ‖ f (2x, 2x)− 2 f (x, x)− C1(x, x)‖p
V

}
≤ Kp

6p

Knp

2βp

∞

∑
k= 1−j

2

δ(2kjx)p

2kjp +
Knp

8βp

∞

∑
k= 1−j

2

δ(2kjx)p

8kjp


for all x ∈ U. Thus we obtain (3.50) by defining A(x, x) = −1

6 A1(x, x) and C(x, x) = 1
6 C1(x, x), δ(2kjx), A(x, x)

and C(x, x) are respectively defined in (3.4), (3.5) and (3.33) for all x ∈ U.

The following corollary is the immediate consequence of Theorem 3.3, using Corollaries 3.1 and 3.2 con-
cerning the stability of (1.1).

Corollary 3.3. Let F : U2 → V be a mapping and there exits real numbers λ and s such that

‖F(x, y, z, w))‖V

≤


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s} , s 6= 1, 3;
λ ||x||s||y||s||z||s||w||s, s 6= 1

4 , 3
4 ;

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s}} , s 6= 1

4 , 3
4 ;

(3.51)
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for all x, y, z, w ∈ U, then there exists a unique 2-variable additive mapping A : U2 → V and a unique 2-variable cubic
mapping C : U2 → V such that

‖ f (x, x)− A(x, x)− C(x, x)‖p
V

≤



(
Kn+1λ(4β + 1)

6

[
2
2β

+
8

7 · 8β

])p

,(
Kn+1λ(4β+1 + 2βs+1 + 2)||x||s

6

[
2

2β|2− 2βs|
+

8
8β|8− 2βs|

])p

,(
Kn+1λ(4β + 22βs)||x||4s

6

[
2

2β|2− 2β4s|
+

8
8β|8− 2β4s|

])p

,(
Kn+18λ(5 · 4β + 22βs + 24βs+1 + 2)λ||x||4s

6

[
2

2β|2− 2β4s|
+

8
8β|8− 2β4s|

])p

,

(3.52)

for all x ∈ U.

4 Stability results: Fixed point method

In this section, we apply a fixed point method for achieving stability of the 2-variable AC functional equa-
tion (1.1).

Now, we present the following theorem due to B. Margolis and J.B. Diaz [12] for fixed point Theory.

Theorem 4.1. [12] Suppose that for a complete generalized metric space (Ω, β) and a strictly contractive mapping
T : Ω → Ω with Lipschitz constant L. Then, for each given x ∈ Ω , either

d(Tnx, Tn+1x) = ∞ ∀ n ≥ 0,

or there exists a natural number n0 such that
(i) d(Tnx, Tn+1x) < ∞ for all n ≥ n0 ;
(ii) The sequence (Tnx) is convergent to a fixed to a fixed point y∗ of T
(iii) y∗ is the unique fixed point of T in the set ∆ = {y ∈ Ω : d(Tn0 x, y) < ∞};
(iv) d(y∗, y) ≤ 1

1−L d(y, Ty) for all y ∈ ∆.

Using the above theorem, we now obtain the generalized Ulam - Hyers stability of (1.1).
Through out this section let U be a normed space and V is a (β, p) Banach space with p−norm ‖. ‖V . Define

a mapping F : U2 → V by

F(x, y, z, w) = f (2x + y, 2z + w)− f (2x− y, 2z− w)− 4 f (x + y, z + w)

+ 4 f (x− y, z− w) + 6 f (y, w)

for all x, y, z, w ∈ U.

Theorem 4.2. Let F : U2 → V be a mapping for which there exist a function α : U4 → [0, ∞) with the condition

lim
n→∞

1
µn

i
α(µn

i x, µn
i y, µn

i z, µn
i w) = 0 (4.1)

where µi = 2 if i = 0 and µi = 1
2 if i = 1 such that the functional inequality

‖F(x, y, z, w)‖V ≤ α(x, y, z, w) (4.2)

for all x, y, z, w ∈ U. If there exists L = L(i) < 1 such that the function

x → γ(x) = Kδ
( x

2

)
,

has the property
γ(x) ≤ L µi γ (µix) . (4.3)
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for all x ∈ U. Then there exists a unique 2-variable additive mapping A : U2 → V satisfying the functional equation
(1.1) and

‖ f (2x, 2x)− 8 f (x, x)− A(x, x) ‖p
V≤

(
L1−i

1− L

)p

γ(x)p (4.4)

for all x ∈ U.

Proof. Consider the set
Ω = {q1/q1 : U2 → V, q1(0, 0) = 0}

and introduce the generalized metric on Ω,

d(q1, q2) = dγ(q1, q2) = inf{M ∈ (0, ∞) :‖ q1(x, x)− q2(x, x) ‖≤ Mγ(x), x ∈ U}.

