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Abstract

The aim of this paper is to define 1-fuzzy M*-open and 1-fuzzy M*-closed sets in Sostak’s fuzzy topological spaces.
Also, 1-fuzzy M*-interior, 1-fuzzy M*-closure are introduced and their properties are investigated. Moreover, we
investigate the connections between 1-fuzzy open, 1-fuzzy 6-semiopen, t-fuzzy 6-open, 1-fuzzy §-semiopen,
1-fuzzy 6-preopen, 1-fuzzy a-open, 1-fuzzy e-open and i-fuzzy e*-open in fuzzy topological spaces in the sense
of Sostak.
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1. Introduction

Chang’s fuzzy topology [4] has been extended by Sostak
[28] in fuzzy topology and different level of growths have been
made in [13, 14, 26]. Various authors [2, 3, 5, 10, 12, 21, 23]
have developed fuzzy continuity between fuzzy topological
space in weaker forms also using the idea of fuzzy semi-open
sets [2], fuzzy regular open sets [2], fuzzy preopen sets, fuzzy
strongly semiopen sets [3], fuzzy y-open sets [12], fuzzy
O-semiopen sets [1], fuzzy 8-preopen sets [1], fuzzy semi
d-preopen sets [33] and fuzzy e-open sets [27]. In the sense
of Chang [4] fts, Ganguly and Saha [11] developed the idea
of fuzzy §-cluster points in fts. In the sense of Sostak’s fuzzy
topological space, Kim and Park [15] developed t-6-cluster

points and 8-closure operators. The weaker forms of fuzzy
semi-preopen sets was developed by Park et al. [19] than any
other from of fuzzy semi-open or fuzzy preopen sets. In 2008,
the formations of e-open sets, ¢*-open sets and a-open sets in
topological spaces are due to Erdal Ekici [[8], [9]]. Sobana et
al. [29] defined 1-fuzzy e-open and t-fuzzy e-closed sets in
a fuzzy topological space in the sense of Sostak. Vadivel et
al. [31] introduced 1-fuzzy e*-open and 1-fuzzy e*-closed sets
in a fuzzy topological space in the sense of Sostak. Velicko
[30] in 1968 has developed and analyzed a specific variety of
6-open sets and d-open sets in characherizations of H-closed
topological spaces.

A new type of semi-open set [18] was developed
by Levine in 1963, whereas Raychaudhuri and Mukherjee
contributed 8-preopen sets [25]. Park [20] in 1997 defined
d-semiopen sets also Caldas [6] developed 0-semi-open sets
in 2008. Shafei introduced fuzzy 6-closed [34] and fuzzy 0-
open sets in 2006. Maghrabi et al.[22] introduced the notion
of M-open sets in topological spaces in the year 2011. Devika
et.al [7] developed the concept of M*-open sets in topological
spaces in the year 2016.

This article is a classified analysis of a different class of
open set namely 1-fuzzy M*-open set. In this paper, we iden-
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tify the idea of 1-fuzzy M*-open (resp. 1-fuzzy M*-closed)
sets in fuzzy topological spaces in the sense of Sostak’s. Also,
we defined 1-fuzzy M*-interior (resp. 1-fuzzy M*-closure)
and analysed some of their properties. Also the relationships
of 1-fuzzy open, 1-fuzzy 6-semiopen, 1-fuzzy 6-open, 1-fuzzy
J-semiopen, t-fuzzy &-preopen, t-fuzzy a-open, 1-fuzzy e-
open and 1-fuzzy e*-open in Sostak’s fuzzy topological spaces
are analysed.

2. Preliminaries

Throughout this article, we denote nonempty sets by X, ¥
etc., /=00, 1]and Iy = (0, 1]. Fora €I, &(x) = o, Vxe€
X. A fuzzy point x, for t € Iy is an element of X such that
t ifyisequal tox
x(y) = e

0 ifyis not equal to X.

Let Pt(X) denote the set of all fuzzy points in X. A fuzzy
point x; € p iff t < p(x). u € I is quasi-coincident with v,
denoted by pgv, if 3 x € X such that pu(x) + v(x) > 1.

If u is not quasi-coincident with v, we denoted pugv. If A is a
subset of X, we define the characteristic function 4 on X by
1 ifxeA,
0 ifxé¢A.
standard in the fuzzy set theory.

xa(x) = All notations and definitions will be

Lemma 2.1. [28] Consider X be a nonempty set and L, V €
1X. Then

(i) Uqv iff there exists x; € W such that x,qV.
(ii) uqv, then u A v #0.
(iii) ugv iffu <1-v.
(iv) u <V iff x; € uimplies x; € v iff x;qu implies x;qVv
implies x;g.
(v) x:q '\/ V; iff there exists ig € W such that x;gVi,.
icu
Definition 2.2. [28] A function ©: IX — I is called a fuzzy
topology on X if it satisfies the following conditions:
(1) 7(0) =1(1) =1,
(2) T(Vier Vi) > Nier T(vi), for any { v, }ier C 1%,
(3) T(vi Ava) > 1(vi) AT(W), for any vy, v, € I,
The pair (X, t) is called a fuzzy topological space or Sostak’s

fuzzy topological space or smooth topological space (for short,

fts, sfts, sts).

