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1. Introduction
Let 27 (U) denote the class of analytic functions in the
open unit disk U := {zeC:|g<1}. For
neN={1,2,3,...} anda € C, let

Hlan)={f:f €A (U),f(z) =a+a" +ap 2 3

, with 2% = J#[0,1] and 57 = J[1,1]. Let o denote the
class of all normalized analytic functions of the form

f(z)zz—kianz” (zeU). (1.1
n=2

Let f and F be members of .7 (U). The function f is
said to be subordinate to F, or (equivalently) F is said to

be superordinate to f, if there exists a Schwarz function w
analytic in U, with w(0) =0 and |w(z)| < 1, such that

f(z) = F(w(z)). In such a case, we write f < F or f(z) <
F(z). If the function F is univalent in U, then we have

f<F <= f(0)=F(0) and f(U)C F(U).

Let H(z,{) be analytic in U x U and let £(z) be analytic
and univalent in U. Then the function H(z,§) is said to be
strongly subordinate to f(z), or f(z) is said to be strongly
superordinate to H(z,§), written as H(z, ) << f(z), if, for
¢ €U, H(z, ) as a function of z is subordinate to f(z). We
note that

H(z,8) << f(z) == H(0,{)=f(0)and H(U xU) C f(U).

For a function f given by (1.1) and g given by

g(z) =z+ i bu?", (1.2)

n=2

we denote by (f*g)(z) the Hadamard product (or convolution)
of f and g, defined by

=)

(f#8)(2) =2+ Y anbu?" := (g% £)(2).

n=2

(1.3)

Foraj € C (j=1,2,...q) and B € C\{0,—1,-2,...}
(k=1,2,...,s) the generalized hypergeometric function
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GFs(ou,...,04:B1,. .., By 2) is defined by the infinite series
(o) ) n
F(ar,...,00:P1,...,Bs2
q 5( 1 q ﬁl ﬁs ’,;) ﬁq)n l’l'
(g<s+1,q,5€Ny:=NU{0}),

where (a), is the Pochhammer symbol (or the shifted factorial)
given by

(@) 1 n=0;a € C\{0},
a)y =
" ala+1)(a+2)...(a+n—1) neN;aeC.
Corresponding to the function

F(al,...,aq;ﬁl, ,ﬁs, )—Zq (al,...,aq;ﬁl,...,ﬁs;z)

Kwon and Cho [14] recently introduced a function

Fy(ou,...,04B1,...,Bs;z) given by
F(on,...,05B1,...,Bsz) « Fp (..., 045 B, .., Bss2)
z
= A >0). 14

Analogous to Dziok-Srivastava operator, Kwon and Cho
[14], introduced and investigated the linear operator

Hl(alwﬂaaq;ﬁlr'wﬁs) rd — o
defined in terms of the Hadamard product (or convolution) by
H)L(ala“-aaq;ﬁla---vﬁs;z)f(z)
=Fy(a,.., a5 B, Bss2) * f(2) (1.5)
(01,8 €C\Zysi=1,...,q;j=1,....,5,A>0,f € o).
It is easy to observe from (1.4) and (1.5) that
H)L(alv'"aaq;Blr"vBS;Z)f(Z)
- (Bl)nfl-u(ﬁ.y)nfl
=z+ AMp_1a,7" (1.6)
,;2 (al)n—1~~-(aq)n—1( )n H

For convenience, we write

HM,s(al) = H,l(al,...,aq;ﬂl, ey
from (1.6) that

Z(Hk,q,s(al + 1)f)/(Z)

= (le;L:qu(al )f(Z) -

Bs)- It is easily verified

(o —1)Hy 4 (o +1)f(2). (1.7)

In particular, the operator Hj 5 1 (y+1,1;1) (A > 0;y > —1)
were introduced by Choi et al. [4]. For y=n and A = 2, the
operator H> > 1(n+1,1;1) is the Noor Integral operator of nth
order of f studied in [8].