It is easy to see that (Ω, d) is complete.
Define T : Ω2 → Ω by

Tq1(x, x) =
1
µi

q1(µix, µix),

for all x ∈ U. Now q1, q2 ∈ Ω,

d(q1, q2) ≤ M ⇒ ‖ q1(x, x)− q2(x, x) ‖≤ Mγ(x), x ∈ U.

⇒
∥∥∥∥ 1

µi
q1(µix, µix)− 1

µi
q2(µix, µix)

∥∥∥∥ ≤ 1
µi

Mγ(µix), x ∈ U,

⇒
∥∥∥∥ 1

µi
q1(µix, µix)− 1

µi
q2(µix, µix)

∥∥∥∥ ≤ LMγ(x), x ∈ U,

⇒ ‖ Tq1(x, x)− Tq2(x, x) ‖≤ LMγ(x), x ∈ U,

⇒dγ(q1, q2) ≤ LM.

This implies d(Tq1, Tq2) ≤ Ld(q1, q2), for all q1, q2 ∈ Ω . i.e., T is a strictly contractive mapping on Ω with
Lipschitz constant L.
From (3.12), we arrive ∥∥∥∥ g(2x, 2x)

2
− g(x, x)

∥∥∥∥
V
≤ K

δ(x)
2β

(4.5)

for all x ∈ U. Using (4.3) for the case i = 0 it reduces to∥∥∥∥ g(2x, 2x)
2

− g(x, x)
∥∥∥∥ ≤ Lγ(x)

for all x ∈ U,

i.e., d(g, Tg) ≤ L =
1
2β

⇒ d(g, Tg) ≤ L = L1 < ∞. (4.6)

Again replacing x = x
2 in (4.5), we get,∥∥∥g(x, x)− 2g

( x
2

,
x
2

)∥∥∥
V
≤ Kδ

( x
2

)
(4.7)

Using (4.3) for the case i = 1 it reduces to∥∥∥g(x, x)− 2g
( x

2
,

x
2

)∥∥∥
V
≤ γ(x)

for all x ∈ U,
i.e., d(g, Tg) ≤ 1 ⇒ d(g, Tg) ≤ 1 = L0 < ∞. (4.8)

From (4.6) and (4.8), we have
d(Tg, g) ≤ L1−i. (4.9)

Now from from the fixed point alternative in both cases, it follows that there exists a fixed point A of T in
Ω such that

A(x, x) = lim
n→∞

1
µn

i
( f (µ

(n+1)
i x, µ

(n+1)
i x)− 8 f (µn

i x, µn
i x)) (4.10)
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for all x ∈ U.
To prove A : U2 → V is additive. Replacing (x, y, z, w) by

(
µn

i x, µn
i y, µn

i z, µn
i w
)

in (4.2) and dividing by µn
i ,

it follows from (4.1) that

‖A(x, y, z, w)‖V = lim
n→∞

∥∥F(µn
i x, µn

i y, µn
i z, µn

i w)
∥∥

V
µn

i
≤ lim

n→∞

α(µn
i x, µn

i y, µn
i z, µn

i w)
µn

i
= 0

for all x, y, z, w ∈ U i.e., A satisfies the functional equation (1.1).
According to the fixed point alternative, since A is the unique fixed point of T in the set ∆ = {A ∈ Ω :

d( f , A) < ∞}, A is the unique function such that

‖ f (2x, 2x)− 8 f (x, x)− A(x, x)‖V ≤ Mγ(x)

for all x ∈ U and K > 0. Again using the fixed point alternative, we obtain

d( f , A) ≤ 1
1− L

d( f , T f )

this implies

d( f , A) ≤ L1−i

1− L

which yields

‖ f (2x, 2x)− 8 f (x, x)− A(x, x) ‖p
V≤

(
L1−i

1− L

)p

γ(x)p

this completes the proof of the theorem.

The following Corollary is an immediate consequence of Theorem 4.2 concerning the stability of (1.1).

Corollary 4.4. Let F : U2 → V be a mapping and there exists real numbers λ and s such that

‖F(x, y, z, w))‖V

≤


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s} , s < 1 or s > 1;
λ ||x||s||y||s||z||s||w||s, s < 1

4 or s > 1
4 ;

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s}} , s < 1

4 or s > 1
4 ;

(4.11)

for all x, y, z, w ∈ U, then there exists a unique 2- variable additive function A : U2 → V such that

‖ f (2x, 2x)− 8 f (x, x)− A(x, x)‖p
V ≤



(Kλ(4β + 1))p,(
(2 + 2s+1 + 4β+1)Kλ||x||s

|2− 2βs|

)p

,(
(4β + 22s)Kλ||x||4s

|2− 2β4s|

)p

(
(5 · 4β + 22s + 24s+1 + 2)Kλ||x||4s

|2− 2β4s|

)p

(4.12)

for all x ∈ U.

