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Recurrence relations of multiparameter K-Mittag-Leffler function
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Abstract

In this paper we evaluate the functional relation between Multiparameter K-Mittag-Leffler function
defined by [2] and K-Series defined by [3]. Also we evaluate the recurrence relations and integral repre-
sentation of Multiparameter K-Mittag-Leffler function. Some particular cases have been discussed.
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1 Introduction

In [8] the author introduce the generalized K-Gamma Function I (x) as

151 -1
Ti(x) = lim nik" (nk)k

,k>0,xe C\kZ™, 1.1
A \ (1)

where (x),  is the k-Pochhammer symbol and is given by
() = x(x + k) (x + 2k).cc..(x + (n —1)k),x e C,k € R,n € N*. (1.2)

K-Gamma function is given by,

Ti(x) = /oo t"’le’%dt,x € C,k € R,Re(x) >0, (1.3)
0
and it follows easily that
Li(x) = k%*lf(%). (1.4)
Fk(x+k) = ka(x). (15)
(X = K" (D (16)
_ Fk(x + le)
(%) k () (1.7)
nk(x)n-1k = () — (x = K)y . (1.8)
() nrje = (X)jx(x + jK) (1.9)

The Multiparameter K-Mittag-Leffler function defined by [2], as

*Corresponding author.
E-mail addresses: drksgehlot@rediffmail.com (Kuldeep Singh Gehlot).



166 Kuldeep Singh Gehlot / Recurrence Relations of...

Definition 1.1. Let k € Ry = (0,00); aj,br,Bi € C; 1 € R G=1L12,.,p;r=12,.qi=12,.m). Then the
Multiparameter K-Mittag-Leffler function defined as,
) I—[]P 1) i 2"

(B1)m p
PR (@) (b e (B )iz ZH: (b) g T Ti(im + Bi)

where I(x) is the K-Gamma function given by (1.1) and (7y),, x is the K-Pochhammer symbol given by (1.2).

(1.10)

The series (1.10) is defined when none of the parameter b,(r = 1,2, ..,q) is negative integer or zero. If any
parameter 4; (j=1,2,.,p)in (1.10) is zero or negative, the series terminates into polynomial in z.
Convergent conditions for the series (1.10) are given by Ratio test,
() If p < g+ X", (%), then the power series on the right of (1.10) is absolutely convergent for all z € C.
G If p = g+ Z 1(1), then the power series on the right of (1.10) is absolutely convergent for all
R ER 2 < T (1) ¥ and KPSz = [T (1) %, Re(Dy (3) + D (B) - £y (%) >
2+qj;mfp.

2 Main Results

In this section we evaluate the functional relation between Multiparameter K-Mittag-Leffler Function and
K-Series. Also we evaluate the recurrence relations and integral representation of Multiparameter K-Mittag-
Leffler Function. Nine particular cases have been evaluated for different values of parameters.

Theorem 2.1. The functional relation between Multiparameter K-Mittag-Leffler function and K-Series is given by,
oKD @) ()1, (i) 2]

m M

B e a; b . i
= K P! (D (B ok ) 1)
And its counter part is given by
K (@) s (br)]_y, (Bir i)y 2]
= I D) K (k) (kb) Ly, (ks gy 2k 10, 22)

Proof. From equation (1.10), we have

0 I—[p_ a), g z"
n=0 Hrzl(br)n,k [TZ: Ti(min + Bi)

using equations (1.4) and (1.6), we obtain

. I k7 () 2"
A=) —

ﬁ,
O Iy ko (2 ) T K5 (i 4 8
m N

Ly & T (B G Ty

)3

A0 T1_ (4)n Ty T+ By

by q ,BI Nivm
I)rzl’(? k)z 17

7k21 1(

m 7& ) a;
A = kriz (1 k)pKa(yﬁW) [(?J)P :(

Y . kP—9—Ei k]

O

Theorem 2.2. Let b € C, € R and the convergent conditions of Multiparameter K-Mittag-Leffler function are
satisfies, then

pK(ﬁﬂ)mH[( ),1/(171’)7 1,([%1’771)1 1,(b ,8) ]
= b KB () (), (Bi i), (b + K, B2

+ﬁz— pK (@) (b, (Bi i), (b + K, B)i2]. (23)
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Proof. Consider the right hand side of equation (2.3) and using equation (1.10), we have
A =0 KED () (0], (Bin) s (0 + K, B3]

d
Bz p K (a) s (), (B, (b4 K B2,

A i I—[f=1(ﬂj)n,k z"
=0 Ty (0r) i T T (im + Bi) Tie(Bn + b+ k)
s 1—15;1 (aj)n,k z"

4—,32i z
dz n=0 HZ:1 (br)n,k H;nzl Fk(ﬂin + :Bi)rk(ﬁn +b+ k) '

A=Y T, (@) (B + b) 2"
= n=0 HZ:1 (bi’)n,k H;"Zl Ti(yin + Bi) T (B + b+ k) ’

using equation (1.5), we obtain

A= KB (@) ()T, (B i), (b, B); 2.

