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Abstract

The product cordial labeling is a variant of cordial labeling. Here we investigate product cordial labelings
for alternate triangular snake and alternate quadrilateral snake graphs.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)). For standard terminol-
ogy and notations we follow West/[1].

If the vertices are assigned values subject to certain condition(s) then it is known as graph labeling. A map-
ping f : V(G) — {0,1} is called binary vertex labeling of G and f(v) is called the label of vertex v of G under f.

For an edge e = uv, the induced edge labeling f* : E(G) — {0,1} is given by f*(e = uv) = |f(u) — f(v)|.
Let v¢(0) and v¢(1) be the number of vertices of G having labels 0 and 1 respectively under f and let e;(0)and
e¢(1) be the number of edges of G having labels 0 and 1 respectively under f*.

A binary vertex labeling of graph G is called a cordial labeling if [v¢(0) — vf(1)| < 1and |ef(0) —ef(1)] < 1.
A graph G is called cordial if admits a cordial labeling.

The concept of cordial labeling was introduced by Cahit[2] and in the same paper he investigated several
results on this newly introduced concept. A latest survey on various graph labeling problems can be found in
Gallian [3].

Motivated through the concept of cordial labeling, Sundaram et al. [4] have introduced a labeling which
has the flavour of cordial lableing but absolute difference of vertex labels is replaced by product of vertex
labels.

A binary vertex labeling of graph G with induced edge labeling f* : E(G) — {0,1} defined by f*(e =
uv) = f(u)f(v) is called a product cordial labeling if [v¢(0) — v¢(1)| < 1and |ef(0) —ef(1)] < 1. A graph G is
product cordial if it admits a product cordial labeling.

Many researchers have explored this concept, Sundaram et al. [4] have proved that trees, unicyclic graphs
of odd order, triangular snakes, dragons, helms and union of two path graphs are product cordial. They
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. . . . . 21
have also proved that a graph with p vertices and g edges with p > 4 is product cordial then ¢ < =~ + 1.

Vaidya and Dani[5] have proved that the graphs obtained by joining apex vertices of k copies of stars, shells
and wheels to a new vertex are product cordial while Vaidya and Kanani[6] have reported the product cor-
dial labeling for some cycle related graphs and investigated product cordial labeling for the shadow graph
of cycle Cy,. The same authors have investigated some new product cordial graphs in [7]. Vaidya and Vyas
[8] have investigated product cordial labeling in the context of tensor product of some standard graphs. The
product cordial labelings for closed helm, web graph, flower graph, double triangular snake and gear graph
are investigated by Vaidya and Barasara [9].

An alternate triangular snake A(T,) is obtained from a path uq, uy, .. ., u, by joining u; and u; 1 (alternately)
to a new vertex v;. That is every alternate edge of a path is replaced by Cs. An alternate quadrilateral snake
A(QSy) is obtained from a path uy, uy, . . ., u, by joining u;, u; 1 (alternately) to new vertices v;, w; respectively
and then joining v; and w;. That is every alternate edge of a path is replaced by a cycle C4. A double alternate
triangular snake DA(T,) consists of two alternate triangular snakes that have a common path. That is, double
alternate triangular snake is obtained from a path uy, uy, ..., u, by joining u; and u; 1 (alternately) to two new
vertices v; and w;. A double alternate quadrilateral snake D A(QS;) consists of two alternate quadrilateral snakes
that have a common path. That is, it is obtained from a path uy, uy, ..., u, by joining u; and ;1 (alternately)
to new vertices v;, x; and w;, y; respectively and adding the edges v;w; and x;v;.

2 Main results

Theorem 2.1. A(Ty) is product cordial where n # 3(mod 4).

Proof. Let A(T),) be alternate triangular snake obtained from a path uy,uy, ..., u, by joining u; and u; 1 (al-
ternately) to new vertex v; where 1 < i < n—1forevennand 1 < i < n —2 for odd n. Therefore
V(A(Tn)) = {u;,v;/1 <i<n,1<j<[7]} Wenote that

3n =
B 3 ,n=0(mod 2);
[V(A(T,))| —{ 31y =1(mod?2). ’

2n—1 ,n=0(mod 2);

|E(A(Tx)) :{ 2n—2 ,n=1(mod?2).

We define f : V(A(T,)) — {0,1} as follows.
Case 1: n = 0(mod 4)
Forl <i<mn:

[0 ,1<i<y;
flui) = { 1 ,otherwise.

Forl <i<

N =

0 ,1<i<t;
. — 7 — — 4/
f(wi) { 1 ,otherwise.

In view of above defined labeling patterns we have

07(0) = 0(1) = 2 e5(0) = ep(1) + 1=

Case 2: n = 1(mod 4)
Forl <i<mn:

flu) =

0 ,1<i<il;
1 ,otherwise.
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Forlgign_l

0 ,1<i<™Hh
flon) = { 1 ,otherwise.