Proof. Setting

α(x, y, z, w) =


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s},
λ ||x||s ||y||s ||z||s ||w||s

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s

}}
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for all x, y, z, w ∈ U. Now

α(µn
i x, µn

i y, µn
i z, µn

i w)
µn

i

=



λ

µn
i

,

λ

µn
i
{||µn

i x||s + ||µn
i y||s + ||µn

i z||s + ||µn
i w||s},

λ

µn
i
||µn

i x||s ||µn
i y||s ||µn

i z||s ||µn
i w||s

λ

µn
i

{
||µn

i x||s ||µn
i y||s ||µn

i z||s ||µn
i w||s{

||µn
i x||4s + ||µn

i y||4s + ||µn
i z||4s + ||µn

i w||4s
}}

=


→ 0 as n → ∞,
→ 0 as n → ∞,
→ 0 as n → ∞,
→ 0 as n → ∞.

Thus, (4.1) is holds.
But we have γ(x) = Kδ

( x
2
)

has the property γ(x) ≤ L · µi γ (µix) for all x ∈ U. Hence

γ(x) = Kδ
( x

2

)
= K

(
4α
( x

2
,

x
2

,
x
2

,
x
2

)
+ α

( x
2

, x,
x
2

, x
))

=



Kλ
(

4β + 1
)

,
Kλ

2s

(
2 + 2s+1 + 4δ+1

)
||x||s,

Kλ

24s

(
22s + 4β

)
||x||4s,

Kλ

24s

(
22s + 2s+1 + 24s+1 + 5 · 4β

)
||x||4s.

Now,

1
µi

γ(µix) =



µ−1
i Kλ

(
4β + 1

)
,

µs−1
i K

λ

2s

(
2 + 2s+1 + 4δ+1

)
||x||s,

µ4s−1
i K

λ

24s

(
22s + 4β

)
||x||4s,

µ4s−1
i K

λ

24s

(
22s + 2s+1 + 24s+1 + 5 · 4β

)
||x||4s

=


µ−1

i γ(x),
µs−1

i γ(x),
µ4s−1

i γ(x),
µ4s−1

i γ(x).

Hence the inequality (4.3) holds either, L = 2s−1 for s < 2 if i = 0 and L = 1
2s−1 for s > 2 if i = 1.

Now from (4.4), we prove the following cases for condition (ii).
Case:1 L = 2s−1 for s < 1 if i = 0

‖ f (2x, 2x)− 8 f (x, x)− A(x, x)‖ ≤

(
2(s−1)

)1−0

1− 2(s−1)
Kλ

2s

(
2 + 2s+1 + 4δ+1

)
||x||s

=
Kλ
(
2 + 2s+1 + 4δ+1) ||x||s

2− 2s

Case:2 L = 1
2s−1 for s > 1 if i = 1

‖ f (2x, 2x)− 8 f (x, x)− A(x, x)‖ ≤

(
1

2(s−1)

)1−1

1− 1
2(s−1)

Kλ

2s

(
2 + 2s+1 + 4δ+1

)
||x||s

=
Kλ
(
2 + 2s+1 + 4δ+1) ||x||s

2s − 2

Similarly, the inequality (4.3) holds either, L = 2−1 for s = 0 if i = 0 and L = 1
2−1 for s = 0 if i = 1 for

condition (i), the inequality (4.3) holds either, L = 24s−1 for s < 2 if i = 0 and L = 1
24s−1 for s > 2 if i = 1 for

condition (iii) and the inequality (4.3) holds either, L = 24s−1 for s < 2 if i = 0 and L = 1
24s−1 for s > 2 if i = 1

for condition (iv).
Hence the proof is complete
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The proof of the following Theorem and Corollary is similar to that of Theorem 4.2 and Corollary 4.4.
Hence the details of the proof is omitted.

Theorem 4.3. Let F : U2 → V be a mapping for which there exist a function α : U4 → [0, ∞) with the condition

lim
n→∞

1
µ3n

i
α(µn

i x, µn
i y, µn

i z, µn
i w) = 0 (4.13)

where µi = 2 if i = 0 and µi = 1
2 if i = 1 such that the functional inequality

‖F(x, y, z, w)‖V ≤ α(x, y, z, w) (4.14)

for all x, y, z, w ∈ U. If there exists L = L(i) < 1 such that the function

x → γ(x) = Kδ
( x

2

)
,

has the property
γ(x) ≤ L µ3

i γ (µix) . (4.15)

Then there exists a unique 2-variable cubic mapping C : U2 → V satisfying the functional equation (1.1) and

‖ f (2x, 2x)− 2 f (x, x)− C(x, x) ‖p
V≤

(
L1−i

1− L

)p

γ(x)p (4.16)

for all x ∈ U.

