
Malaya Journal of Matematik, Vol. S, No. 1, 22-26, 2020

https://doi.org/10.26637/MJM0S20/0005

On the planarity of the inclusion ideal graph of a
commutative ring
S. Kavitha1* and G. Gold Belsi2

Abstract
The inclusion ideal graph of a commutative ring R is a graph with vertex set Ψ where Ψ = {I : 0 6= I ⊂ R, where
I is an ideal of R and two distinct ideals I ,J ∈ Ψ are adjacent if and only if I ⊂ J or J ⊂ I and it is expressed as
In(R). In this paper, we list out all finite commutative rings whose In(R) is a path, a cycle or a tree. In addition,
we classify all finite commutative rings for which the inclusion ideal graph is outer planar or planar.
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1. Introduction
Many fascinating researches have been done in learning

the structure and properties of graphs built from algebraic
structures. It was first initiated by I. Beck [6], by introducing
the zero- divisor graph. Thenceforth many researchers in-
vented so many graphs from groups, rings and vector spaces
(see [5, 10, 15]). Many of the properties of a ring are related
to the behavior of its ideals. Besides, ideals are intensively
involved in the study of ring constructions, (see [13]). Hence
it is exciting to associate graphs to ideals of a ring. Using the
inclusion relation in the above algebraic structure, S. Akbari,
M. Habibi, A. Majidinya and R. Manaviyat [1] initiated the
study of inclusion ideal graph, which is defined as follows:
For a ringRwith unity, theinclusion ideal graph, denoted by
In(R) whose vertex set isΨ whereΨ = {I : 0 6= I ⊂ R, where
I is an ideal ofRand two distinct idealsI ,J ∈ Ψ are adjacent

if and only if I ⊂ J or J ⊂ I . They studied the basic proper-
ties such as connectedness, girth, clique number, chromatic
number ofIn(R) for a matrix ring and we are interesting in
finding the structure ofIn(R) for a commutative ring.

A simple graphG with n vertices for which any pair of
distinct vertices is connected by the edge is called a complete
graph, denoted byKn. A completer-partite graph is one in
which the vertex set can be partitioned intor subsets and each
vertex in one subset is joined to every vertex that is not in the
same subset. The complete bipartite graph (2-partite graph)
with part sizesm andn is notated byKm,n. A walk is a finite
or infinite sequence of edges which connects a sequence of
vertices. A trail is a walk in which all edges are different. A
path is a trail in which all vertices are distinct. A path onn
vertices is denoted byPn. A cycle in a graphG is a closed
path. Thegirth of a graphG is the length of its shortest cycle
and it is called bygr(G). If G has no cycles thengr(G) = ∞.
A connected graph without cycles is called atree. A graph
is calledunicyclic if and only if it has exactly one cycle. For
other graph theory definitions, one can refer [9].

In this paper, we deeply absorb the planarity and outer
planarity of In(R) and discuss some of its basic properties,
for a finite commutative ring .

First let us know some theorems which are required for
the posterior sections.
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Theorem 1.1. [8, Theorem 2.4.1] A graphG is planar if and
only if neitherK3,3 norK5 is a minor ofG.

Theorem 1.2. [16, Theorem 1] A graphG is outer planar if
and only if it has no subgraph isomorphic toK2,3 or K4.

2. Some Basic Properties of In(R)

In this section we investigate, whenIn(R) is a path, a cycle
or a tree. Also we discover the girth ofIn(R).

Note 2.1. Suppose R is a field, then In(R) does not exist.

SupposeR= Zpn, wherep is a prime andn is a positive
integer andn≥ 2, thenIn(R) is complete.

Proof. Let m be the maximal ideal ofR. Then clearly we
have the following sequenceI1⊂ I2⊂ . . . In⊂m, whereIi ,1≤
i ≤ n are the distinct non-trivial ideals ofR. Hence we get,
In(R)∼= Kpn+1.

Theorem 2.2. Let R be a finite commutative non-local ring
with unity. Then gr(In(R)) ∈ {3,6,∞}.

Proof. We know that any finite commutative ringR can be
written asR= R1 × ·· · ×Rn, where each(Ri ,mi) is a local
ring. Assume thatn≥ 4. Let x1 = R1×R2×R3×0× . . .×
0,x2 = R1×R2×0× . . .×0,x3 = R1×0×R3×0× . . .×0∈
V(In(R)). Thenx1−x2−x3−x1 is a cycle inIn(R) and hence
gr(In(R)) = 3.