Definition 1.1. [13] Let ¢ : C* x U x U — C and let h(z)
be univalent in U. If p(z) is analytic in U and satisfies the
following (second-order) strong differential subordination:

0(p(2),2p'(2),2°0" (2):2,§) << h(z), (1.8)
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then p(z) is called a solution of the strong differential
subordination. The univalent function q(z) is called a
dominant of the solutions of the strong differential
subordination or more simply a dominant if p(z) < q(z) for
all p(z) satisfying (1.8). A dominant §(z) that satisfies
G(z) < q(2) for all dominants q(z) of (1.8) is said to be the
best dominant.

Recently, Oros [10] introduced the following notion of
strong differential superordinations as the dual concept of
strong differential subordinations.

Definition 1.2. /7, 10] Let ¢ : C*> x U x U — C and let h(z)
be analytic in U. If p(z) and ¢(p(z),zp'(z),2*p"(2);2,¢) are
univalent in U for { € U and satisfy the following (second-
order) strong differential superordination:

h(z) == @(p(2),2p'(2),2*P"(2):2,),

then p(z) is called a solution of the strong differential
superordination. An analytic function q(z) is called a
subordinant of the solution of the strong differential
superordination or more simply a subordinant if ¢(z) < p(z)
for all p(z) satisfying (1.9). A univalent subordinant §(z) that
satisfies q(z) < §(z) for all subordinants q(z) of (1.9) is said
to be the best subordinant.

(1.9)

We denote by 2 the class of functions ¢ that are analytic
and injective on U\ E(q), where
q) = {£ €dU:lim_,zq(z) =}, and are such that
q' (&) #0for & € JU\ E(q). Further, let the subclass of 2
for which ¢(0) = a be denoted by 2(a), 2(0) = 2y and
Q(l) = 31 .

Definition 1.3. [/3] Let Q be a setinC, g € 2 andn € N.
The class of admissible functions ¥,[Q, q| consists of those
functions v : C* x U x U — C that satisfy the following
admissibility condition: y(r,s,t;z,8) & Q whenever r = q(),

s=kEq'(§) and R (5 +1) zkgg{égl’/(::) +1}, (zeU; ée

©)
dU\E(q); ¢ € U; k > n). We simply write ¥[Q,q| as
¥[Q,q).

Definition 1.4. [10] Let Q be a set in C and q € [a,n]
with ¢'(z) # 0. The class of admissible functions ¥,,[Q,q]
consists of those functions y : C3 x U x U — C that satisfy
the following admissibility condition: y(r,s,t;€,8) € Q

whenever q(z), s qu() and
R(L+1) < L sn{ } (z€U; & caU; ¢ eT;
m>n>1). In parttcular we write ¥|[Q,q| as ¥'[Q, q].

r =

For the above two classes of admissible functions, G.I.
Oros and G. Oros [13] proved the following result.

Lemma 1.5. [I3] Let y € ¥,[Q,q] with q(0) = a. If
p € Hla,n) satisfies y(p(z),zp' (2),22p"(2);2,§) € Q, then
p(z) <4(z) (ze).

G.I. Oros [10], on the other hand proved Lemma 1.6.
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Lemma 1.6. [10] Let y € ¥, [Q,q] with g(0) =a. If p €
2(a) and y(p(z),zp'(z ) Zzp”( );2,8) is univalent in U for
£ O, then @ (w(p(o).2p' (). 29 (0):2.0) 2 U.¢ € U}
implies the following subordinatwn relationship:

q(z) < p(z) (z€).

In this present investigation, by making use of results of
Oros and Oros [10, 13], we consider certain suitable classes
of admissible functions and investigate some strong
differential  subordination and strong differential
superordination properties of analytic functions associated
with the Kwon-Cho linear operator Hj , () defined by
(1.6). New strong differential sandwich-type results
associated with the Kwon-Cho linear operator are also
obtained. Recently, there are many interesting results
obtained by several authors in strong differential
subordination and superordination [1-3, 5, 9-13].

2. The main subordination results
We first define the following class of admissible functions that
are required in the first result.

