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1. Introduction and Preliminaries

Lellis Thivagar [3] introduced the notion of Nano topology
(briefly, 91T) by using theory approximations and boundary
region of a subset of an universe in terms of an equivalence
relation on it and also defined Nano closed (briefly, 9ic) sets ,
Nano-interior (briefly, lint) and Nano-closure (briefly, 9icl)
in a nano topological spaces (briefly, 91ts). Carmel [7] dis-
cussed some weak forms of o sets and 9160 open (briefly,
J60) sets. The notion of M-open sets in topological spaces
were introduced by El-Maghrabi and Al-Juhani [1] in 2011
and studied some of their properties. The class of sets namely,
M-open sets are playing more important role in topological
spaces, because of their applications in various fields of Math-
ematics and other real fields. By these motivations, we present
the concept of nano M-open sets and study their properties
and applications in nano topological space.

Proposition 1.1. [2] If (U,R) is an approximation space and
X,Y CU, then

(i) Zr(X) CX C U(X).
(ii) .,?R((P) = %R(QD) = (P and .,?R(U) = OZ/R(U) =U.

(iii) Z(XUY) = %(X)U%(Y).
(iv) ZR(XNY) C %(X)NU(Y).
(V) Zr(XUY) D Zr(X)UZx(Y).
(Vi) Z(XNY) =% (X)NL(Y).

(vil) Zr(X) C Z(Y) and %(X) C Zr(Y), whenever X
cY.

(viii) %R(X¢) = [ZLr(X)]* and ZR(X°) = [ZR(X)]".
(iX) %R%R(X) = XR%R(X) = %R(X)
x) .ZRZR(X) = %RD‘ZR(X) = D?R(X)

Definition 1.2. [7] Let (U, (X)) be a Nrs and let A C U
then the nano O-interior (resp. nano 6-closure) of A is de-
fined and denoted by Ninty(A) = U{B : B is a 9o set and
Ncl(B) C A} (resp. Nclg(A) =U{x € U : Ncl(B)NA #
¢, Bisa Mo set and x € B}).

Definition 1.3. [7] A subset A of X is said to be nano 6-
open (resp. nano 8-closed) (briefly, 9100 (resp. 910¢)) set if
A =9intg(A) (resp. A€ is a nano 6-open set).

Definition 1.4. [3, 6] Let (U, (X)) be a Nrs and A C U.
Then A is said to be nano regular open (briefly, 9ro) if A =
Nint(Ncl(A)).



Definition 1.5. [4] Let (U, tg(X)) be a Nts and let A C U
then the nano §-interior (resp. nano 6-closure) of A is de-
fined and denoted by MNints(A) = U{B : B is a 9ro set and
B C A} (resp. Ncls (A) = U{x € U : Nint(Ncl(B)) NA #
¢, Bisao set and x € B}).

Definition 1.6. [4] A subset A of X is said to be nano 6-
open (resp. nano d-closed) (briefly, 960 (resp. Ddc)) set if
A =Nintg(A) (resp. A€ is a nano J-open set).

Definition 1.7. [4, 8]Let (U (X)) be aNrs and A C U. Then
A is said to be a nano &-pre (resp. nano 6-semi, nano e and
nano 6-semi) open set (briefly 916 Zo (resp. 916.%0, Neo

and M0.70)) if A C Nint (Nels(A)) (resp. A C Nel (Nints(A)),
A CNel(Nintg(A)) UNint (Nels(A)) and A CDNel (Nintg (A))).

The complements of the above respective open sets are
their respective closed sets.
The family of all 916 Lo (resp. N6.% 0, Neo and NO.%0)

sets is denoted by M6 Z0(U, tr(X)), (resp. NS L O(U, 1r(X)),

NeO(U, (X)) and NOLO0(U, 1(X))) and the family of all
nano d-pre (resp. nano J-semi, nano e and nano 6-semi)
closed (briefly, 910 Zc¢ (resp. 910 ¢, Nec and 0.7 ¢)) sets
is denoted by 916 ZC(U, tr(X)), (resp. N6.LC(U,1r(X)),
NeC(U,1r(X)) and MO L C(U, 1R(X))).