Remark 2.3. [24] Let (X, t) be a sfts. Then, for every 1 € I,
7, ={v € IX : t(v) > 1} is a Change’s fuzzy topology on X.

Theorem 2.4. [26] Let (X, t) be a sfts. Then for each
ue X, 1ely, we define an operator Cr : X xly—IX as
follows:

Ce(p, )=AN{verX:u<v,t(1-v)>1}.

For i, v € IX and 1,s € Iy, the operator C; satisfies the fol-
lowing conditions:
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(1) C(0,1) =0,

(2) p<Ce(p, 1),

(3) Ce(p, 1)VCr(v, 1) =Cr(uVv, 1),
(4) Cr(u, 1) < Co(u, s)if1 <s,

(5) Co(Ce(u, 1), 1) = Co(pt, 1)

Theorem 2.5. [26] Let (X, ) be a sfts. Then for each
1 €Iy, u€IX we define an operator I : IX x Iy — IX as
follows:

L(p, )=V{verX:u>v, t(v) > 1}

For u, v € IX and 1,s € Iy, the operator I satisfies the fol-
lowing conditions:

(1) I(T,1) =1,

(2) p>1Ir(u, 1),

(3) Le(u, YN (v, 1) =L (LAY, 1),

(4) Ir(u, 1) <It(u, s) ifs <1,

(5) Ie(Ie(p, 1), 1) = Ir(p, 1),

(6) I:(T—p,1) = 1—Ce(u, 1) and Ce(1—p,1) =1~
I(p, v

Definition 2.6. [16] Let (X, ©) be a sfts. Then for each
velX, x, € B(X)and1 € Iy, v is called

(i) 1-open Qr-neighbourhood of x; if x,qv with T(v) > 1.

(ii) 1-open Re-neighbourhood of x, if x,qv with v = I(C;
(k, 1), 1).

We denote Q¢ (x;, 1) ={v eX :xqv,7(v) > 1}, Re(xs, 1)
={velX:xqv=0LC:/(u, 1), 1)}

Definition 2.7. [16] Let (X, T) be a sfts. Then for each
welX, x, € B(X)and 1 € Iy, x; is called

(i) 1-T cluster point of W if for every v € Q¢(x;, 1), we
have vqu.

(ii) 1-8 cluster point of W if for every v € Re(x;, 1), we
have vgu.

(iii) An S8-closure operator is a mapping Dy : IX x [ — IX
defined as follows: 8C.(u, 1) or D(u, 1) = V{x €
P,(X) : x; is r-O-cluster point of U}

Definition 2.8. Let (X, T) be a sfts. For u, v € IX and 1 € I,
U is called an

(i) 1-fuzzy O-semiopen (resp. 1-fuzzy O-semiclosed)[29]
set lf‘U, SCT(6IT(H7 l)a l)
(”6517- IT(SCT(IVL7 l)a l) S ‘U)

(ii) 1-fuzzy &-preopen (resp. 1-fuzzy O-preclosed)[29] set
fu<Il(6C (1, 1), 1)
(resp. Co(8Lc(, 1), 1) < ).
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(iii) 1-fuzzy a-open (resp. 1-fuzzy a-closed)[29] set if u <
I‘E(CT<5]‘E(I~L7 l)a l)7 l)

(reSP- CT(IT(SCT(H'a l)v l)7 l) S nu')

(iv) 1-fuzzy e-open (resp. 1-fuzzy e-closed)[29] set if u <
Cf(élf(.ua l)v l)\/IT(SCT(.u'v l)a l)
(resp~ CT(SIT(“a l)a l)/\]T(SCT(:u“v l)7 l) S ,LL)

(v) 1-fuzzy e*-open (resp. 1-fuzzy e*-closed)[31] set if
B < Ce(l(8C(1, 1), 1), 1)
(resp. It(Ce(8I: (1, 1), 1), 1) < ).

(vi) 1-fuzzy semiopen (resp. 1-fuzzy semi-closed) [17] set if
.u S CT(IT(”7 l)a l)
(”6’5]1 [T(CT(HH l)? l) S ‘LL)

(vii) 1-fuzzy M-open (resp. 1-fuzzy M-closed )[32] set if
B < Cr(01 (U, 1), 1) VI (8C (1, 1), 1).
(FESP. ,Ll ZCT(GIT(.ua l)a l)/\IT(SCT(.u7 1)7 l))

Definition 2.9. [32] Let (X, ©) be asfts, 1, v € IX and 1 € I,
then

(i) The 1-fuzzy O-interior (resp. 0-closure) of UL is
=\{Lv):u>v, t(1-v)>1}
=N Cz(v):u<v, t(v) >1}.)

