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On the planarity of the inclusion ideal graph of a
commutative ring

S. Kavithal* and G. Gold Belsi?

Abstract

The inclusion ideal graph of a commutative ring R is a graph with vertex set ¥ where W = {l : 0£ | C R, where
| is an ideal of R and two distinct ideals 1,J € W are adjacent if and only if | C Jor J C | and it is expressed as
In(R). In this paper, we list out all finite commutative rings whose In(R) is a path, a cycle or a tree. In addition,
we classify all finite commutative rings for which the inclusion ideal graph is outer planar or planar.
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Contents if and only if| € JorJ C I. They studied the basic proper-
ties such as connectedness, girth, clique number, chromati
1 INtrodUCHON . .vve it 22 number ofin(R) for a matrix ring and we are interesting in
2 Some Basic Properties of IN(R).................... 23 finding the structure ofn(R) for a commutative ring.
3 Outerplanarityof IN(R)........cc.covviiiiiiiin... 23 . A Slmpl(? gra_th with n vertices for WhICh any pair of
distinct vertices is connected by the edge is called a cample
4 Planarity of IN(R)..........ooooi 24 graph, denoted bi,. A completer-partite graph is one in
5 Acknowledgement ..............oiiiiiiiiiiiiiiiai 25  which the vertex set can be partitioned intsubsets and each
References ... ... o5 vertexin one subset s joined to every vertex that is notén th

same subset. The complete bipartite graph (2-partite yraph
] with part sizesn andn is notated byKm . A walk is a finite
1. Introduction or infinite sequence of edges which connects a sequence of

Many fascinating researches have been done in learniy§rtices. A trailis a walk in which all edges are different. A
the structure and properties of graphs built from algebrai[é’ath is a_trall in which all veruces_are d|st|nct._ A path on
structures. It was first initiated by |. Becg][ by introducing ~ Vertices is denoted bl,. A cycle in a graphG is a closed
the zero- divisor graph. Thenceforth many researchers iRath. Thegirth of a graphG is the length of its shortest cycle
vented so many graphs from groups, rings and vector spac@d it is called bygr(G). If G has no cycles thegr(G) = c.
(see p, 10, 15]). Many of the properties of a ring are relatedA connected graph without cycles is calledree. A graph
to the behavior of its ideals. Besides, ideals are intet}siveis calledunicyclicif and only if it has exactly one cycle. For
involved in the study of ring constructions, (sd&]). Hence other graph theory definitions, one can refg [
it is exciting to associate graphs to ideals of a ring. Usimg t
inclusion relation in the above algebraic structure, S.a#kb In this paper, we deeply absorb the planarity and outer
M. Habibi, A. Majidinya and R. Manaviyatl] initiated the ~ planarity ofIn(R) and discuss some of its basic properties,
study of inclusion ideal graph, which is defined as followsfor a finite commutative ring .

For a ringR with unity, theinclusion ideal graphdenoted by First let us know some theorems which are required for
In(R) whose vertex set i¢ whereW = {I : 0# | C R, where the posterior sections.
| is an ideal ofR and two distinct ideal,J € W are adjacent
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Theorem 1.1. [8, Theorem 2.4.1] A grapt® is planar if and
only if neitherKs 3 norKs is a minor ofG.

Theorem 1.2. [16, Theorem 1] A grapl@ is outer planar if
and only if it has no subgraph isomorphicKes or Ks.

2. Some Basic Properties of In(R)

In this section we investigate, whén(R) is a path, a cycle
or atree. Also we discover the girth bf(R).

Note 2.1. Suppose R is a field, then(R) does not exist.

SupposeR = Zpy, wherep is a prime andh is a positive
integer anch > 2, thenIn(R) is complete.

Proof. Let m be the maximal ideal oR. Then clearly we
have the following sequen¢eC I, C ...l C m, wherel;,; 1 <
i < n are the distinct non-trivial ideals d&®. Hence we get,
IN(R) 2 K. O
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Theorem 2.4. Let R be a finite commutative non- local ring
with unity. Then I4R) is a cycle if and only if R= F; x F, x
Fs, where each Fs a field.

Proof. The proof is apparent by Theore2r O

Theorem 2.5. Let R be a finite commutative non- local ring
with unity. Then I(R) is a tree if and only if R= Ry x Fy
where R, m1 is local with m; as the only nontrivial ideal
and R is afield.

Proof. The proof is straightforward using Theore®&, 2.3
and2.4. O

Theorem 2.6. Let R be a finite commutative non- local ring
with unity. Then I(R) is unicyclic if and only if R= F; x
F x F3, where each s a field.