Definition 2.1. Let Q be a set in C and q € 2, pF. The
class of admissible function ®y[Q,q] consists of those
function ¢ : C* x Ux U — C that satisfy the admissibility

condition: ¢(u vww;z,8) & Q whenever u = q(€),
_ k& 5)( 248 4
(a1 —1)(ex 1) —(-2) (1 —3)u
SR{ bt D g4 5h > kR S8 41,
(z€U; E €dU\E(q); £ €U k>1).
Theorem 2.2. Let ¢ € Dy[Q, q|. If f € o satisfies
{¢ (H)L,q,s(al)f(z)aH)L,qA,s(al - l)f(Z),
Hj (01 =2)f(2):2,0) :2€U,L €T} CQ, (2.1)
then H)L,q,s(al)f(z) = CI(Z)-
Proof. Define the function p in U by
p(Z) = Hk,q,s(al )f(Z) (2.2)

A simple calculation yields

H) 4s(a1—1)f(z) = (o1 —2)p(z) +2p'(2)] . (2.3)

a —1

Further computations show that

H?L,q,s(al *Z)f(Z)
_ (o1 =2)(01 =3)p(z) + (01 —4)zp'(2) +2°p"(2)
(o —1) (o —1) '
24
We now define the transformations from C3 to C by
u=ryv= 7(a] _2)r+s’
o —1
W (061—2)(061—3)7‘4-(061—4)5-5-1" 2.5)

(a1 —1)(—1)
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Let y(r,s,t:2,8) = ¢ (u,v,w;z,§)
_ s+ (o —2)r
_¢(r’061—17
t+ (o —4)s+(a —2)(a =3)r, €>
(—D(w—1) %)
(2.6)

The proof will make use of Lemma 1.5. Using (2.2), (2.3),
and (2.4), from (2.6) we obtain

v(p(2),2p'(2),2°p"(2):2,¢)
=¢ (H/'L.q.,s(al )f(z)aHl,q.s(al - 1)f(Z),

Hygs(00 =2)f(2):2,6).  27)
Hence (2.1) becomes W(p(z),zp'(2),22p"(2);z,&) € Q. A
computation using (2.5) yields
t o (g —=1)(op—1w—(0oq —2)(og —3)u
E+1_ (al—l)v—(ocl—Z)u oS

Thus the admissibility condition for ¢ € ®y[Q,q| in
Definition 2.1 is equivalent to the admissibility condition for
y as given in Definition 1.3. Hence y € W[Q,q] and by
Lemma 1.5 p(z) < ¢(z) or, equivalently,

H; , s(a1)f(z) < gq(z), which evidently completes the proof
of Theorem 2.2. O

If Q # C is a simply connected domain, then Q = h(U)
for some conformal mapping /. of U onto Q. In this case, the
class @y [h(U),q] is written as ®g[h, g]. The following result
is an immediate consequence of Theorem 2.2.

Theorem 2.3. Let ¢ € ®ylh,q). If f € o satisfies

(0 (H)L,q,s(al)f(z),H)L,q,s(al - l)f(Z),
Hj q5(01 —2)f(2):2,6) << h(z), (2.8)
then Hy , (o) f(z) < q(z).

Our next result in an extension of Theorem 2.2 to the case
in which the behavior of ¢ on dU is not known.

Theorem 2.4. Let h and g be univalent in U with g(0) = 0,
and set gp(z) = q(pz) and hp(z) = h(pz). Let ¢ : C3 x U x
U — C satisfies one of the following conditions:

(i) ¢ € Pylh,qp] for some p € (0,1), or

(ii) there exist py € (0,1) such that ¢ € ®yhp,qp) for all
p € (po, 1).
If f € o satisfies (2.8), then H), , (o) f(2) < q(z).
Proof. The proof of Theorem 2.4 is similar to that of a known

result [6, Definition 2.3d, page 30] and so it is omitted here.
O

Our next theorem produces the best dominant of the strong
differential subordination (2.8).
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Theorem 2.5. Let h be univalent in U, and ¢ : C3 x U x U —
C. Suppose that the following differential equation:

(1 —2)q(z) +24'(2)
¢G&% 1 - ;
(01 —2) (0o —3)q(z) + (a1 —4)z¢ (z) + 224" (2) .
(o1 —1)(r—1) "
=h(z) (2.9)

has a solution q with q(0) = 0 and satisfies one of the
following conditions:

(i) g € 2o and ¢ € Pylh,q),

(ii) q is univalent in U and ¢ € ®ylh,qp| for some p €
(0,1), or

(iii) q is univalent in U and there exists pg € (0, 1) such that
¢ € Pulhp,qp] forall p € (po,1).
If f € o satisfies (2.8), then H), 4 (o) f(z) < q(z), and q is

the best dominant.