Definition 1.8. [4, 8] Let (U, 7r(X)) be aDlrsandlet A C U
then the nano &-pre (resp. nano §-semi, nano e and nano
6-semi) interior of A is the union of all 916 Lo (resp. 9167 o,

Neo and 916.70) sets contained in A and denoted by N Pints(A)

(resp. NYint5(A), Neint (A) and NS intg(A)).

Definition 1.9. Let (U,7z(X)) be a 9zs and let A C U then
the nano J-pre (resp. nano J-semi, nano e and nano 6-
semi) closure of A is the intersection of all 916 Zc¢ (resp.
MN6.7c, Nec and NO.7¢) sets containing A and denoted by
NPcls(A) (resp. NS cls(A), Necl(A) and NS clg(A)).

Definition 1.10. Let (U 7z(X)) be a DNrs and A C U. Then
A is said to be a nano 0-pre (resp. nano 8-semi and nano
0) open set (briefly 910 Po (resp. 916.%0 and 960))
if A C Nint(Nclg(A)) (resp. A C Nel(MNintg(A)) and A C
Nel(Nint (Ncelg(A)))).

Proposition 1.11. [8] Let A be a subset of a NT'S (U, tr(X)).
Then

(i) (Mclg(A))C = Nintg(A°), (Nintg(A))° = Nclg (A).
(i) (ML clg(A))® =N intg(A°),

(MNFintg(A))° = NS clg(A°).
(i) (NPclg(A))C = NPintg(A°),

(NPintg(A)) = NPcly(A°).
@iv) (Necl(A))¢ = Neint(A°), (MNeint(A)) = Necl(A).
(v) (MPclg(A))° = NPintg(A°),

(MNBintg(A)) = NPclg(A°).
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(vi) MFclg(A) = AUNint(Nelg(A)).

(vii) ML intg(A) = ANNel(Nintg(A)).

Throughout this paper, (U, 7z(X)) is a Dits with respect
to X where X C U, R is an equivalence relation on U. Then
U /R denotes the family of equivalence classes of U by R. All
other undefined notions from [2, 3, 5].

2. Nano M-open sets

The purpose of this section is to introduce and investigate
some properties of nano M-open sets in 9its. Also obtain the
relationship between various nano sets.

Definition 2.1. Let (U tz(X)) be a 9ts and A C U. Then A
is said to be a nano M-open (resp. nano M-closed) set (briefly
N o (resp. N c)) if A C Nel(Nintg (A) UNint(Nels(A))
(resp. A 2 Mint (Nely(A)) NNl (N ints(A))).

The family of all 9.# o (resp. M. ¢ ) sets are denoted
by M.#ZO0(U,1r(X)), (resp. NAC(U,1r(X))).

Definition 2.2. Let (U, 7z(X)) be a ts and let A C U then
the nano M-interior of A is the union of all 91.# o sets con-
tained in A and denoted by M.#int(A).

Definition 2.3. Let (U, 1z(X)) be a Dts and let A C U then
the nano M-closure of A is the intersection of all 91.# ¢ sets
containing A and denoted by M.# cl(A).

Proposition 2.4. Let A be subset in a 9zs, (U, 7g(X)). Then
(i) Nintg(A) C NS intg(A) C NAint(A) C Neint(A) C
A
(i) Nintg(A) C Nintg(A) C Nint(A) C NPintg(A) TN
Mint(A) CA.

(iii) Nints(A) C NSintg(A) C Neint(A) C A.
Proposition 2.5. Let A be subset in a s, (U, 7r(X)). Then
(i) Nclg(A) DNFclg(A) DNACI(A) 2 Necl(A) D A

D

(i) Mclg(A) D Nels(A) D Nel(A) D NPcls(A)
cl(A) D A.

NA

(iii) Nelg(A) D NFcls(A) D Necl(A) D A.

Remark 2.6. Let A be a subset of a MT'S (U, 7r(X)). Then
NAcl(A))S =NAMint(A), (NAint(A)) =NAM cl(A).

Proposition 2.7. Let (U, 7z(X)) be a Dits. Then,
(1) Every 9100 set is Do set.
(i1) Every 9160.%0 set is M.# o set.
(iii) Every 210 Lo set is M. o set.