Assume thatn= 3. If Ri is a field for alli = 1,2,3, then
In(R) ∼= C6 and hencegr(In(R)) = 6. SupposeR1 is not
a field, them1 6= 0 and som1 ×R2 ×R3 −m1 × 0×R3 −
m1 × 0× 0−m1 × R2 × R3 is a cycle inIn(R) and hence
gr(In(R)) = 3.
Assume thatn= 2. Supposemi 6= 0 for all i, thenm1×R2−
m1 × 0−m1 ×m2 −m1 ×R2 is a cycle inIn(R) and hence
gr(In(R)) = 3. Supposemi = 0 for all i, then In(R) ∼= K2

and hencegr(In(R)) = ∞. Supposem1 6= 0 andm2 = 0. If
R1 contain at least two nontrivial ideals, sayI andm1, then
m1×R2−m1×0− I ×0−m1×R2 is a cycle inIn(R) and
hencegr(In(R)) = 3. If R1 contain only one nontrivial ideal,
thenIn(R)∼= P4 and hencegr(In(R)) = ∞.

Theorem 2.3. Let R be a finite commutative non- local ring
with unity. Then In(R) is a path if and only if R= R1 ×F1

where(R1,m1 is local and F1 is a field.

Proof. Suppose thatR= R1 × F1 whereR1 is a local ring
with m1 as the only nontrivial ideal andF1 is a field, then
In(R)∼= P4.

Conversely, supposeIn(R) is a path. Thengr(In(R)) =
∞. We know thatR= R1× ·· ·×Rn, where each(Ri ,mi) is
local andn≥ 2. If n≥ 3, then by the proof of Theorem2.2,
gr(In(R)) = 3 or 6, which produces a contradiction. When
n= 2, using Theorem2.2, we get thatR= R1×F1 whereR1

is a local ring withm1 as the only nontrivial ideal andF1 is a
field.

Theorem 2.4. Let R be a finite commutative non- local ring
with unity. Then In(R) is a cycle if and only if R= F1×F2×
F3, where each Fi is a field.

Proof. The proof is apparent by Theorem2.2

Theorem 2.5. Let R be a finite commutative non- local ring
with unity. Then In(R) is a tree if and only if R= R1 ×F1

where R1,m1 is local with m1 as the only nontrivial ideal
and F1 is a field.

Proof. The proof is straightforward using Theorems2.2, 2.3
and2.4.

Theorem 2.6. Let R be a finite commutative non- local ring
with unity. Then In(R) is unicyclic if and only if R= F1 ×
F2×F3, where each Fi is a field.

Proof. SupposeIn(R) is unicyclic. We haveR∼= R1×·· ·×
Rn, where each(Ri ,mi) is local andn ≥ 2. Supposen ≥ 4.
Let y1 = R1×R2×R3×0× . . .×0,y2 = R1×R2×0× . . .×
0,y3 = R1×0×0× . . .×0,y4 = R1×R2×0×R4×0× . . .×
0,y5 = R1×0×0×R4×0× . . .×0∈V(In(R)). ThenIn(R)
has two cycles,y1−y2−y3−y1 andy4−y5−y3−y4, which
is a contradiction. Hencen≤ 3.

Let R= R1 ×R2. Supposemi 6= 0 for all i. ThenR1 ×
m2−R1× 0−m1× 0−R1×m2 andR1×m2−m1×m2−
m1 × 0−R1 ×m2 are two cycles inIn(R), a contradiction.
Hencemi = 0 for somei. Without loss of generality, assume
thatR2 is a field. SinceIn(R) is unicyclic, by Theorem2.3,
R2 is not a field. SupposeR1 contains at least two nontrivial
ideals, sayI andm1, thenR1×0−m1×0− I ×0−R1×0
andm1 ×R2 −m1 × 0− I × 0−m1 ×R2 are two cycles in
In(R), a contradiction. IfR1 contains exactly one nontrivial
ideal, then by Theorem2.3, In(R)∼= P4, a contradiction.
Assume thatn= 3. If m1 6= 0, thenR1×R2×0−m1×R2×
0−0×R2×0−R1×R2×0 andR1×R2×0−R1×0×0−
m1 × 0× 0−R1 ×R2 × 0 are two cycles inIn(R), a contra-
diction. HenceR= F1×F2×F3. The converse follows from
Theorem2.4.