Proof. Supposdn(R) is unicyclic. We haveR= Ry x --- x
Ry, where each{R;, m;) is local andn > 2. Supposen > 4.
Letyi =Ri xRy xRg3x0x...x0,yo =R xRy x0x ... X
O,y3=R; x0x0x...x0,ya=Ri xRy xOxRyx0x...X

Theorem 2.2. Let R be a finite commutative non-local ring g ye — R; x 0x 0x Ry x 0x ... x 0 € V(In(R)). Thenin(R)

with unity. Then gfin(R)) € {3,6,}.

Proof. We know that any finite commutative rirfl§ can be
written asR= Ry x --- x Ry, where each{R;,m;) is a local
ring. Assume thah > 4. Letx; = R; x Rp x Rgx0x ... X
0, =R xRyx0x...x0,x3=R; x0OxR3x0x...x0€e
V(In(R)). Thenx; — X2 — X3 — X1 is a cycle inin(R) and hence
gr(In(R)) = 3.

Assume thah = 3. If R is a field for alli = 1,2, 3, then
In(R) = Cg and hencayr(In(R)) = 6. SupposeR; is not
a field, them; # 0 and som; x Rp x R3 —m1 x 0 x Rg —
my X 0x 0—my X Ry x R3 is a cycle inIn(R) and hence
gr(In(R)) = 3.

Assume thah = 2. Supposen; # 0 for alli, thenmi x Ry —
mg x 0—my x mp —my x Ry is a cycle inin(R) and hence
gr(In(R)) = 3. Supposen; = 0 for all i, thenIn(R) = K3
and hencagr(In(R)) = «. Supposem; # 0 andmy = 0. If
R; contain at least two nontrivial ideals, shgndmj, then
my X Ry—my x0—1x0—my xRy is a cycle inIn(R) and

hencegr(In(R)) = 3. If Ry contain only one nontrivial ideal,

thenin(R) = P, and hencegr(In(R)) = co. O

Theorem 2.3. Let R be a finite commutative non- local ring

with unity. Then I(R) is a path if and only if R= Ry x Fy
where(Ry, m; is local and F is a field.

Proof. Suppose thaR = R; x F; whereR; is a local ring
with my as the only nontrivial ideal anB is a field, then
In(R) = Py.

Conversely, supposa(R) is a path. Themr(In(R)) =
0. We know thatR= Ry x --- x R,, where eacR;, m;) is
local andn > 2. If n > 3, then by the proof of Theoreth2,

has two cyclesy; — Y2 — y3 — y1 andys — Y5 — Y3 — Ya, which
is a contradiction. Hence < 3.

Let R=R; x Ry. Supposenm; # 0 for all i. ThenRy x
my—Ry x0—m; x0—R; xmy andR; x mp —my X my —
my x 0— Ry x my are two cycles ifnn(R), a contradiction.
Hencem; = 0 for somei. Without loss of generality, assume
thatRy is a field. Sincdn(R) is unicyclic, by Theoren?2.3,
R> is not a field. SupposR; contains at least two nontrivial
ideals, sayl andmy, thenR; x0—m; x0—1x0—-Ry; x0
andmi x Rp —my x 0—1 x 0—my x Ry are two cycles in
In(R), a contradiction. IRy contains exactly one nontrivial
ideal, then by Theorer.3, In(R) = P4, a contradiction.

Assume thah = 3. If mp £ 0, thenRy x Ry x 0—mg X Ry X

0-0xRx0-Ri xRy x0andR; x Ro x0—R; x0x 0—
my x 0x 0— Ry x Ry x 0 are two cycles inn(R), a contra-
diction. HenceR = F; x i x F3. The converse follows from
Theorem2.4. O

3. Outer planarity of In(R)

An outer planar graph is a graph which can be drawn in
the plane without any intersections, in such a way that all
vertices belong to the outer face of the embedding. Let us
characterize all finite commutative rings for whith(R) is
outer planar. In the posterior sections we not#teas the
number of distinct nontrivial ideals d;.

Theorem 3.1. R=R; x --- x R, be a commutative non- local

ring with identity, where eackR;, m;) is a local ring. Then
In(R) is not outer planar for n> 2.

Proof. Letn> 2 withk; = 1 for 1<i < n, then the subgraph

gr(In(R)) = 3 or 6, which produces a contradiction. Wheninduced by the sefm; x0x...x0,0xmpx0x...x0,Ry x

n= 2, using Theoren2.2, we get thaR = R; x F; whereR;
is a local ring withm as the only nontrivial ideal ané; is a
field. O

23

My x0Ox...x0mxRyx0x...x0myxmpx0x...x
0} containsKz 3. By Theoreml.2, we get a contradiction.
Hence the theorem. O
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Theorem 3.2. Let R=F; x --- x F,, where eachHis a finite Theorem4.1. R=R; x - -- x Ry be aring with identity, where
field and n> 2. Then IR) is outer planar if and only if each(R;,m;)is afinite local ring. Then I(R) is planar if and
n<3. onlyifn=2and k =k, =1.