O
Theorem 2.3. Let a € C and the convergent conditions of Multiparameter K-Mittag-Leffler Function are satisfies, then

pr K @)y 0+ (0,1, (Biy )iy, (1))

(/ir’?)mﬂ [(ﬂ]’)p

- p+lK j=1/ a; (bV)Z:y (Bi 771')1’11/ (k,1); 2]

q,

kz I"[’f;l(aj)
= W PRI (a4 ) (b )Ty, (B + 716, m0) 1 (1,1);2). (24)
r=1\"1

Proof. Consider the left hand side of equation (2.4) and using equation (1.10), we have

A= K (@) a4k 01y, (B )y, (K, 1);2]

— pa KR (@) (b, (Biom)i, (K, 1)32),
A o Hle(ﬂj)n,k z"

[(@+ ) — (@)nil,
120 11 (br)n e Ty Tic (it + Bi) Tic(n + k) ! !
using equation (1.8), we obtain

Hf:1 (aj)n,k z"

T (b e T Tie(nin + i) Tie(n + k)

A= le—[

replacing n by n + 1, we obtain

[nk(a +K)n—1l,

A= i H;;l(aj)n—&-l,k 2"
ST (b) ek TIPS Tie(i(n + 1) + Bi) T (n + 1 + k)

using equations (1.5) and (1.9), we obtain

[(n 4+ Dk(a +K)uil,

A i H]P:1(aj)1,k(ﬂj 5 e 2 (1 + 1)k(a + k), ]
ST (Br) 1k (b + ) T Ti(im + Bi + i) (n+ 1) i (n + 1)

kz ]—[le(a]-)
qfi . ;{3]{+17,17)m+1 [(a]« + k)le; (by + k)Z:l/ (Bi +1i,mi)itq, (1,1);2].
l—Ir:] (br)

A
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Theorem 2.4. Let B € C,Re(B) > 0,a € R and the convergent conditions of Multiparameter K-Mittag-Leffler

Function are satisfies, then
PR (@) (b) 1y, (Bio )i, (B + K )]

e p KT () (b, (B i) (B + 2K, 0);7]

= 2202 R [(a)!; (b1, (Bio i), (B+ 3K, )]

+2{a? + 20(B+ k) KB () (007, (Bi )iy, (B + 3K, a);7]
+B(B +2K) oK [(a)y5 (br) 1y, (B i), (B + 3k, );2]. (25)
Proof. From equations (1.10) and (1.5), we have

(B mr1 [(aj)]!‘]:ﬁ (br)Z:y (Bi,mi)iq, (B+k, a); 2]

p Kq,k

) P ) n
_ Z . _ H/=l (a])n,kz ' (2.6)
=0 I ;1 (br) i T2 Tk (i + Bi) (an + B) i (an + B)

Again,
pK(ﬁ/’ﬂnHl [(a])f:1’ (br)z:]’ (,Bi/ 171‘)?1:1, (‘B + 2k, “);Z]

q.k
_ i : Hf:1 (aj)n,k z" . 2.7)
=0 LT;—1 (b )i T2y Tk (7im + Bi) (an + B+ k) (an + B) Iy (an + B)

il I—[f:l(ﬂj)n,k z" 1 1 1

B n;J 1y ()i Ty Ti(in + Bi) L (an + B) k [ (an + ) (an + B +k)

using equation (2.6), we obtain

S = KR @)y (01 (i), (B+ K, w);2]

—k K (@) ()1, (B i), (B+ 2K, @); 2. 28)

Where .
[T ()i 2"
=1 (2.9)

°7 r;J Ty (br) e Ty Tic it + Bi) Tic(an + B) (an + B+ k)

Applying a simple identity 1 = m (uk+k) + (ulfk)' for u = an + B + k to equation (2.9), we obtain

i H]I'le (aj)n,k z"
S = Z 7

=0 LL;—1 (b )ik T2y Tk (7im + Bi) i (an + B)

k 1

% [(an+ﬁ+k)(a¢n+[3+2k) + (om—&-ﬁ—&-Zk)} !
Tt i

n=0 Hy:1(br)n,k [T Ti(nin + Bi) I (an + B)

{ Kan + ) (an+ B)(an + B+K) ]
(an+B)(an+ B+k)(an+Bp+2k)  (an+B)(an+B+k)(an+ p+2k)|’

using equation (1.5), we have

o0 le (@) 2" [n20® + 2na(B + k) + B(B + 2K)]