In view of above defined labeling patterns we have

_3n+1

vf(0) +1 = vg(1) sef(0) =ef(1) =n—1

i~

Case 3: n = 2(mod 4)
Forl <i<m:

_ [0 a<i<ng
flui) = { 1 ,otherwise.

ForlgignT_z:

o n—2.
f(e) = { (1) :itfeiwgise.4 /
Fori= g
f(vi)) =0

In view of above defined labeling patterns we have
07(0) +1=0(1) = 3":2 Lep(0) = ep(1) +1 = n

Thus, in each case we have [0£(0) —v¢(1)| < 1and [ef(0) —ef(1)] < 1.

Hence, A(T,) is a product cordial graph where n # 3(mod 4). O

Remark 2.1. A(T,) is not product cordial graph for n = 3(mod 4). Because to satisfy the vertex condition for product

cordial labeling it is essential to assign label O to % vertices out o 3”2’ L vertices. The vertices with label 0 will give

rise to at least n + 2 edges with label 0 and n edges with label 1. Consequently |es(0) — ef(1)| > 2.

Example 2.1. A(Ty) and its product cordial labeling is shown in below Figure 1.

VI K ﬂ\ ﬂ\ vj
0 Y, Y, O, O, O, O, O, W L
u, u, u, u, u; u, u, ug u, Uy

Figure 1

Theorem 2.2. A(QS,) is product cordial where n # 2(mod 4).

Proof. Let A(QS,) be an alternate quadrilateral snake obtained from a path uq,uy, ..., u, by joining u;, u;q
(alternately) to new vertices v;, w; respectively and then joining v; and w; where 1 <i < n — 1 for even n and
1 <i < n—2forodd n. Therefore V(A(T,)) = {u;,vj,w;/1 <i<mn,1<j<|5]}. Wenote that

viagsa = { 2, nZUmeedy

[ 22 n=0(mod 2);
|E(A(an)>| = { 5n§5 N = 1(m0d 2)

We define f : V(A(QS,)) — {0,1} as follows.



Case 1: n = 0(mod 4)
Forl <i<mn:

0 ,1<i<%;
flui) = { 1 ,otherwise.

n
For1<i< —:
orl<i<gy
0 ,1<i<t;
) — 7 = — 47
f(wi) { 1 ,otherwise.
0 ,1<i<t;
) — 7 = — 47
f(wi) { 1 ,otherwise.

S. K. Vaidya et al. / Product cordial labeling...

In view of above defined labeling patterns we have

vp(0) =0p(1) =1, ep(0) = ep(1) +1= 1

Case 2: n = 1(mod 4)

Forl<i<mn:

0 1<i<il

flui) = { 1 ,otherwise.
n—1

0, 1<i<igh;
floi) = { 1, otherwise.

flwy = { §

,otherwise.

: n—1.
0 /1SZSTI

In view of above defined labeling patterns we have

vf(0) +1=0¢(1) = n,ep(0) = ef(1) =

Case 3: n = 3(mod 4)
Forl <i<m:

0 ,1<i<n3;
. — 7 — — 2 7
f ) { 1 ,otherwise.

Forl<i< =3

(0) =1 © A<i<id

floi) = 1 ,otherwise.
0 ,1<i<iy;

f(w’)_{ 1, otherwise.
1

Fori= ——

_5n-5
4

In view of above defined labeling patterns we have

191
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vr(0) +1=0s(1) =1n,¢7(0) = es(1) +1 = 5nz_3

Thus in each case we have |0¢(0) — vf(1)| < Tand [ef(0) —ef(1)[ < 1.

Hence A(QS,) is a product cordial graph where n # 2(mod 4). O

Remark 2.2. A(QS,,) is not product cordial graph for n = 2(mod 4). Because to satisfy the vertex condition for product
cordial labeling it is essential to assign label O to n vertices out of 2n vertices. The vertices with label 0 will give rise to
at least 252 edges with label 0 and 275 edges with label 1. Consequently lef(0) —ef(1)] > 2.

Example 2.2. A(QS11) and its product cordial labeling. Figure 2.

v, w, Vs Wy
O—Q©

O—U—W L 9

M7 u8 u9 10 11

Figure 2

Theorem 2.3. DA(T,) ia a product cordial graph where n # 2(mod 4).

Proof. Let G be a double alternate triangular snake DA(Ty) then V(G) = {u;,vj,w;/1 <i<n,1<j< 5]}
We note that

B 2n ,n = 0(mod 2);
V(G = { 2n—1 ,n=1(mod2). ’

[ 3n—1 ,n=0(mod ?2);
[E(G)] = { 3n -3 ,n=1(mod?2).

We define f : V(A(QS,)) — {0,1} as follows.
Case 1: n = 0(mod 4)

Forl <i<n:

0 ,1<i<%;
flui) = { 1 ,otherwise.