(iv) Every M.Z o set is eo set.



The converse of the above propositions need not to be true.

The following examples show it.

Example 2.8. Let U = {a,b,c,d} with U/R = {{a},{d},
{b,c}} and X = {b,d}. The Nt 17r(X) = {U,9,{d},{b,c},
{b,c,d}}

(i) The nano set {d} is 9150 set but not N6o set.

(ii) The nano set {b} is M.# o set but not NOSo set.
(iii) The nano set {a,b,c} is Neo set but N.# o set.
(iv) The nano set {a,d} is 9.4 o set but not 916 Fo set.

From the above discussions and from the discussions made
in [4, 8], the following implications are hold for any set in

ts.
MNbo NHSo 7 NMo
\ e NP8
MNdo MNéSo \ Neo

Note: A — B denotes A implies B, but not conversely.

Proposition 2.9. If A is a M.# o setin a s (U, g (X)) and
Nintg(A) = ¢, then A is 916 Yo.

Proposition 2.10. Arbitrary union (resp. intersection) of
N o (resp. N ¢) sets is N o (resp. N4 ¢) set.

Proof. (1) Let {A;, i € I} be a family of 9M.Zo sets.

Then A; C Nel(Nintg (A;)) UNint (Nels(A;)), hence | J;A; C
Ui(*ﬁcl(‘ﬁintg (A,')) U ‘.Ytint(*ﬁcla (A,))) - mcl(mim‘g (UiAi))
UMNint (Nels (J;Ai)), for all i € 1. Thus |J;A; is N o.

(2) Let {A;,i € I} be a family of M.# ¢ sets. Then A; D
Nint (Nclg (A;)) NDel (Nints(A;)), hence ;A; DN
(Nint (Nelg(A;)) NNel (Nints(A;))) 2 Nint (Nelg (N;A)) N
Nl (N ints(N;Ai)), forall i € I. Thus ;A; is N c.

The intersection of any two 91.Z 0 sets need not be a
N o set.

Example 2.11. In Example 2.8, the sets {a,b,d} and {a,b,c}

are 9.4 o sets but their intersection {a, b} is not a N.# o set.

Lemma 2.12. The following hold for a subset H in a 9s
(U, (X))

(i) MPcls(H) = HUNcl(MNintg(H)) and NPints(H) =
HNNint(Nels(H)),

(il) NPcls(NPints(H)) = NPints(H) U Ncl (Nints(H
)) and N Pints(NPcls(H)) = NPcls(H) N Nint (N

cls(H)),

(i) ML ints(H) = HNNecl(Nints(H)) and NS cls(H) =
HUMint(Nels(H)).

(iv) U\(Mint5(A)) =Nels(U\A) and DNints (U\A) = U\N
6‘15 (A)
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Theorem 2.13. Let A be subset in a Dts (U, Tg(X)). Then A
isan N o (resp. N ¢) setiff A =N intg(A) UNPints(A)
(resp. A = NSintg(A) NNPints(A).)

Proof. Let A be an M4 o set. Then A C Ncl(Nintg(A)) U
Nint(Ncls(A)), hence by Lemma 2.12 NS intg(A) UNL
ints(A) = (AN Ncl(Nintg(A))) U (ANN int(Nels(A))) =
AN (Ncl(Nintg(A))) UNint(Nels(A)) = A.

Conversely, suppose that A = 9.%intg (A) UNPints (A).
Then by Lemma 2.12 A = (ANMNcl (N intg(A))) U
(ANDnt(Ncls(A))) C Nel(Nintg (A) UNint (N cls(A))).
Therefore, A is D.# o. O

Proposition 2.14. Let A be subset in a 91s (U, 7z(X)). Then
Ais an N ¢ setiff A = NS clg(A) "NPcls(A).

Proof. Let A be an 9M.# ¢ set. Then A D Nint(Nclg(A)) N
Ncl(Nints(A)), hence by Lemma 2.12 9N.7clp(A) N NP
cls(A) = (AUNint (Mclg(A))) N(AUNcl( Nintg(A))) =AU
(Nint (Mclg(A)) NNl (Nintg(A)) = A).

