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Recurrence relations of multiparameter K-Mittag-Leffler function
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Abstract

In this paper we evaluate the functional relation between Multiparameter K-Mittag-Leffler function
defined by [2] and K-Series defined by [3]. Also we evaluate the recurrence relations and integral repre-
sentation of Multiparameter K-Mittag-Leffler function. Some particular cases have been discussed.
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1 Introduction

In [8] the author introduce the generalized K-Gamma Function Γk(x) as

Γk(x) = lim
n→∞

n!kn(nk)
x
k −1

(x)n,k
, k > 0, x ∈ C\kZ−, (1.1)

where (x)n,k is the k-Pochhammer symbol and is given by

(x)n,k = x(x + k)(x + 2k).....(x + (n− 1)k), x ∈ C, k ∈ R, n ∈ N+. (1.2)

K-Gamma function is given by,

Γk(x) =
∫ ∞

0
tx−1e−

tk
k dt, x ∈ C, k ∈ R, Re(x) > 0, (1.3)

and it follows easily that

Γk(x) = k
x
k −1Γ(

x
k
). (1.4)

Γk(x + k) = xΓk(x). (1.5)

(x)n,k = kn(
x
k
)n. (1.6)

(x)n,k =
Γk(x + nk)

Γk(x)
. (1.7)

nk(x)n−1,k = (x)n,k − (x − k)n,k. (1.8)

(x)n+j,k = (x)j,k(x + jk)n,k (1.9)

The Multiparameter K-Mittag-Leffler function defined by [2], as
∗Corresponding author.
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Definition 1.1. Let k ∈ R+ = (0, ∞); aj, br, βi ∈ C; ηi ∈ R (j = 1, 2, .., p; r = 1, 2, .., q; i = 1, 2, .., m). Then the
Multiparameter K-Mittag-Leffler function defined as,

pK(β,η)m
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1; z] =

∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)
, (1.10)

where Γk(x) is the K-Gamma function given by (1.1) and (γ)n,k is the K-Pochhammer symbol given by (1.2).

The series (1.10) is defined when none of the parameter br(r = 1, 2, .., q) is negative integer or zero. If any
parameter aj(j = 1, 2, .., p) in (1.10) is zero or negative, the series terminates into polynomial in z.
Convergent conditions for the series (1.10) are given by Ratio test,
(i) If p < q + ∑m

i=1(
ηi
k ), then the power series on the right of (1.10) is absolutely convergent for all z ∈ C.

(ii) If p = q + ∑m
i=1(

ηi
k ), then the power series on the right of (1.10) is absolutely convergent for all

|kp−q−∑m
i=1( ηi

k )z| < ∏m
i=1(|

ηi
k |)

ηi
k and |kp−q−∑m

i=1( ηi
k )z| = ∏m

i=1(|
ηi
k |)

ηi
k , Re(∑

q
r=1(

br
k ) + ∑m

i=1(
βi
k ) − ∑

p
j=1(

aj
k )) >

2+q+m−p
2 .

2 Main Results

In this section we evaluate the functional relation between Multiparameter K-Mittag-Leffler Function and
K-Series. Also we evaluate the recurrence relations and integral representation of Multiparameter K-Mittag-
Leffler Function. Nine particular cases have been evaluated for different values of parameters.

Theorem 2.1. The functional relation between Multiparameter K-Mittag-Leffler function and K-Series is given by,

pK(β,η)m
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1; z]

= k∑m
i=1(1− βi

k )
pK(β,η)m

q [(
aj

k
)p

j=1; (
br

k
)q

r=1, (
βi
k

,
ηi
k

)m
i=1; zkp−q−∑m

i=1
ηi
k ]. (2.1)

And its counter part is given by

pK(β,η)m
q [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1; z]

= k∑m
i=1(βi−1)

pK(β,η)m
q,k [(kaj)

p
j=1; (kbr)

q
r=1, (kβi, kηi)

m
i=1; zk∑m

i=1 ηi+q−p]. (2.2)

Proof. From equation (1.10), we have

A ≡ pK(β,η)m
q,k [z] =

∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)
,

using equations (1.4) and (1.6), we obtain

A ≡
∞

∑
n=0

∏
p
j=1 kpn(

aj
k )n zn

∏
q
r=1 kqn( br

k )n ∏m
i=1 k

ηin+βi
k −1Γ( ηi

k n + βi
k )

,

A ≡ k∑m
i=1(1− βi

k )
∞

∑
n=0

∏
p
j=1(

aj
k )n (zkp−q−∑m

i=1
ηi
k )n

∏
q
r=1(

br
k )n ∏m

i=1 Γ( ηi
k n + βi

k )
,

A ≡ k∑m
i=1(1− βi

k )
pK(β,η)m

q [(
aj

k
)p

j=1; (
br

k
)q

r=1, (
βi
k

,
ηi
k

)m
i=1; zkp−q−∑m

i=1
ηi
k ].