(ii) The 1-fuzzy 0-semi-interior (resp. 0-semi-closure) of |
is Osl; (1, 1) = V{sl(v): u > v, visi-fsc}
(resp. 0sC (i, 1) = A{sC(v) :u < v, visi-fso }.)

GIT(.uv l)

(resp. OC: (i, 1)

(iii) The 1-fuzzy O-pre-interior (resp. 0-pre-closure) of I is
Opl: (i, 1) =V{pl(v) :u>v, vis i-fpc }
(resp. OpCr(1, 1) = N{pCe(v):p <V, Visifpo }.)

Definition 2.10. [32] Let (X, ) be a sfts. For u, v € IX and
1 €ly, W is called an

(i) 1-fuzzy O-open (resp. O-closed)
setif L =0I(u, 1)
(resp. = 0Cz(u, 1)).

(ii) 1-fuzzy 6-semiopen (resp. 0-semiclosed)
set lf” < CT(GIT(uv l)? l)
(reSP- IT(QCT(.ua l)7 l) S ,LL)

(iii) 1-fuzzy O-preopen (resp. 8-preclosed) set if
.u S IT(BCT(H7 l)? l)
(”eSP- CT(BIT(uv l)7 l) S ‘U.)

Definition 2.11. [32] Let (X, 7) be a sfts. Then

(i) The union of all 1-fuzzy 0-open, (resp. 1-fuzzy 0 -
semiopen, 1-fuzzy 0-preopen) sets contained in | is
called the 1-fuzzy O-interior (resp. 1-fuzzy 0-semi-
interior, 1-fuzzy O-pre-interior) of U and is denoted
by 01 (i, 1) (resp. Oslc(i, 1), Opl(it, 1)).
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(ii) The intersection of all 1-fuzzy 0-closed, (resp. 1-fuzzy
0-semiclosed, 1-fuzzy 0-preclosed) sets containing [
is called the 1-fuzzy 0-closure (resp. 1-fuzzy 0-semi-
closure, 1-fuzzy 0-pre-closure) of U and is denoted by

0C: (U, 1) (resp. 0sC(H, 1), OpCr(LL, 1)).

Lemma 2.12. [32] Let (X, T) be a sfts, u, v € IX and 1 € I,
then

(i) W is 1-fuzzy 0-open if and only if 1 = 01 (U, 1).

(ii) OI;(u, 1) is the union of all fuzzy open sets of X whose
closures are contained in UL.

(iii) OI(01:(u, 1)) < 0L (1, 1).

(iv) For any subset L of X, < Cz(u, 1) < 8C.(u, 1)
6CT(“7 l) (reSP- 61‘5‘(:“7 l) S 5[‘5(”7 l) glf(“? l)
.

(v) 1—(0I:(u, 1)) = 0C(1—pu, 1).
(i) 1—(0Cc(u, 1)) =0I;(1—u, 1).
(vii) If W < v, then OI:(u, 1) < 0I(v, 1).

INIA

(viii) OI; (L AV, 1) = 0I:(1, 1) AOI(v,
OI (v, 1) <0L(uLVv,1).

1) OL(n, 1)V
(ix) OC(UAV, 1) =0Cc(l, 1)ANOC(V, 1) and 6CL (1L V
V,1)=0C(u, 1)V OC(v, 1).

Proposition 2.13. [32] Let (X, T) be a sfts, u € I and 1 € I,
then the following statements hold

(l) GSCT(‘U, l) = u\/IT(GCT(uv 1)71)7 GSIT(.ua l) =Hu A
CT(QIT(#a l)vl)'
(”) 6PCT(.ua l) ::u\/C’L'(SIT(:ua l)7l)a 51717(!17 l) :,ll/\

1(8Cx (1, 1),1).
(iii) 1—(8Iz(u, 1)) =
1-8C:(p, 1)

Lemma 2.14. [32] Let (X, t) be a sfts. For p € IX and
1 € Iy, then the following statements are hold.

(l) p[T(BPCT(“7 l)al) = 5PC1(HJ)/\IT(CT(I~L, l)al)
andpc’f((splf(“7l)al) = 6[711(,[1,1) \/CT(IT(u7l)al)'

(”) 9P11(5PCT<N7l)al) = 5PC1(HJ)/\IT(9C1(H7 l)?l)
and OpCr(Spl(U,1),1) = Opl(p,1) vV Ce (01 (U, 1),
1).

SC(1—u, 1) and 81:(1—u, 1) =

(iii) OsCr(0I:(u, 1),1) =sC(0I:(U,1),1)

and sCr (01 (1,1),1) = I;(C (01 (1,1),1),1).
(iv) GSIT(OCT(.uv 1)71) =sl (GCT(“al)7l)

and sI;(0Cc(1,1),1) = C:(I:(6C(, 1),1),1).