Proof. Similar usage of the arguments as in [6, Theorem 2.3e,
page 31], we deduce that ¢ is a dominant from Theorem 2.3
and Theorem 2.4. Since g satisfies (2.9), it is also a solution

of (2.8) and therefore g will be dominated by all dominants.

Hence ¢ is the best dominant. U

Now, we apply Theorem 2.2 to a specific case for ¢(z) =
Mz, M > 0.

In the particular case ¢(z) = Mz,M > 0, and in view of
Definition 2.1, the class of admissible functions ®5[Q,q],
denoted by ®y[Q, M], is described below.

Definition 2.6. Ler Q be a set in C and M > 0. The class
of admissible functions Py [Q, M| consists of those functions
¢ : C> x U xU — C such that

o k+oqg—2 i

o (e LA e,
L+[(ag —2)(aq —3) k(o
(a1 —1)(—1)

—4)]Mei9 327C) ¢0
(2.10)

whenever z € U, 6 € R and R{Le 0} > (k— 1)kM for all 8,
eUandk > 1.

Corollary 2.7. Let ¢ € ©y[Q,M). If f € o satisfies
¢ (H/l,q,s(al)f(z)aH)L,q,s(al - 1)f(Z),
Hj 45(01—2)f(2):2,6) €Q (2.11)
then |H,1’q_rs(061)f(z)’ <M.

For the special case Q = g(U) = {w: |w| < M}, the class
@ [Q, M] is simply denoted by @y [M].
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Corollary 2.8. Let ¢ € Oy[M]. If f € o satisfies

’¢ (Hl,q,s<a1>f( ) Hl 45 v(al l)f(Z)
H)qu(al )f(z)7ZaC)’ <M,

then |Hy, , s(0n)f(z)] < M.

Definition 2.9. Let Q be a set in C and q € 2, p. The
class of admissible function ®y 1[Q,q| consists of those
function ¢ : C* x Ux U — C that satisfy the admissibility
condition:  ¢(u,v,w;z,§) € Q whenever u = g(&),

s (1 (o = 1)g(8) + B48))  (9(8) £0), and
R { [OC[ (W — u)

o (v—u)+

V=

+ (2v—3w)+1](oy —2)v
(u—2v)—1

+oy(v—=2u)+2(u—v)—1} >k<ﬁ{§qq/(/é§)) +1}7

(z€U; E€dU\E(q); C€U; k>1).

Theorem 2.10. Let ¢ € Oy 1[Q,q]. If f € <7 satisfies
s (Hx,qs( —Df() Hygs(on—2)f(2)
Hy qs(o)f(z) " Hygs(00 = 1)f(2)’
H)L,q,s(a] - 3)f(Z) . ) . U ﬁ Q 212
Hpgslon—2)f(p) 0 ) FEDEETp e 21D
H)L,q,s(al - l)f(Z)
then Hy g 0(@)/ ) < ¢q(2).
Proof. Define the analytic function p in U by
L H)L,q,s(al - l)f(Z) 213
P e @) 19

Using ((2.13)), we get

p'(z) 2 (Hpgs(0r = 1)f(2))’ B 2(Hp g5() f(2))'
P(Z) . H},,q,s(al - 1)f(Z) Hl,q.s(al)f(z) .
(2.14)

By the use of (1.7) in (2.14), we get

Hl,q,x(al - Z)f(z) _ 1 Zp/(z) -
Hy (o1 —1)f(z) oy—2 ( »(2) + (o 1)p(z)+1> ,
(2.15)

Further computations show that

H?L,q s( - 3)f(Z) 1 Zp/(Z)
Hy gl —2)1(2) al—s{(“‘ DP@+0
+(al—1)aa() S 2ﬁf)-’(?@?)z

+ (1 = 1)p(z) + 28
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We now define the transformations from C to C by

s
—rv= 14 (0 —1 f),
u=r,y (x172( + (g )r—i—r
2
1 s (o —1s+i+3—(¥)
— a*l _ r r r .
" a1—3{(1 )r+r+ 1+ (o —1)r+3