For1 <i<

N3

0 ,1<i<t,
. — 7 — — 4/
f(w) { 1 ,otherwise.

0 ,1<i<y;
flwi) = { 1, otherwise.

In view of above defined labeling patterns we have
vp(0) =0vf(1) =n,ep(0) = ef(1) +1= >
Case 2: n = 1(mod 4)
Forl <i<n:

0 1<i<il;
f(ul)_{ 1 ,otherwise.
n—1

Forl1<i<
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_ 0 i<
floi) = { 1, otherwise.
_f0 a<i<nd
flwi) = { 1 ,otherwise.
In view of above defined labeling patterns we have
3n—3
vf(0) +1=0f(1) =n,ep(0) = ef(1) = 5

Case 3: n = 3(mod 4)

For1<i<n-1:

0 ,1<i<n3,
. _ 7 — — 2 7
f i) {1 , otherwise.
f(un) =0
Forlgign_B:
(o) = © 1 <i< g
floi) = 1 ,otherwise.
_J0 1<i<gd
f(w’)_{ 1 ,otherwise.
1
Fori= ——

In view of above defined labeling patterns we have

vf(()) +1= vf(l) = nlgf(()) :ef(l) _ 37’1;3

Thus, in each case we have |07(0) — v¢(1)| < 1and [ef(0) —ef(1)] < 1.

Hence, DA(T,) is a product cordial graph where n # 2(mod 4).
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Remark 2.3. DA(T,) is not product cordial graph for n = 2(mod 4). Because to satisfy the vertex condition for product
cordial labeling it is essential to assign label O to n vertices out of 2n vertices. The vertices with label 0 will give rise to

at least 252 edges with label 0 and 354 edges with label 1. Consequently lef(0) —ef(1)] > 2.

Example 2.3. DA(Ty1) and its product cordial labeling is shown in Figure 3.

Figure 3

Theorem 2.4. DA(QS,,) is a product cordial graph where n # 2(mod 4).

Proof. Let G be a double alternate quadrilateral snake DA(T),) then
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V(G) = {uj, 05, wj,x;,y;/1 < i < n,1<j< [§]}. Wenote that
_ 3n ,n=0(mod2);
V(G) —{ 3n—2 ,n=1(mod?2). ’
_ [ 4n—1 ,n=0(mod?2);
[E(G)] = { 4n—4 ,n=1(mod 2)

We define f : V(G) — {0,1} as follows.
Case 1: n = 0(mod 4)

F0) = {1 eraies
For1<i< 25

100 ={ 1 streruiss
f(wi) = { (1) itfe;uis?
160 ={ 1 steraiss
fi) = { | otheraie

In view of above defined labeling patterns we have

07(0) = vs(1) = 37” ,ep(0) = ef(1)+1 = 2n

Case 2: n = 1(mod 4)

160 ={ i’

For1<i< WT—l:

f(vi) - { (1J :itfe;fis:‘ll;

o= (2

0= {3 i

10 -] e’

In view of above defined labeling patterns we have

vr(0) +1=104(1) = 3n2— 1 O o) 2

Case 3: n = 3(mod 4)

For1<i<n-1:
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0 ,1<i<id;
flus) = { 1 ,otherwise.
f(”n) =0
Forl <i< L_:ﬂ

(o) = © 1 <i< g
floi) = 1 ,otherwise.

0 ,1<i<ip
flwi) = { 1, otherwise.

0 ,1<i<n3,

3 — 4 — — 4 4
f(xi) {1 , otherwise.

0 ,1<i<ip

flyi) = { 1, otherwise.
n—1

F pr—

ori 5

In view of above defined labeling patterns we have

_3n-—1
2

,er(0) =ef(1) =2n -2

Thus, in each case we have |0¢(0) — v¢(1)| < 1and [ef(0) —ef(1)] < 1.

Hence, DA(QSy) is a product cordial graph where n # 2(mod 4).
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Remark 2.4. DA(QS,) is not product cordial graph for n = 2(mod 4). Because to satisfy the vertex condition for
product cordial labeling it is essential to assign label O to 3! vertices out of 3n vertices. The vertices with label 0 will give

rise to at least 2n + 1 edges with label 0 and 2n — 2 edges with label 1. Consequently |ef(0) —ef(1)| > 2.

Example 2.4. DA(QSs) and its product cordial labeling is shown in Figure 4.

v, w, v, w, Vs w, Yy w,
N D\ N\ N\ N\ N\ N\ Ve
© Y, Y, Y, 9, O, O, O)
u, i, U, u, ug u, u, Uy
X y 1 X, Y 2 X3 Y 3 X Y 4

Figure 4

3 Concluding remarks

The labeling of discrete structures is one of the potential areas of research. Here we investigate product
cordial labeling for some alternate snake graphs. To derive similar results for other graph families is an open

area of research.
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