Theorem 2.2. Let b ∈ C, β ∈ R and the convergent conditions of Multiparameter K-Mittag-Leffler function are
satisfies, then

pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (b, β); z]

= b pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (b + k, β); z]

+βz
d
dz pK(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (b + k, β); z]. (2.3)



Kuldeep Singh Gehlot / Recurrence Relations of... 167

Proof. Consider the right hand side of equation (2.3) and using equation (1.10), we have

A ≡ b pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (b + k, β); z]

+βz
d
dz pK(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (b + k, β); z],

A ≡ b
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(βn + b + k)

+βz
d
dz

∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(βn + b + k)
,

A ≡
∞

∑
n=0

∏
p
j=1(aj)n,k(βn + b) zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(βn + b + k)
,

using equation (1.5), we obtain

A ≡ pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (b, β); z].

Theorem 2.3. Let a ∈ C and the convergent conditions of Multiparameter K-Mittag-Leffler Function are satisfies, then

p+1K(β,η)m+1
q,k [(aj)

p
j=1, a + k; (br)

q
r=1, (βi, ηi)

m
i=1, (k, 1); z]

− p+1K(β,η)m+1
q,k [(aj)

p
j=1, a; (br)

q
r=1, (βi, ηi)

m
i=1, (k, 1); z]

=
kz ∏

p
j=1(aj)

∏
q
r=1(br)

pK(β+η,η)m+1
q,k [(aj + k)p

j=1; (br + k)q
r=1, (βi + ηi, ηi)

m
i=1, (1, 1); z]. (2.4)

Proof. Consider the left hand side of equation (2.4) and using equation (1.10), we have

A ≡ p+1K(β,η)m+1
q,k [(aj)

p
j=1, a + k; (br)

q
r=1, (βi, ηi)

m
i=1, (k, 1); z]

− p+1K(β,η)m+1
q,k [(aj)

p
j=1, a; (br)

q
r=1, (βi, ηi)

m
i=1, (k, 1); z],

A ≡
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(n + k)
[(a + k)n,k − (a)n,k],

using equation (1.8), we obtain

A ≡
∞

∑
n=1

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(n + k)
[nk(a + k)n−1,k],

replacing n by n + 1, we obtain

A ≡
∞

∑
n=0

∏
p
j=1(aj)n+1,k zn+1

∏
q
r=1(br)n+1,k ∏m

i=1 Γk(ηi(n + 1) + βi)Γk(n + 1 + k)
[(n + 1)k(a + k)n,k],

using equations (1.5) and (1.9), we obtain

A ≡
∞

∑
n=0

∏
p
j=1(aj)1,k(aj + k)n,k zn+1[(n + 1)k(a + k)n,k]

∏
q
r=1(br)1,k(br + k)n,k ∏m

i=1 Γk(ηin + βi + ηi)(n + 1)Γk(n + 1)
,

A ≡
kz ∏

p
j=1(aj)

∏
q
r=1(br)

pK(β+η,η)m+1
q,k [(aj + k)p

j=1; (br + k)q
r=1, (βi + ηi, ηi)

m
i=1, (1, 1); z].
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Theorem 2.4. Let β ∈ C, Re(β) > 0, α ∈ R and the convergent conditions of Multiparameter K-Mittag-Leffler
Function are satisfies, then

pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + k, α); z]

−k pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 2k, α); z]

= z2α2
pK̈(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

+z{α2 + 2α(β + k)} pK̇(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

+β(β + 2k) pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]. (2.5)

Proof. From equations (1.10) and (1.5), we have

pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + k, α); z]

=
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)(αn + β)Γk(αn + β)
. (2.6)

Again,

pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 2k, α); z]

=
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)(αn + β + k)(αn + β)Γk(αn + β)
. (2.7)

=
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)
1
k

[
1

(αn + β)
− 1

(αn + β + k)

]
using equation (2.6), we obtain

S = pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + k, α); z]

−k pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 2k, α); z]. (2.8)

Where

S =
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)(αn + β + k)
. (2.9)

Applying a simple identity 1
u = k

u(u+k) + 1
(u+k) , for u = αn + β + k to equation (2.9), we obtain

S =
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)