3. Outer planarity of In(R)

An outer planar graph is a graph which can be drawn in
the plane without any intersections, in such a way that all
vertices belong to the outer face of the embedding. Let us
characterize all finite commutative rings for whichIn(R) is
outer planar. In the posterior sections we notate,ki as the
number of distinct nontrivial ideals ofRi .

Theorem 3.1. R=R1×·· ·×Rn be a commutative non- local
ring with identity, where each(Ri ,mi) is a local ring. Then
In(R) is not outer planar for n≥ 2.

Proof. Let n≥ 2 with ki = 1 for 1≤ i ≤ n, then the subgraph
induced by the set{m1×0× . . .×0,0×m2×0× . . .×0,R1×
m2×0× . . .×0,m1×R2×0× . . .×0,m1×m2×0× . . .×
0} containsK2,3. By Theorem1.2, we get a contradiction.
Hence the theorem.
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Theorem 3.2. Let R= F1×·· ·×Fn, where each Fi is a finite
field and n≥ 2. Then In(R) is outer planar if and only if
n≤ 3.

Proof. We know that,In(F1×F2×F3) ∼=C6, which is outer
planar. Supposen ≥ 4, then the subgraph induced by the
set{F1×0× . . .×0,0×F2×0× . . .×0,F1×F2×0× . . .×
0,F1 ×F2 ×F3 × 0× . . .× 0,F1 ×F2 × 0×F4 × 0× . . .× 0}
containsK2,3. By Theorem1.2, we get a contradiction.

b b

b b b b

0×F1I1×F1I1×0R1×0

m1×0 m1×F1

Figure. 1.In(R1×F1) with k1 = 2

Theorem 3.3. Let R= R1×·· ·×Rn×F1×·· ·×Fm, where
each(Ri ,mi) is a local ring, Fj is a field and m,n ≥ 1 and
Ri ,Fj are finite. Then In(R) is outer planar if and only if
m= n= 1 and k1 ≤ 2 .

Proof. Whenn = m= k1 = 1, In(R) ∼= P4. Also whenn =
m= 1 andk1 = 2, In(R) is figure.1 , which are outer planar.
Supposen= m= 1 andk1 ≥ 3, then the subgraph induced by
the set{0×F1× . . .×0, I2×F1×0× . . .×0, I1×F1×0× . . .×
0,m1×F1×0× . . .×0, I2×0× . . .×0} containsK2,3. Using
Theorem1.2,we get a contradiction. Also whenn = k1 = 1
andm≥ 2, the following set,{m1×0× . . .×0,0×F1×0×
. . .×0,m1×F1×0× . . .×0,R1×F1×0× . . .×0,m1×F1×
F2 × 0× . . .× 0} yields K2,3 as a subgraph inIn(R). Here
also we get a contradiction using Theorem1.2. Also when
n≥ 2, by Theorem3.1, In(R) is not outer planar. Hence the
theorem is proved.

b b b

b

b

bb

m1×R2 m1×0 R1×0

m1×m2

R1×m20×m20×R2

Figure. 2.In(R1×R2) with k1 = k2 = 1

4. Planarity of In(R)

A graph is planar, if it can be embedded in the plane with-
out any crossings. Since every outer planar graph is planar,
in this section we will distinguishIn(R) which are planar, but
not outer planar.

Theorem 4.1. R=R1×·· ·×Rn be a ring with identity, where
each(Ri ,mi) is a finite local ring. Then In(R) is planar if and
only if n= 2 and k1 = k2 = 1.

Proof. Assume thatIn(R) is planar. Suppose thatn≥ 3. Let
Ω1 = {m1×R2× . . .Rn,R1×m2×R3× . . .×Rn,R1×R2×
m3 ×R4 × . . .×Rn,m1 × 0× 0× . . .× 0,0×m2 × 0× . . .×
0,0× 0×m3 × 0× . . .× 0} ⊂ V(In(R)). Then the〈Ω1〉 in
In(R) containsK3,3 as a minor. By Theorem1.1, we obtain a
contradiction. Hencen= 2.