2.17)

Let l[/(r,s,l‘;Z,C) = (b(u,\}, w;Zz, C)

:(p(r,all_z(l—i—(al—l)r—Fi),

ts_ (52
! {(a1—1)r+i+(a1_])s+’+’ (’) };z,C).

o —3 1+(061—1)r+i

(2.18)

The proof shall make use of Lemma 1.5. Using (2.13), (2.15),
(2.17), from (2.18), we obtain

/ 2 B H/l,q,s(al - 1)f(Z)
Wlo(o) /@) 27 ) - o (B S
Hyq5(00 =2)f(2) Hygs(1 =3)/() g)
H) g5(00 = 1)f(z) Hy gs(01 =2)f(2) 77 )
(2.19)

Hence (2.12) becomes y(p(z),zp
computation using (2.17) yields

'(z),22p"(2):2,{) € Q. A

£+1 _ [o(w—u)+ (2v—3w)+1](a1 —2)v
s o(v—u)+(u—2v)—1
+oy(v—2u)+2(u—v)—1.

Thus the admissibility condition for ¢ € g 1[Q,q| in
Definition 2.9 is equivalent to the admissibility condition for y
as given in Definition 1.3. Hence y € ¥[Q, g] and by Lemma

Hy 4s(a1=1)f(z) .
L5 p(z) < %%q()whwh

evidently completes the proof of Theorem 2.10. O

q(z) or, equivalently,

If Q # C is a simply connected domain, then Q = A(U)
for some conformal mapping 4 of U onto Q. In this case,
the class ®p 1 [1(U), q| is written as @y 1 [h,q]. The following
result is an immediate consequence of Theorem 2.10.

Theorem 2.11. Let ¢ € Oy 1[Q.q]. If f € o satisfies

(Hl,qs( —1)f(z) Hj g5l —2)f(z)

Hl qs(al)f(z) ’ H)L,q,s(al - l)f(Z) ’
H?L.q,s(al ) (Z)
Hy g5(01 —=2)f (Z)aaé) << h(z) (2.20)

H?L,q,s(al - 1)f(Z)
Hk,q,s(al )f(Z)

then

< q(z).
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We will apply Theorem 2.10 to a specific case for g(z) =
14+Mz,M > 0.

In the particular case g(z) = 1 +Mz,M > 0, and in view
of Definition 2.9, the class of admissible functions ® | [Q, g],
denoted by @y 1[Q, M], is described below.

Definition 2.12. Let Q be a set in C and M > 0. The class of
admissible functions Py [Q, M| consists of those functions
¢ : C3xUxU— C such that

, 1 k+(o—1)(1+Me®) .
14+Me'® ——— : Me'
(P( e "o —2) [O‘IJF (1+Me'®) )

k—l—(al—l)(]—l—Meie) 0
— | —1 : Mé'
o —3 [al + (1+Mei9) ¢

(M +e®)[Le @ +kM(a; — 1) (M~+e~ 1) +kM] — k2M?
(M +e®){(M+e9)[ar + (a1 — 1)Mei®]}

z C) ZQ, (2.21)
whenever z € U, 6 € R and R{Le™ 0} > (k— 1)kM for all 6,
uw>0CeUandk>1.

Corollary 2.13. Let ¢ € y1[Q,M]. If f € < satisfies

0 <Hx,q,s(0‘1 —1)f(2) Hpgs(00—2)f(z)
H?L,q,s(al )f(Z) H)L qs(al - 1)f(Z)
Hy .4, s(al )f(Z)
A D) <@

H)L,q,s(al - 1)f(Z)
Hl,q,x(al )f(Z)

For the special case Q = ¢(U) = {w: |w— 1] < M}, the
class @y | [Q, M] is simply denoted by Py | [M].

then

il <m.

Corollary 2.14. Let ¢ € Oy [M). If f € o satisfies

’ (Hl,q s( l)f(Z) Hl,q,s(al - 2)f(z)
Hy g s()f(z) "Hygs(on —1)f(2)’
H), q,s(al - 3)f(Z) B
H)L q,s(al _2>f(z)’z’ C) 1‘ <M’

H?L,q,s(al - l)f(Z)
Hk,q,s(al)f(z)

then

1| <m

3. Superordination and Sandwich-type
Results

In this section, we investigate the dual problem of strong
differential subordination (that is, strong differential
superordination). For this purpose, the class of admissible
functions is given in the following definition.