×
[

k
(αn + β + k)(αn + β + 2k)

+
1

(αn + β + 2k)

]
,

S =
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)

×
[

k(αn + β)
(αn + β)(αn + β + k)(αn + β + 2k)

+
(αn + β)(αn + β + k)

(αn + β)(αn + β + k)(αn + β + 2k)

]
,

using equation (1.5), we have

S =
∞

∑
n=0

∏
p
j=1(aj)n,k zn[n2α2 + 2nα(β + k) + β(β + 2k)]

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
. (2.10)
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We express each summation in right side of (2.5) as follows;

d
dz
{z pK(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + 3k, α); z]}

=
∞

∑
n=0

∏
p
j=1(aj)n,k(n + 1) zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
,

z pK̇(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + 3k, α); z]

+ pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

=
∞

∑
n=0

∏
p
j=1(aj)n,k(n + 1) zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
,

z pK̇(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + 3k, α); z]

=
∞

∑
n=0

n ∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
. (2.11)

Again

d2

dz2 {z2
pK(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + 3k, α); z]}

=
∞

∑
n=0

∏
p
j=1(aj)n,k(n + 2)(n + 1) zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
,

z2
pK̈(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + 3k, α); z]

+4z pK̇(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

+2 pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

=
∞

∑
n=0

(n2 + 3n + 1) ∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
,

using equation (2.11)

z2
pK̈(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + 3k, α); z]

+z pK̇(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

=
∞

∑
n=0

n2 ∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β + 3k)
. (2.12)

using equations (2.11), (2.12) in equation (2.10), we obtain

S = z2α2
pK̈(β,η)m+1

q,k [(aj)
p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

+z{α2 + 2α(β + k)} pK̇(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z]

+β(β + 2k) pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 3k, α); z].
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Theorem 2.5. Let β ∈ C, Re(β) > 0, α ∈ R and the convergent conditions of Multiparameter K-Mittag-Leffler
function are satisfies, then ∫ 1

0
tβ+k−1

pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β, α); tα]dt

= pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + k, α); 1]

−k pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 2k, α); 1]. (2.13)

Proof. Put z = 1 in equations (2.8) and (2.9), we have

S = pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + k, α); 1]

−k pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 2k, α); 1]

=
∞

∑
n=0

∏
p
j=1(aj)n,k

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)(αn + β + k)
. (2.14)

Consider the left hand side integral,

A ≡
∫ 1

0
tβ+k−1

pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β, α); tα]dt,

using equation (1.10), we have

A ≡
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)

∫ 1

0
tαn+β+k−1dt,

A ≡
∞

∑
n=0

∏
p
j=1(aj)n,k zn

∏
q
r=1(br)n,k ∏m

i=1 Γk(ηin + βi)Γk(αn + β)(αn + β + k)
,

from equation (2.14), we obtain

A ≡ pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)m

i=1, (β + k, α); 1]

−k pK(β,η)m+1
q,k [(aj)

p
j=1; (br)

q
r=1, (βi, ηi)

m
i=1, (β + 2k, α); 1].

2.1 Particular Cases

The particular cases of this paper are given by particularzing the values of parameters, we obtain the result
for different known Mittag-Leffler Functions, given as:

(a) If we set k = 1, then we obtain the results for K-Series definded by [3].

(b) If we set k = 1, p = q = m and b1 = b2 = ... = bm = 1, we obtain the results for the 3M-Parameter
Multi-Index Mittag-Leffler function definded by [4].

(c) If we set k = 1, p = q = 1, a1 = ρ, b1 = 1, then we obtain the results for the Generalized Mittag-Leffler
function studied by [5].

(d) If we set k = 1, p = q = 1, a1 = b1 = 1 and ηi = 1
αi

, then we obtain the results for the Multi-Index
Mittag-Leffler function studied by [10].
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(e) If we set k = 1, m = 1, then we obtain the results for Generalized M-Series definded by [9].

(f) If we set p = q = m = 1, a1 = δ, b1 = k, then we obtain the results for the K- Mittag-Leffler function
studied by [1].

(g) If we set k = 1, p = q = m = 1, a1 = δ, b1 = 1, then we obtain the results for the Generalized Mittag-
Leffler function studied by [7].

(h) If we set k = 1, p = q = m = 1, a1 = b1 = 1, then we obtain the results for the Mittag-Leffler func-
tion studied by [11].

(i) If we set k = 1, p = q = m = 1, a1 = b1 = 1 and β = 1, then we obtain the results for the Mittag-Leffler
function studied by [6].
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