Definition 2.15. [32] Let (X, t) be a sfts, u, v € IX and
1 € Iy, then
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(i) MI(u, 1) =\V{velX:u>v, visai-fMo set } is
called the 1-fuzzy M-interior of .

(ii) MCr(u, 1) = N{velX:u<v, visai-fMc set } is
called the 1-fuzzy M-closure of L.

Proposition 2.16. [32] Let (X, T) be a sfts, u € IX and 1 € I,
then

(i) Every 1-fuzzy 0-semiopen (resp. 1-fuzzy O-preopen) set
is 1-fuzzy M-open.

(ii) Every 1-fuzzy M-open set is 1-fuzzy e-open.

3. 1-fuzzy M*-open sets and 1-fuzzy
M*-closed sets

Definition 3.1. Let (X, T) be a sfts. For u € IX and 1 € Iy, 1
is called an 1-fuzzy

(i) M*-open setif 4 < I;(C(0I:(u, 1), 1), 1).
(ii) M*-closed set if @ > C(I;(0C.(u, 1), 1), 1).
The collection of all 1-fuzzy M*-open (resp. 1-fuzzy M*-

closed) sets will be denoted by t-fM*o (resp. 1-fM*c) respec-
tively.

Definition 3.2. Let (X, 7) be a sfts, u, v € IX and 1 € I,

(i) M I (u, 1) =V{velX:u>v, visat-fM*o set } is
called the 1-fuzzy M* -interior of L.

(ii) M*Cr(u, 1) = N{velX:u<v, visai-fM*cset}
is called the 1-fuzzy M*-closure of |L.

Obviously, M*Cz(u, 1) is the smallest 1-fM*c set which
contains y and M*I(, 1) is the largest 1-fM*o set which is
contained in i. Also M*C(u, 1) = (u, 1) for any 1-fM*c set
W and M*I(u, 1) = (u, 1) for any 1-fM*o set 4.

Proposition 3.3. The following are equivalent for a subset |l
of a sfts (X, 7).
(i) Every 1-fuzzy 0-open set is an 1-fuzzy M*-open set.
(ii) Every 1-fuzzy M*-open set is an 1-fuzzy 0-semiopen set.
(iii) Every 1-fuzzy M*-open set is an 1-fuzzy M-open set.
Proof. (i) Let i be an 1-fuzzy 6-open set. Then p = 01 (u, 1)
and by Lemma 2.12(iv), 6I;(u, 1) < I;(u, 1) < p. Hence
p=1I(u, 1). Since p = 0L (1, 1) < Ce(OL(1, 1), 1), then
u=1I(u, 1) <I(C(6I:(u, 1), 1), 1). Thus p is 1-fM*o set.

(i) Obvious from the definition.
(iii) Let u be 1-fM*o set. Then

U< L (Co(06 (1, 1), 1), 1)
SCT(QIT(’Ja l)7 l)
< Ce (01 (1, 1), 1) VI (8C(u, 1), 1).

Hence u is an t-fM*o set. O
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Remark 3.4. From the above Definitions and Proposition 3.3,
it is clear that the following implications are true for a subset
wofasfts X and1 € Iy.

r-fdso

r-£60 ————fao ’ \f
€o
r-fhso /
1 >fﬂf o
r-fo ~$M*o

r-fe*o
r_f o /

where 1-f8so, 1-fOsc, 1-fOo, 1-fOc, 1-fdso, 1-fdsc, 1-fdpo,
1-fépc, 1-fao, 1-fac, 1-fM*o, 1-fM*c, 1-fMo, 1-fMc, 1-feo, 1-
fec, 1-fe*o and 1- fe*c, are abbreviated by 1-fuzzy 6-semiopen,
t-fuzzy 6-semiclosed, 1-fuzzy 0-open, 1-fuzzy 0-closed, 1-
fuzzy 6-semiopen, 1-fuzzy d-semiclosed, 1-fuzzy -preopen,
1-fuzzy O-preclosed, 1-fuzzy a-open, i-fuzzy a-closed, 1-
fuzzy M*-open, 1-fuzzy M*-closed, 1-fuzzy M-open, 1-fuzzy
M-closed, 1-fuzzy e-open, 1-fuzzy e-closed, 1-fuzzy e*-open
and 1-fuzzy e*-closed respectively.

From [32], it is clear that every 1-fépo is 1-fMo and every
1-fOso is 1-fMo. Also, it is clear that every 1-fMo set is 1-feo
set and 1-fe*o set. Also, every 1-fOo, 1-fdo, 1-fao set is 1-fMo
set. The converses need not be true in general. They were
shown by the examples are in the paper [32] and therein.

r-fuzzy open

Example 3.5. Let i and v be fuzzy subsets of
X ={a, b, ¢} defined as follows:

u(a)=0.3, u(b) =0.5, u(c) =0.5;

v(a) =0.5,v(b) =0.5, v(c) =0.5.