Conversely, suppose that A = N.Sclg(A) NNPcls(A).
Then by Lemma 2.12 A = (AUNinz( Nelg(A))) N
(AUl (Mints(A))) D Nint(Nelg(A) NNl (N ints(A))).
Therefore, A is M. c. O

Theorem 2.15. Let A be subset in a Qs (U, 7r(X)). Then
(1) MM cl(A) = NS clg(A) "N Pcls(A),
(2) NAint(A) = NS intg(A) UNPintg(A).

Proof. (1) We claim that MZcl(A) = NS clg(A) N NS
cls(A). Also, MFclg(A) NNPels(A) = (A UNint(Nelg
(A)) NAUNCI(Mints(A))) = AU (Dlint(Mclg(A)) NIl (N
int5(A))). But, MAcl(A) is N4 c, hence N cl(A) D
Nint (Nelo(NA cl(A))) NNl (Nints(NA cl(A))) D Nint(
Nelg(A)) NIl (MNintg(A)). Thus AU (Nint(Nclg(A))
NNel(Nints(A))) CAUNA cl(A) = N cl(A), therefore,
NS clg(A) NN Pels(A) C NAcl(A). So, N cl(A)

=N clg(A) NNPcls(A).

(2) We claim that N.Zint(A) = NS intg(A) UNPints
(A). Also, NTintg(A) UNPcls(A) = (ANl (DNintg(A))
UANDnt(Ncls(A))) = AN (Del (Mintg (A)) UNtint (Ncels (A))).
But, MAint(A) is N o, hence N int(A) C Ncl(MNinty
(N int(A))) UDNint(Nelsg(NAint(A))) CNel (NMintg(A))U
Nint(Ncls(A)). Thus AN (Nl (NMintg (A)) UNint(Ncls (A))) 2

ANNAint(A) =N int(A), therefore, NSinty (A) UNPints(A) D

NAint(A). So, N int(A) = NSintg(A) UNPintg(A). O
Theorem 2.16. Let A be subset in a Nzs (U, Tr(X)). Then
(1) Aisan M. o setiff A =NAint(A),
(2) Aisan N csetiff A =N cl(A).

Proof. (1) Let A be an M.# 0 set. Then by Theorem 2.13,
A = NSintg(A) UNPints(A) and by Theorem 2.15, we have
A =NAint(A). Conversely, let A = MN.#int(A). Then by
Theorem 2.15, A = NSintg (A) UNPints(A) and by Theorem
213, AisNAo .



(2) Let A be an 91.# ¢ set. Then by Theorem 2.13, A =
NS clg(A) NNPclg(A) and by Proposition 2.14, we have
A =N cl(A). Conversely, let A =9.#cl(A). Then by
Proposition 2.14, A = M. clg(A) NN Hcls(A) and by Theo-
rem2.13,Ais A c . O

Theorem 2.17. Let A and B be subsets in a s (U, g (X)).
Then the following are hold

(1) MAl(U\A) = U\RAint(A).
) MM int(U\A) = U\NAcl(A).

(3) If A C B, then M.#cl(A) C N4 cl(B) and
N int(A) C N int(B).

(4) x € N cl(A) iff there exists an N.Zo set Gandx € G
such that GNA # ¢.

(5) A cl(NA cl(A)) = N cl(A) and
N int(NAint(A)) = N int(A).

(6) M cl(A) UMM cl(B) C Nl cl(AUB) and
N int(A) UNAint(B) C N int(AUB).

(7) MM int(ANB) C N int(A) \NA int (B) and
NA cl(ANB) CNA cl(A) NN cl(B).

Proof. We prove only (1)-(3) and (5), as others are obvious.

(1) Since (U\A) C U, by Theorem 2.16 M.#Zcl(U\A) =
NS clyg(U\NA) NNPclg(U\A) and by Lemma 2.12, N .#
cl(U\A) = (U\NSintg(A)) N (U\NPints(A)) = U\ (NS intg
(A)UMPints(A)), hence by Theorem 2.16, N4 cl(U \A) =
U\NAint(A).