— . 2.10
=0 T1_y (br) i T Te(mim + Bi) T (an + B+ 3k) 210
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We express each summation in right side of (2.5) as follows;
Az KD 0D 5 (0, (B (B + 3, )]}
dz Pk j)j=17\Or)p=1,\Pis i) =1 &)
i T () (1 +1) 2"
n=0 H ( )nknl 1Fk(771n+13)rk(‘xn+ﬁ+3k)
2 K (a3 (b, (Bi i)y, (B + 3K, a);2]
+ pKﬁ”)’”“ [(”j)}g:l? (br)zzv (Bi, ni)iz1, (B + 3k, ); 2]
= Hle (a)nx(n+1)z"
n=0 HZ=1 (br)n,k H;nzl Fk(ﬂin + :Bi)Fk("m + ﬁ + Bk) '
2 KB (a3 (b1, (Biy i)y, (B + 3K, a)32]
_ i I (470 =" 2.11)
a0 Ty (00) i T Tic(mim + Bi) Ti(an + B+ 3k)

Again

2 K 0 00, (B, (B + 30321}

i T (a)n e (n +2)(n +1) 2
=0 Ty () Ty Te(min + Bi) Te(an + B+ 3k)

22 pK';fgk'U)mH [(ﬂ]’)]p:l} (br)zzlr (,Bi/ 771');‘11:1/ (.B + 3k, “);Z]

+4z K (@) (b, (Biy i) (B + 3K, 0)32]

+2 K @)y ()] (Bir i) (B + 3k, ); 2]

i (n2+3n+1)1—[p (@) 2"
=0 Ty (07) e Ty Tic(im + Bi) Tic(an + B+ 3k)

using equation (2.11)

2 R )33 by, (Bi )y (B+ 3, )]

2 KB (@) (0, (Bio )iy, (B + 3K, w); 2]

n? ]p 1(aj)nk z"

Z (2.12)
=0 T}y (0r) i TP Tic(gin + Bi) T (an + B+ 3k)
using equations (2.11), (2.12) in equation (2.10), we obtain

§ =222 K" [(ap)!_; (b)1_y, (B i)y, (B+ 3k, )3 2]

+2{a? + 20(B + k) } K () (BT, (Bir )y, (B + 3K, a);7]

+B(B+2K) pK B ()3 (01, (Bio )iy, (B + 3K, 0); 2.
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Theorem 2.5. Let € C,Re(B) > 0,a € R and the convergent conditions of Multiparameter K-Mittag-Leffler
function are satisfies, then

1
/0 PR KB (@) (b, (Bio )iy, (B ) ]t

= oK () (B, (B, (B + ko)1)

kK (@) (), (B i), (B + 2K, 0);1]. (2.13)

Proof. Put z = 1 in equations (2.8) and (2.9), we have
S = pKE @)y (o)1, (Bir i), (B + k)i 1]

e K (@) (b, (Bio ) s (B + 2K, ); 1]

0 H;?:1 (aj)n,k
=) = - : . (2.14)
=0 [ Ty—1 (br)nx TTLy Tk (im + Bi) Iic(an + B) (an + B + k)
Consider the left hand side integral,
1
A= /0 Pt K (@) (b1, (B i) (B a); ),
using equation (1.10), we have
00 4 )
A=Y Ty (a))n i 2" /1 pon+B+k—1 g
=0 TT g (0r) i Ty Tic(im + Bi) Tic(an + B) Jo
4= i H]P:1(aj)n,k z"
420 Ty (0) g Ty Tic(gin + Bi) Ti(an + B) (an + B+ k)
from equation (2.14), we obtain
A= KB (@) (b0, (Biom)Ty, (B+ k)1
ke pK I (@) (), (B i), (B + 2K, )3 1].
O

2.1 Particular Cases

The particular cases of this paper are given by particularzing the values of parameters, we obtain the result
for different known Mittag-Leffler Functions, given as:

(a) If we set k = 1, then we obtain the results for K-Series definded by [3].

(b) If wesetk =1,p =g =mand by = by = ... = by, = 1, we obtain the results for the 3M-Parameter
Multi-Index Mittag-Leffler function definded by [4].

(©Ifwesetk =1,p =¢q = 1,a; = p,by = 1, then we obtain the results for the Generalized Mittag-Leffler
function studied by [5].

dIfwesetk =1,p =g =1a =b; =1landy = ali, then we obtain the results for the Multi-Index
Mittag-Leffler function studied by [10].
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(e) If we set k = 1,m = 1, then we obtain the results for Generalized M-Series definded by [9].

f) If wesetp =g =m = 1,ay = §,b; = k, then we obtain the results for the K- Mittag-Leffler function
studied by [1].

(g) If wesetk =1,p =g =m = 1,a; = §,b; = 1, then we obtain the results for the Generalized Mittag-
Leffler function studied by [7].

(h) If wesetk =1,p = q =m = 1,40 = by = 1, then we obtain the results for the Mittag-Leffler func-
tion studied by [11].

(D Ifwesetk=1,p=qg=m=1,a1 = by =1and B = 1, then we obtain the results for the Mittag-Leffler
function studied by [6].
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