Then 7 : IX — I defined as

1, ifu=0orl,
=13 iu=uv,
0, otherwise,

. _1 1 1
is a sfts on X. For 1=5, then v is 5-fM*0 and 5-f80 set.

Example 3.6. Let 1, v and @ be fuzzy subsets of
X ={a, b, c} defined as follows:

w(a)=0.3, u(b) =04, u(c) =0.5;

v(a) =0.6,v(b) =0.5, v(c) =0.5;

w(a) =0.7, o(b) = 0.6, w(c) =0.5.

Then T : IX — I defined as

1, ifu=0orl,
TW)=q3% fu=uv,
0, otherwise,

is a sfts on X. For l=%, then o is %—feso set but @ is

not %- *o set.
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Example 3.7. Let u and v be fuzzy subsets of
X ={a, b, c} defined as follows:

w(a)=0.1, u(b) =0.1, u(c) =0.1;

v(a) =0.9,v(b) =09, v(c) =0.9.

Then t : IX — I defined as

1, ifu=0o0rl,
(w)=13, ifu=u,
0, otherwise,

is a smooth fuzzy topology on X. For Lz%, then v is

% -fMoset but v is not % *0 set.

Theorem 3.8. Let (X, ) be a sftsand 1 € I,.
(i) Arbitrary union of 1-fM* o sets is an 1-fM*0 set.
(ii) Arbitrary intersection of 1-fM*c sets is an 1-fM*c set.

Proof. (i) Let { Uy : o € T'} be a family of 1-fM*o sets.
Foreach o €T,

Uo < I (Cr(OI(Ug, 1), 1), 1).
\/ U < \/ I (Cr (01 (U, 1), 1), 1).

acl’ acl’

S I(Ce (0 (VHa, 1), 1), 1).
(i1) Similar to the proof of (i). O

Lemma 3.9. For a sfts (X, T), then the family of all 1-fuzzy
M*-open sets of X forms a smooth topology denoted by Ty
for X.

Proof. It is obvious that 0 and 1 are in fM*o sets of X and
from Theorem 3.8, we have arbitrary union of 1-fM*o sets is
an 1-fM*o set.

Let u and v be 1-fM*o sets. Then

u SIT(CT(GIT(.ua l)’ l)’ l)

and
Vv < I(Ci(O0I:(v, 1), 1), 1).

Hence u A v

e(Ce(O1 (1, 1),1), 1) NI (Ce(O1 (v, 1),1),1)

(01 (U, 1), 1) NC(0I(Vv, 1), 1),1)

(0L (1, ) ABL(V, 1), 1), 1)

(0L (uAV, 1), 1), 1)
Hence the finite intersection of 1-fM*o sets is 1-fM*o and
hence Ty is a smooth topology for X. O

A
Q

01
CT 0L (LAV, 1),

e~
2120 A 2
o

VAN VAN VAN VAN

Theorem 3.10. The following hold for a subset it of a fis X.
(i) wis1-fM o < p=puNI(Ce(0Lc(1, 1), 1), 1).
(ii) wistfM*c < p=pVCe(l(6C:(1, 1), 1), 1).
(iii) M*It(p, 1) = U AL (Co(BL (1, 1), 1), 1).
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(iv) M*Ce(u, 1) = uVCe(I:(0C(u, 1), 1), 1).
Proof. (1) Let u be 1-fM*o. Then

u SIT(CT(OIT(IJa l)7 l)) l)'

We obtain y = u AL (C(0I: (i, 1), 1), 1).
Conversely, let t = u Al (Ce (01 (1, 1), 1), 1).
We have

H=pAL(C (8, 1), 1), 1).
< I (Ci(6I:(u, 1), 1), 1).

Hence u is 1-fM*o.
(ii) Let u be t-fM*c. Then u > C(I:(6C.(u, 1), 1), 1).
We obtain = u vV Ce(I:(0C: (1, 1), 1), 1).
Conversely, let 4 = (u, 1)V C(I;(0C(u, 1), 1), 1).
We have

u :“\/CT(IT(GCT(»”a l)a l)v l)'
ZCT(IT(GCT(“a l)7 l)7 l)'

Hence u is 1-fM*c.
(iii) Since M*I;(u, 1) is 1-fM*o, we have,

I(Co(01 (1, 1),1),1) 2 I (Co (01 (M7 I (1, 1),1),1), 1)
>MI(u, 1).

Hence,

‘u/\[T(C‘E(GIT(l'Lﬂ l)a l>7
On the other way, since

I‘E(CT(GIT(LL/\IT(CT(GIT(H? l)’ l)v l)7 l)a l)’ l)

1) > M*I(u, 1).