(2) Since U C (U\A), by Theorem 2.16 M.#int(U\A)
= NSintg (U\A) UMNPints(U\A) and by Lemma 2.12, N.#
int(U\A) = (U\MFclg(A)) U(U\NPcls(A)) = U\(MS
clg(A)NNPcls(A)), hence by Theorem 2.16, A int(U
\A) =U\NAcl(A).

(3) Since, M cl(A) = NS clg(A)NNPcls(A) and A C
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(i) fA={b,d},C={a,d} andANB={d}, then N.Z cl(A) =
{a,b,d}, MM cl(C) = C and MAI(ANC) = {d}.
Therefore, WA cl(A) "N cl(c) L N cl(ANC).

(iii) f D= {a},C={d} and DUC = {a,d}, then N.A int
(D) = ¢, N int(C) = {d} and NAint(DUC) = {
a,d}. So, W int(DUC) L N int (D) UNM int(C).

Lemma 2.20. Let A be subset in a 9its (U, Tr(X)). Then

(1) NPint(NPcls(A)) = NPcls(A) NNint (Ncl(A))
and NPcl(Pintg(A)) = Pintg(A) UNcl (Nint (A)).

(2) NPintg(NPcls(A)) =NPcls(A) NNint(Niclg(A))
and NPcly (NPints(A)) = NPints(A) UNcl (Nintg
(4))-

(3) NS clg(MNintg(A)) = NS cl(Nintg(A)) = Nint (Nel(
Nintg(A)))

Proposition 2.21. Let A be subsetin a Dts (U, r(X)). Then:
(1) MM cl(A) = AUNPinty (N Pcls(A)).
(2) NAint(A) = ANNPclg(NPints(A)).

Proof. (1) By Lemma 2.20, AU Pintg(NPcls(A)) =AU
(NPcls(A) N Nint(Mclg(A))) (A U MNPcls(A))

N(AUNnt(Nclg(A))) =NPclg(A)NNFclg(A) =N cl(A).
(2) By Lemma 2.20, A NNPcly(NPints(A)) = AN
(NPints(A) UNcl (Nintg(A))) = (ANNZintg(A))U (AN
Ncl(Nintg(A))) = NPintg(A) UNSintg(A) = N int(A).
O

Theorem 2.22. Let A be subset in a ts (U, 7r(X)). Then A
is an Mo set iff A C NPcly(NPints(A)).

Proof. Let A be an 91.# o set. Then by Theorem 2.16, A =
M. int(A) and by Proposition 2.21,A = ANNPcly (NPints(A))

B, NA cl(A) =N clg(A)NNPcls(A) SN clg(B) "M Pclshiid Bence, A C NPclg (N Pints(A)).

N cl(B).

(5) Since, MM cl(NA cl(A)) = NS clg(NA cl(A)) N
NPcls(NAcl(A)), by Theorem 2.16 NS cly(NSclg(A)
MNPcls(A)) NNPclsg(NF clg(A) NNPclg(A)) C (NS
clg (A) NNSclg (‘)L@cla (A))) N (m@clg (mycle (A)) NN
Pels(A)) = NS clg(A) NNPclg(A) = N cl(A), hence
N (N cl(A)) C N cl(A). But, W cl(A) C NA cl
(M cl(A)). Therefore, WA cl(NA cl(A)) = NAcl(A).

O

Remark 2.18. The inclusion relation in part (6),(7) of the
above theorem cannot be replaced by equality as shown by
the following example.

Example 2.19. In Example 2.8,

() IfA={b}, B={d} and AUB = {b,d}, then M. cl
(A)=A,NAcl(B)=Band WA cl(AUB) ={a,b,d}.
Hence, N cl(AUB) € N cl(A) UNA cl(B).
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Conversely, let A C N Pcly (N Pints(A)). Then by Propo-
sition 2.21,
A CANNPclg(NPints(A)) = N int(A).
so, A C NAint(A). Then A = N int(A) and hence,
Ais N o. O

Theorem 2.23. Let A be subset in a Dits (U, 7z(X)). Then
ACNPclg (‘Jt@int(g (A)) iff NPclg (A) =NPcly (‘ﬂ@in@ (A))