Supposek1 ≥ 2. Let the ideals beI1 ⊂ m1 and Ω2 =
{m1×R2,R1×m2,m1×m2,m1×0,0×m2, I1×0}⊂V(In(R)).
Then〈Ω2〉 in In(R) containsK3,3 as a subgraph. By Theorem
1.1, we obtain a contradiction. Hencek1 = 1 andk2 = 1. The
converse follows from figure. 2.
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Figure. 3.In(F1×F2×F3×F4)

In figure. 3, we replaceF1×0×0×0 by 1, 0×F2×0×0 by
2, 0×0×F3×0 by 3, 0×0×0×F4 by 4,F1×F2×0×0 by 5,
0×F2×F3×0 by 6, 0×F2×0×F4 by 7,F1×0×0×F4 by 8,
F1×0×F3×0 by 9, 0×0×F3×F4 by 10, 0×F2×F3×F4

by 11, F1 × 0×F3 ×F4 by 12, F1 ×F2 × 0×F4 by 13 and
F1×F2×F3×0 by 14.

Theorem 4.2. Let R= F1×·· ·×Fn, where each Fi is a finite
field and n≥ 2. Then In(R) is planar if and only if n= 4.

Proof. AssumeIn(R) is planar. Whenn≥ 5, the subgraph in-
duced by the set{F1×0× . . .×0×0,0×F2×0× . . .×0,0×
0×F3×0× . . .×0,F1×F2×F3×0× . . .×0,F1×F2×F3×
F4×0× . . .×0,F1×F2×F3×0×F5×0× . . .×0} contains
K3,3. Then we get a contradiction using Theorem1.1. Hence
by Theorem3.2, n = 4. The converse follows from figure.
3.

24



On the planarity of the inclusion ideal graph of a commutative ring — 25 /26

0×F1 I2×F1

m1×F1

I1×F1

I1×0

m1×0

I2×0R1×0

Figure. 4.In(R1×F1) with k1 = 3

Theorem 4.3. Let R=R1×·· ·×Rn×F1×·· ·×Fm be a ring
with identity, where each(Ri ,mi) is a finite local ring, Fj is a
finite field and m,n≥ 1. Then In(R) is planar if and only if
n= k1 = 1,m= 2 or m= n= 1 and k1 = 3 .

Proof. Case 1. n≥ 2 with ki = 1 for all i.
Let A= {1,2, . . .6} where 1= 0×0×F1×0. . .×0,2=m1×
0× . . .× 0,3 = 0×m2× 0× . . .× 0,4 = m1× 0×F1× 0×
. . .×0,5 = R1×m2×F1×0× . . .×0,6 = m1×m2×F1×
0× . . .×0. Then the subgraph〈A〉 containsK3,3 . Then by
Theorem1.1, g(In(R)) is non- planar.
Hencen= 1.
Case 2. m≥ 3 with k1 = 1 .
Let B= {1,2, . . .6} where 1=m1×F1×F2×F3×0× . . .×
0,2 = R1×F1×F2× 0. . .× 0,3 = 0×F1× 0× . . .× 0,4 =
0×0×F2× . . .×0,5= m1×0×0× . . .×0,6= m1×F1×
F2×0× . . .×0. Then the subgraph of〈B〉 containsK3,3. Then
by Theorem1.1, g(In(R)) is non- planar.
Hencem≤ 2.
ThenR= R1×F1 or R1×F1×F2.
SupposeR= R1×F1×F2.
Supposek1 ≥ 2. Let the ideals be,In ⊂ . . . I1 ⊂ m1. Let D =
{1,2, . . .6} where 1= 0×F1× . . .×0,2=R1×F1×0× . . .×
0,3 = m1 × 0× . . .× 0,4 = m1 ×F1 × 0× . . .× 0,5 = I1 ×
0× . . .×0,6= I1×F1×0× . . .×0. Then〈D〉 hasK3,3 as a
subgraph. Then by Theorem1.1, we receive a contradiction.
Hencek1 = 1 and the converse follows from figure. 5.
SupposeR= R1×F1 andk1 ≥ 4. Let the ideals beIn ⊂ . . .⊂
I3 ⊂ I2 ⊂ I1 ⊂ m1. Let G = {1,2, . . .6} where 1= I2×0×
. . .×0,2 = I3×0. . .×0,3 = 0×F1×0× . . .×0,4 = m1×
F1 × 0× . . .× 0,5 = I1 ×F1 × 0× . . .× 0,6 = I2 ×F1 × 0×
. . .×0. Then a subgraph of〈G〉 containsK3,3. By Theorem
1.1, we have a contradiction.

Now by Theorem3.3, k1 = 3 and the converse follows from
figure. 4.
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Figure. 5.In(R1×F1×F2) with k1 = 1
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