> I (Co(OI: (A OL(Co (O (1, 1), 1), 1), 1), 1), 1)
> 1(Ce(O1: (1, 1) A O (Ce(OL 1, 1), 1), 1), 1), 1)
2 Ie(Ce (01 (1, 1) NOI (01 (1, 1), 1), 1), 1)

=I;(Ce (01 (U N O (1, 1), 1), 1), 1)

> UNI(Cr(0I:(u, 1), 1), 1),

This implies that u A I (Cc(01:(1, 1), 1), 1)
is t-fM*o contained in u. Hence

M*IT(H” l) Z ,U /\IT(CT(GIT(u7l)vl)>l)'
Thus, we obtain

M*If(uv l) =Hu /\IT(CT(GIT(I'L7I)71)’1)'

(iv) Since M*Cr (U, 1) is 1-fM*c, we have,
CT(IT(GCT<.u, 1)71)71)

=Ce(Ie(0C(M"C (1, 1),1),1), 1)
<M*Ci(u, 1).

Hence

[.L VCT(IT(GCT(”v l)a l)7
On the other way, since

Ce(Ie(0C (1, 1)V Cr(Ir(0C (1, 1), 1), 1), 1), 1)

1) <M*C:(u, 1).
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1)V OC(B1:(0C (11, 1),1),1),1),1)

< Cr(I:(0C(u
1)V OC(0C(6I:(0C(1,1),1),1),1)

(0C: (1,

Cell )
= C(I:(6C(u,1) V OC(01:(0C(1,1),1),1),1),1)
_Cr(lr(ecr(elr(ecr(ﬂ l) ) )l),l)
= Ce(I(0C (1,1),1),1)

<V Ce(I(6C(p,1),1),1),
Then

UV Ce(I:(6C(1,1),1),1) is 1-fM*c containing U.
Hence

M*Cr(u, 1) S uVCr(I(0C(u, 1), 1), 1).
Thus, we obtain

M*Cf(ua l) :“vCT(IT(GCT(“ﬂ l)v l)7 l)'

Theorem 3.11. Let (X, T) be afts. Let p € IX and 1 € I,,.
(i) wis 1fM o iff p = M*I (1, 1).
(ii) wis M ciff u = M*Cc(u, 1).

Proof. (i) Let 1 be an 1-fM*o, then

M I (u, 1)=\V{v:u>v, visai-fM*o} =
.

Conversely, let 4 = M*I:(u, 1), since M*I(u, 1) is the
arbitrary union of 1-fM*o then u is 1-fM*o.

(i1) It is similar to part (i). O

Theorem 3.12. Ler (X,
have

T) be a fis. For i € IX and 1 € Iy we

(i) M I(1—p, 1) =1—M*"Ce(, 1).
(ii) M*C:(1—u, 1) =1—M*I(u, 1).

Proof. By Theorem 3.10 and 3.11, we have forall u € IX and
1€y, Q) M I (1 —u, 1)

= (1= u) AL(Cr(OL:(1— p,1),1),1).

— (T i)V (T Call(OCH (. 1),0),1)).
— (UV Ce(I(8C(1,1),1),1)).

=1—-M*C(u, 1).

(i) M*Co(1—p, 1)

= (T =) VCe(I(6C(T —u, 1),1),1).

— (T 1)V (T L(Co(Ol (i 1),1),1)).
=1— (WA (Ce(OI(u, 1),1),1)).

=1- I‘L’(”7 l)'

O

Theorem 3.13. Let (X, ©) be afts. Let p € IX and 1 € I,
the following statements hold:

(i) M*C:(0, 1) =0and M*I(T, 1) =1T.

(”) IT(.u7 l) SM*IT(:LLa l) S“ SM*C‘E(“7 l) Scf(uv l)'

420 X

(”l) “<VZ>M*IT(”7 )<M*1T(v7 l)

and M*C(u, 1) < M* CT(V7 1).

(iv) M*Co(M*Ce(i, 1), 1) =
and M*I;(M*I(u, 1), 1) =

(v) M*Cz (1, 1)VM*Ce(v, 1) <M*Cr(LV v, 1).
ML (u, )YVMI (v, 1) <M I;(uVv, 1).

(vi) M*C(p, 1) AM*Cr(v, 1) > M*Cr(LAV, 1)
and M* L (L, 1) AMFL(v, 1) > M*I(LAV, 1).

Proof. (1), (ii) and (iii) are trivial from the Definitions of
M*C; and M*I;.

(iv) By Theorem 3.10 and 3.11, M*C;(M*C,(u, 1), 1) =
Co(I:(0C(M*Cr(u, 1), 1),1),1)

= Ce(Ir(0C: (1L V Cr (I (0C (1, 1), 1), 1), 1), 1), 1).
SCT(IT(OCT< )\/QCT(IT(GCT(“ l)al)vl)’l)7l)'
< Ce(Ie(0Cc (1,1),1),0).
SM*CT(“J)
But
M Ce(u,1) <M Ce(M*Cr(l,1),1).
Hence

M*Cr(U,1) = M*Ce(M*Cr(l,1),1).
M L(M* I (u,1),1) = L(Ce (0L (M*I;(1,1),1),1),1)

= Ie(Ce(O1: (AT (Ce(O1 (1), 1),1),1),1),1).
2 I (Co (01 (1,1) A OI(Co (01 (1h,1),1),1),1),1).
> Ir(Cr (0L (p,1),1),1)

>MI(u, ).