Proof. Let A C NPcly(NPints(A)). Then NPcly(A) C
NPcly(NPintg(A)) and hence, N1 Pclg(A)
=NPcly (‘ﬂ Pintg (A))

Conversely, let M1.Pcly(A) = NP cly(NPints(A)).
Then MNPclg(A) C NPclg(MPints(A)) and hence,
A CNPcly(NPints(A)). O

Theorem 2.24. Let A be subset in a 91ts (U, 7z(X)). Then A
is an M c set iff NPintg(NPcls(A)) C A.

o
Q000
S5272

o



Proof. Let A be an 9M1.# ¢ set. Then by Theorem 2.16, A =
N cl(A) and by Proposition 2.21, A = A U NPinty
(MPcls(A)) and hence, A D NPintg(NPcls(A)).
Conversely, let A D N Pintg (N Pcls(A)). Then by Propo-
sition 2.21, A D AUNPintg(NPcls(A)) = N cl (A). so,
ADNA cl(A). Then A =9.#cl(A) and hence, A is N4 c.
O

Theorem 2.25. Let A be subset in a Nrs (U, 7g(X)). Then
NPintg(NPcls(A)) C A iff NPintg(A) = NPintg
(NPcls(A))

Proof. (1) = (2). Let A be an 9M.#c set. Then by Theo-
rem 2.16, A = 9.4 cl(A) and by Proposition 2.21, A =AU
NPintg(MPcls(A)) and hence, A O NPintg(NPcls(A)).
(2) = (1). LetA D NPPintg(NPcls(A)). Then by Propo-
sition 2.21,
A D AUNZintg(NPcls(A)) =N cl(A).
s0, A D N cl(A). Then A = N.#cl(A) and hence, A is
NA c .
(2) = (3). Let A D NPintg (M Pcls(A)). Then
NPintg(A) D NPintg(MNPcls(A)) and hence,
NPintg (A) =NPintg (m@clg (A))
(3) = (2). Let NPintg(A) = NPintg(NPcls(A)) .
Then MPintg(A) 2 NPintg(NPcls(A)) and hence,A D
m(@inl‘g (myclg (A)) O

Definition 2.26. A subset A of a Dits, (U, 7x(X)) is said to
be locally M.Z c¢** (briefly, WIMc**) if A= GNF for each G
is Mo and F is N c.

Theorem 2.27. Let H be a subset of a 91zs, (U, 7r(X)). Then
H is UMc™ iff H = GNO4cl(H).

Proof. Since H is a MIMc** set, H= GNF, for each G is
Mo and F is N4 c,hence H CNA cl(H) CNAcl(F)=F,
thus H C GNNAcl(H) C GNNA cl(F) = H. Therefore
H=GnNNAcl(H). Conversely, since N4 cl(H) is N c
and H=GNN.#cl(H), then H is NUMc**. O

Theorem 2.28. Let A be a 9U/Mc** subset of a Nts, (U tr(X)).
Then

(1) N cl(A)\A is an N ¢ set.
2) AUU\NA cl(A)))isan NA o .
3) ACNANint(AU(U\NA cl(A))).

Proof. (1) If A is MIMc** set, then there exist an 9o set
G such that A = GNN#cl(A). Hence, MAZcl(A)\A =
N IA)\GUNAL(A))) = N cl(A)N[U\NGNNRA
cl(A))] = NAcl(A) N [(U\NG)U (U\NAcl(A))] = N cl
(A)N (U\G) which is Mt.Zc .

(2) From (1), M cl(A)\A is M4 ¢ , then U\[N.4 cl
(A)\A)] is an M o set and U\[ N cl(A)\A)] = U\ cl
AUUNA) =AU U\NAcI(A)), hence AU (U\N.# cl

(A)isNAo .
(3) Tt is clear that, A C (AU (U\NAcl(A))) = NA int
(AU(U\NA cl(A))). O
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Remark 2.29. The family 91.#0(U,1z(X)) is a supra topol-
ogyon U.

Proposition 2.30. 910.70(U, (X)) UNSLO(U, tr(X
NAO(U,tx(X)).

) €

Conclusion

In this paper, we have studied the class of M.# o sets and their
properties in its.
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