00%%,
§§c%nﬂﬂ
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Definition 3.1. Let Q be a set in C, g € 2 with ¢'(z) # 0.
The class of admissible functions @ [Q,q| consists of those
functions ¢ : C3 x U x U — C that satisfy the admissibility
condition:  ¢(u,v,w;E,8) € Q whenever u = q(z),

24’ (2)+m(0y —2)q(z)
m(oy—1)

((X] — 1)(062 — l)w— (OC] —2)(061 —3)14
T
1. [zq"(z)
: m%{ q ) +1}’

(z€U; E€dU; L€eUsm>1).

Theorem 3.2. Let ¢ € PL[Q,q]
H;L7q7s(oc1)f(z) € 9y and

(P (H)L,q7s(a1 )f(z)aHl,q,s(al _l)f(z)vH)Lq,s(al —Z)f(Z);Z, g)

is univalent in U, then

V= ,and

If fed,

Q C {0 (Hpg(00)f(2),Hp q5(01 = 1)f(2),
Hj 4500 =2)f(2):2,6) :2.¢} 3.1)

implies

CI(Z) = Hl,q,s(al )f(Z) (3.2)
Proof. With p(z) = Hj, 4 (a1)f(z) and
v(rs,1:2,0)
B S+(061—2)r t—‘y—(OCl —4)S+(O€1—2)(O€1—3)r.
=0 (e T )
= ¢(M7V7W;€7C)7

equation (2.7) and (3.1) yields
Q c {y(p(z),2r'(2),2°p"(2);2,§) : 2 € U,{ € U}.

t _(051—1)(062—])W—(061—2)(061—3>u
s (a1 —1)v—(og —2)u

_a1+51

the admissibility condition for ¢ € ®%,[Q, g] in Definition 3.1
is equivalent to the admissibility condition for y as given
in Definition 1.4. Hence y € ¥'[Q,¢|, and by Lemma 1.6

q(z) < p(z) or q(z) < Hy 45(01)f(2). O

If Q # C is a simply connected domain, the Q = h(U) for
some conformal mapping & of U onto Q. In this case, the
class @, [h(U),q] is written as ®}, [, q|, Theorem 3.2 can be
written in the following form.

Theorem 3.3. Let ¢ € P, [h,q|. Let g € 7 and h be analytic
inU.If f e o, Hy, (o) f(z) € 2o and

() (H)L,q,s(al )f(z)aHl,q,s(al - l)f(z)le,q.s(al —2)f(Z)§Z7 C)

is univalent in U, then

h(z) == ¢ (Hl,q,s(al)f(z)7Hl,q,s(a1 - 1)f(Z)7
H/’L,q,s(al - Z)f(Z);Z, g)
implies q(z) < Hy, 4 (1) f(2).

(3.3)
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Theorem 3.2 and Theorem 3.3 can only be used to obtain
subordinants of differential superordination of the form (3.1)
or (3.3). The following theorem proves the existence of the
best subordinant of (3.3) for an appropriate ¢.

Theorem 3.4. Let h be analytic in U and ¢ : C3> x Ux U — C.
Suppose that the differential equation

) (q@’ /() + (01 ~2)q()

o —1

)

224" (2)+ (o1 —4)zq (2)+ (01 —2) (o
(a1 =1)(r—1)

~3)4(2). c) (g

34)

has a solution g € 2y. If ¢ € Pylhq), f € o,

H?\,q,s(al )f(Z) € 9 and
9 (Hyq5(00)f(2), Hp g5 (01 =1)f (2), Hp g (1 =2) £ (2):2, )

is univalent in U, then
h(Z) == ¢ (Hl,q,s(al)f(z)le,q,s(al - 1)f(z)a
H?L,q,x(al - 2)f(z);za C)
implies q(z) < Hy, 4 ((a1)f(2) and q is the best subordinant.

3.5)

Proof. The proof is similar to that of Theorem 2.5, and so it
is being omitted here. 0

By combining Theorem 2.3 and Theorem 3.3 , we obtain
the following sandwich-type theorem.