(

But M*I(u, 1) > M*I;(M*I:(u,1),1). Hence

ML (1) = ML (M* I (u,1),1).

(v) By Theorem 3.10 and 3.11, we have,
M*C (1, 1) VM*Cr(v,1)
=[UVC(I:(0C(1,1),1),1)]V[vVC(I:(0C(V,1),1)
= UV V)V (Ce(I(0C(1,1),1),1) V Ce(I:(0C(V,1),1
< (UVV)VC (I (0C(uV v,1),1),1)
<M*C(UVV,1).
Hence M*Cr (1, 1) VM*Cr(v,1) < M*C (L V V,1).
M (u, 1)VM* I (v, 1)
= [V I (Ce(0L(p,1),1), )] V[V VI (Ce (0 (v, 1), 1)
= UV V)V (I (Ce(0Ic (1, 1),1),1) VI (Co (01 (v, 1)1
S (UVV)VI(C(BI (L Vv, 1),1),1)
<M I (uVv, ).
Hence M*I (1, 1) VM*I;(v, 1) < M*I;(uVv, 1).

)
1

),0))

V)]
1

1))

(V) M*C (LA V, 1)

= (UAV)AC(I:(0C (LA V,1),1),1)
= (UAV)AC(I:(0C(1,1) ANOCL(V,1),1),1
S [UAC (I (0CL(1,1),1), )] A[VACL(I:(0Cz(v,1),1),1)]
=M*Ce(U, 1) AM*Cr(v,1

Hence M*Cr(u, 1) A

)
M*Ce(v, 1) > M Ce( AV, 1).
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M IL(LAV, 1)
= (UAV) AL (C (B (LAV, 1), 1), 1)
= (UAV) AN (Ce(OI; (1) NOI(V,1),1),1)
< [UAL(Co(0I:(1,1),1), )] A [V AL (Ce (01 (v, 1), 1), 1))]
=MI(u, 1) AM* I (v, 1).
Hence M*I:(p, 1) AMF I (v,1) > M I, (LAV, 1). O

Lemma 3.14. Let (X, 7) be a sfts. Let u € IX and 1 € I,
then

(i) M*Cr(l,1) = uV 0sl;(0Cc(1,1),1).
(ii) M*I;(u,1) = u A BsCr (01 (1, 1),1).
Proof. (i) From Lemma 2.14(4),

WV 0sI(0C(p,1),1)
:“\/(CT(IT(GCT(#vl)vl)vl))
=M*Cr(UU,1).

(i1) From Lemma 2.14(3),

UAOsC (01 (1,1),1)
:“A(IT(CT(GIT(“al)vl)7l))
=M"I;(u,1).

O

Theorem 3.15. The following are equivalent for a subset
U ofasfts (X, 7).
(i) Wisani-fM*o set.

(i) p < 0sC(0I(i, 1), 1).

(iii) 0sC (U, 1) = 0sC(0I:(u, 1), 1).

Proof. (i) = (ii) : Let u be an 1-fM*o set.
Then by Theorem 3.13, u = M*I(u, 1).
By Lemma 3.14,

B=pAN0sC(0I:(1, 1), 1)
< 0sCL(01:(u, 1), 1).

Hence

u < 0sCr(0I:(u, 1), 1).

(i) = (i) : Let u < 0sC(61:(u, 1), 1). This implies that
U< UNANOSC(OI (1, 1), 1) =M*"I(u, 1).

Thus g < M*I(u, 1) and hence

p=M1I(u, 1),

therefore u is 1-fM*o.
(ii) => (iii) : Let pt < 0sC7 (61 (1, 1), 1). Then
0sCr(l, 1) < 0sC(0I:(u, 1), 1). But 01 (u, 1) < u.
Hence 0sC; (01 (i, 1), 1) < 0sC(u, 1).
Thus 0sC;(u, 1) = 0sC (61 (u, 1), 1).
(iii) = (ii) : Let 0sCc (U, 1) = 0sC(0I(u, 1), 1).
Then 0sC; (U, 1) < 0sC(0I:(u, 1), 1).
But u < 6sC;(u, 1) and therefore

U< 0sCe(0I: (1, 1), 1).

Theorem 3.16. The following are equivalent for L of a sfts
(X, 7).

(i) Wisani-fM*c set.
(”) ,Ll Z GSIT(QCT(.uv l)7 l)'
(iii) Osl:(u, 1) = 0s[:(0C(u, 1), 1).