Corollary 4.5. Let F : U2 → V be a mapping and there exists real numbers λ and s such that

‖F(x, y, z, w))‖V

≤


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s} , s < 1 or s > 1;
λ ||x||s||y||s||z||s||w||s, s < 1

4 or s > 1
4 ;

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s}} , s < 3

4 or s > 3
4 ;

(4.17)

for all x, y, z, w ∈ U, then there exists a unique 2- variable cubic function C : U2 → V such that

‖ f (2x, 2x)− 2 f (x, x)− C(x, x)‖p
V ≤



(
Kλ(4β + 1)

7

)p

,(
(2 + 2s+1 + 4β+1)Kλ||x||s

|8− 2βs|

)p

,(
(4β + 22s)Kλ||x||4s

|8− 2β4s|

)p

(
(5 · 4β + 22s + 24s+1 + 2)Kλ||x||4s

|8− 2β4s|

)p

(4.18)

for all x ∈ U.

Now, we are ready to prove the main fixed point stability results.

Theorem 4.4. Let F : U2 → V be a mapping for which there exist a function α : U4 → [0, ∞) with the conditions (4.1)
and (4.13) where µi = 2 if i = 0 and µi = 1

2 if i = 1 such that the functional inequality

‖F(x, y, z, w)‖V ≤ α(x, y, z, w) (4.19)

for all x, y, z, w ∈ U. If there exists L = L(i) < 1 such that the function

x → γ(x) = Kδ
( x

2

)
,
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has the properties (4.3) and (4.15) Then there exists a unique 2-variable additive mapping A : U2 → V and a unique
2-variable cubic mapping C : U2 → V satisfying the functional equation (1.1) and

‖ f (x, x)− A(x, x)− C(x, x) ‖p
V≤

2 Kp

6β p

(
L1−i

1− L

)p

γ(x)p (4.20)

for all x ∈ U.

Proof. By Theorems 4.2 and 4.3, there exists a unique 2-variable additive function A1 : U2 → V and a unique
2-variable cubic function C1 : U2 → V such that

‖ f (2x, 2x)− 8 f (x, x)− A1(x, x)‖p
V ≤

(
L1−i

1− L

)p

γ(x)p (4.21)

and

‖ f (2x, 2x)− 2 f (x, x)− C1(x, x)‖p
V ≤

(
L1−i

1− L

)p

γ(x)p (4.22)

for all x ∈ U . Now from (4.21) and (4.22), one can see that∥∥∥∥ f (x, x) +
1
6

A1(x, x)− 1
6

C1(x, x)
∥∥∥∥p

V

=
∥∥∥∥{− f (2x, 2x)

6
+

8 f (x, x)
6

+
A1(x, x)

6

}
+
{

f (2x, 2x)
6

− 2 f (x, x)
6

− C1(x, x)
6

}∥∥∥∥p

V

≤ Kp

6βp

{
‖ f (2x, 2x)− 8 f (x, x)− A1(x, x)‖p

V + ‖ f (2x, 2x)− 2 f (x, x)− C1(x, x)‖p
V

}
≤ Kp

6βp

{(
L1−i

1− L

)p

γ(x)p +

(
L1−i

1− L

)p

γ(x)p

}

for all x ∈ U. Thus we obtain (4.20) by defining A(x, x) = −1
6 A1(x, x) and C(x, x) = 1

6 C1(x, x), for all
x ∈ U.

The following Corollary is an immediate consequence of Theorem 4.4, using Corollaries 4.4 and 4.5 con-
cerning the stability of (1.1).

Corollary 4.6. Let F : U2 → V be a mapping and there exists real numbers λ and s such that

‖F(x, y, z, w))‖V

≤


λ,
λ {||x||s + ||y||s + ||z||s + ||w||s} , s 6= 1, 3;
λ ||x||s||y||s||z||s||w||s, s 6= 1

4 , 3
4 ;

λ
{
||x||s||y||s||z||s||w||s +

{
||x||4s + ||y||4s + ||w||4s + ||z||4s}} , s 6= 1

4 , 3
4 ;

(4.23)

for all x, y, z, w ∈ U, then there exists a unique 2-variable additive mapping A : U2 → V and a unique 2-variable cubic
mapping C : U2 → V such that

‖ f (x, x)− A(x, x)− C(x, x)‖V

≤



(
K2λ(4β + 1)

6

[
1 +

1
7

])p

,(
(2 + 2s+1 + 4β+1)K2λ||x||s

6

[
1

|2− 2βs|
+

1
|8− 2βs|

])p

,(
(4β + 22s)K2λ||x||4s

6

[
1

|2− 2β4s|
+

1
|8− 2β4s|

])p

(
(5 · 4β + 22s + 24s+1 + 2)K2λ||x||4s

6

[
1

|2− 2β4s|
+

1
|8− 2β4s|

])p

(4.24)

for all x ∈ U.
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