Corollary 3.5. Let hy and q be analytic functions in U, hy
be univalent function in U, g, € 2y with q1(0) = ¢2(0) =0
and ¢ € Py lhy, ] NPy [h1,qi]. If f € o, Hy g5(on)f(2) €
N2y and

O (Hy g5(01) f(2),Hy g s(01—1)f(2),Hy g 5(01—2)f(2):2, )
is univalent in U, then
hi(z) <=
¢ (Hyq.s(01) f(2),Hp g 5(01 = 1) f(2),Hp g5(01 —2) f(2):2,8)
<< (2)
implies q1(z) < Hj, 4,(001)f(2) < 42(2)-

Definition 3.6. Let Q be a setin C, g € 21 NI with q(z) # 0.
The class of admissible function CID}“ [Q, 4] consists of those

function ¢ : C* x U x U — C that satisfy the admissibility
condition: ¢(u,v,w;€,&) € Q whenever

! 4 (2)
s (1@ - e+ 23,

u=q(z), v=

and
[o (w—u)+ (2v—3w) +1](a; —2)
ER{ o (v—u)+(u—2v)—1

1. [29"(2)
+2(u—v)_1}zm<x{ e +1},

v+a1(v—2u)

(z€U; E€dU; L €eU;m>1).
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Q.q) 1few, Baleld e

/
Theorem 3.7. Let ¢ € O, Fy oo (@)

21 and
o (Hx,q,s(m —1)f(z) Hj g5l —2)f(z)
Hl,q,s<al)f(z) H?L 4 ?(al 1>f(Z) ’
Hl,q,s(al )f(Z)
Hy g(c —2/0) o) oo

is univalent in U, then

Hk,q,s(al - (
@c {¢ ( Hy gy(00)/(0)

Hj 45(o1 —3)f(z) |
Hl-:,s( 1_2)f(z),Z,C) '17C} 3.7
implies
Hj qs(00 —1)f(2)
q(z) < H?L,q,s(al)f(z) . (3.8)

Proof. From (2.19) and (3.7), we have

Qc {y(p(2),20'(2),2°p"(2);2,¢) : 2€ U,§ € T}.
In view of (2.17), the admissibility condition for
¢ € @y ,[Q,q] in Definition 3.6 is equivalent to the

admissibility condition for y as given in Definition 1.4.

Hence v € W'[Q,q], and by Lemma 1.6 ¢(z) < p(z) or
H/l,q7s((xl - l)f(Z) 0
Hl,q,s(al)f(z)

If Q # C is a simply connected domain, the Q = ()
for some conformal mapping / of U onto Q. In this case,
the class @}, [2(U),q] is written as ®), ,[h,q]. Proceeding
similarly as in the previous section, the fdllowing result is an
immediate consequence of Theorem 3.7.

q(z) <

Theorem 3.8. Let ¢ € @y [h,q]. Let g € ', and h be

analyticinU. If f € o, % € 2 and
¢ (Hl,q,s(al - 1)f<Z) H), 4 s(al )f(Z)
H) 4 s(@1)f(z) "Hygs(on —1)f(2)’
H), qs(al )f(Z) ‘z C)
H/’Lqral )f(Z>”

is univalent in U, then

H/’L qs(al - 1)f(Z) H)L,q,s(al Z)f(Z)
he) == ¢ < (@) Hypgs(1 D)

Hl S(al 3)f(Z)

Hygslon =27 C) G2

Hl,q,s(al - 1)f(Z)
Hl,q,s<a1>f(z) .

implies q(z) <
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By combining Theorem 2.11 and Theorem 3.8 we obtain
the following sandwich-type theorem.

Corollary 3.9. Let hy and g1 be analytic functions in U, hy be

univalent function in U, g2 € 21 with q1(0) = q2(0) = 1 and
H 1

0 € Dyalha 2] N [hn,ar]. If [ € o, Gl

JN2, and

s <Hg:s(0‘(1a—);){§z) ZA as(0 —2)f(Z)’
qs(01)f(z nas(on—1)f(2)
)
is univalent in U, then
<o (S et a1
e ) <
implies () < H;‘i; (oq)% ;Z) < @(2).
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