Proof. (i) = (ii) : Let p be an 1-fM*c set. Then by Theorem
3.13, u = M*Cr(l, 1). By Lemma 3.14,

U=uVOsl(0C(u, 1), 1)
> 0s1:(60C.(u, 1), 1).

Hence u > 0sI:(0C(u, 1), 1).
(i) = (1) : Let u > 0sI;(6C (1, 1), 1). This implies that

w >uvVes(0C(u, 1), 1)
=M"C:(u, 1).

Hence p > M*Cr(u, 1) and thus g = M*C,(u, 1) and
therefore p is 1-fM*c.

(i) = (iii) : Let u > 0sI:(6C: (1, 1), 1).

Then Osl: (i, 1) > 0s1:(0C (U, 1), 1).

But 0C,(u, 1) > u.

Hence 0sI:(0C;(u, 1), 1) > Osl (U, 1).

Thus

Osl (U, 1) = 0sI;(6C(u, 1), 1).

(iii) = (ii) : Let Osl;(u, 1) = 0sI;(6C(u, 1), 1). Then
Osl (1, 1) > O0sl;(6I:(u, 1), 1). But u > 0sl(u, 1) and
therefore pt > 0sI;(6C. (U, 1), 1). O

Theorem 3.17. Let (X, T) be a sfts. For i, v € IX and 1 € .
then,

(i) Ift(v) > 1 where Vv is a crisp subset and U is an 1-fM*o
set, then WAV is an 1-fM* o set.

(ii) If ©(1 —Vv) > 1 where V is a crisp subset and [ is an
1-fM*c set, then LN V is an 1-fM*c set.

Proof. (i) Let u be 1-fM*o and v € IX with 7(v) > 1 which
is a crisp subset. Then

LAYV < I (C (6L (u,
< I (Co (O (1 A

1), 1), 1)AV.
Vi 1), 1), 1).
Hence u Av is t-fM*o. B
(ii) Let i be t-fM*c and v € I with 7(1 —v) > 1 which
is a crisp subset. Then
UV Vv >Co(I(6
> Cr(1:(0

Ce(u, 1), 1), 1)V V.
C(uvv, 1), 1), 1).

Hence u Vv is i-fM*c. O
Theorem 3.18. Let (X, 7) be a sfts. For i, v € IX and 1 € I.

Oﬂn,,
<, t%ﬂn”ﬂ:

%
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(i) wist-fM*oiff 1 —u is 1-fM*c.
(ii) If t(U) > 1, then W is 1-fM*0 set.
(iii) I (U, 1) is an 1-fM*o set.

(iv) Ce(u, 1) is an 1-fM*c set.

Proof. (i) and (ii) are trivial.

(iii) From the Definition of I; of Theorem 2.5 and Defini-
tion 2.2, since T(I: (1, 1)) > 1, by (i) I(u, 1) is an 1-fM*o
set.

(iv) Since 1 —Cr(u, 1) = I:(1 — u, 1) from Theorem 2.5,
hence we have (1 —C;(u, 1)) > 1. Hence by (ii), we have
1—Ce(u, 1) is 1-fM*o. By (i) C¢(1, 1) is an 1-fM*c set. [

Theorem 3.19. Let (X, ) be a sfts, u, v € IX and 1 € L.
(i) If W is 1-fMo with T(1 — ) > 1, then W is 1-fM*o
(ii) If W is 1-fMc with T(1) > 1, then W is 1-fM*o
(iii) If W is 1-f@so with T(l) > 1, then W is 1-fM*o.
(iv) If W is 1-fOsc with (1 — p) > 1, then u is 1-fM*c.

Proof. We prove (i) and (iii). Other results have similar
proofs.

(i) Let u be an 1-fMo set and 7(1—p) > 1.
Then 6C (U, 1) = U.

B < Ce(OI (1, 1), 1) VI(8Ce (1, 1), 1)
=C(0I:(u, 1), 1) VI (u, 1)
SCT(BIT(“v l)7 l)

S I(Ce(01: (1, 1), 1), 1).

Hence u is an t-fuzzy M*-open set.
(iii) Let u be an 1-fOso set and T(u) > 1.

U< Ce(0I:(u, 1), 1)
S L(Ce(0L (1, 1), 1), 1)

Thus u is an 1-fuzzy M*-open set. O

4. Conclusion

In this paper, we introduce the idea of 1-fuzzy M*-open (resp.
1-fuzzy M*-closed) sets in fuzzy topological spaces in the
sense of Sostak’s. Also, we introduce 1-fuzzy M*-interior
(resp. 1-fuzzy M*-closure) and investigate some of their prop-
erties. Moreover, we investigate the relationships between
1-fuzzy open, 1-fuzzy 6-semiopen, 1-fuzzy 0-open, 1-fuzzy 8-
semiopen, 1-fuzzy §-preopen, 1-fuzzy a-open, 1-fuzzy e-open
and 1-fuzzy e*-open in Sostak’s fuzzy topological spaces.
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