Proof. We know thatIn(Fy x F x F3) 22 Cg, which is outer .
planar. Suppose > 4, then the subgraph induced by theProof. Assume thatn(R) is planar. Suppose that> 3. Let
set{F1 x0x...x0,0xFHx0x...x0,Fp xR x0x...x Qq = {mg X Ro X ... Ry, Ry xmp xRy x ... x Ry, Ru X Rp
O,F x Fax F3x 0% ...x 0,F1 x Fo x 0x Fa4 x 0 ... x O} maxX Ry x ... xRymyx0x0x...x0,0xmpyx0x...x

containskz 3. By TheoremL.2, we get a contradiction. [ 00X 0xmgx0x...x0} cV(In(R)). Then the(Qy) in
' In(R) containsKz 3 as a minor. By Theorerh.1, we obtain a

contradiction. Henca = 2.

ma 0 max Fy Supposek; > 2. Let the ideals bé; ¢ m; and Q, =
{m1>< Rg,Rlxmz,ml Xmp,my ><0,0>< m2,|1><0} CV(ln(R)).
Then(Qy) in In(R) containkK3 3 as a subgraph. By Theorem
1.1, we obtain a contradiction. Henkg= 1 andk, = 1. The
converse follows from figure. 2.
O
Ry x0 11 x0 I1 x Fp 0x Fy

Figure. 1.In(Ry x Fy) with ky =2

Theorem 3.3. Let R=Ry x --- x Ry x Fy x --- x By, where
each(R, m;) is a local ring, F is a field and mn > 1 and
R, Fj are finite. Then I(R) is outer planar if and only if
m=n=1landk <2.

Proof. Whenn=m=k; =1, In(R) = P,. Also whenn=
m= 1 andk; = 2, In(R) is figure.1 , which are outer planar.
Supposen = m= 1 andk; > 3, then the subgraph induced by
thesef{OxFyx...x0,l2xFyx0x...x0,l1 x Fy x0x...x
0,myxF x0x...x0,l2x0x...x0} containsK 3. Using
Theoreml.2we get a contradiction. Also when=k; =1
andm > 2, the following set{mj x 0x ... x 0,0 x Fy x 0 X
Lox0mypxFrx0x ... x0,R xFy x0x...x0,mq x Fp x

F, x 0x ... x 0} yields K>3 as a subgraph itn(R). Here
also we get a contradiction using Theorér2 Also when
n> 2, by Theoren8.1, In(R) is not outer planar. Hence the
theorem is proved. O Figure. 3.In(F1 x Fy x F3 x Fy)

my X Ry my %0 Ry x 0 In figure. 3, we replacB; x 0x 0x 0by 1, 0x F x 0x 0 by
2,0x0xF3x0by3,0x0x0xF;by4,F xR x0x0byb5,
OxFxF3x0by6,0xF,x0xF, by 7,F x0x0x F4 by 8,
FixOxFx0by9,0x0xFxFsby 10, 0x F x F3 x Fy
by 11,F; xOx Fs xRy by 12, F x F, x 0 x F4 by 13 and
F1 x Fo x F3x 0 by 14.

mINg m2

Theorem 4.2. Let R=F; x --- x F,, where each {Hs a finite
field and n> 2. Then IAR) is planar if and only if n= 4.

O0x Ry 0Oxmy Ry x my

Figure. 2.In(Ry x Ry) withk; = ko =1
Proof. Assumdn(R) is planar. Whem > 5, the subgraph in-
g duced by the seftF; x0x...x0x0,0xF, x0x...x0,0x
4. Planarity of In(R) OxFax0x...x0,FixFxFx0x...x0,F xF xFsx
A graphis planar, if it can be embedded in the plane withFs x 0 x ... X 0,F; x F, x F3 x 0x F5 x 0% ... x 0} contains
out any crossings. Since every outer planar graph is plan&® 3. Then we get a contradiction using Theor&rh Hence
in this section we will distinguisin(R) which are planar, but by Theorem3.2, n = 4. The converse follows from figure.
not outer planar. 3. O

24 N
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Now by Theoren8.3, k; = 3 and the converse follows from

figure. 4. O
0x F1 |2><F1
Ry xFy x0
my|x Fp
1xFx0
0xFyxQ
0x Fyx Ff mf x P xR — 1 % 0% 0
0 X X
|2><0 b x P
0x0x R

Figure. 4.In(Ry x Fy) with ky =3

Rix0xF

Figure. 5.In(Ry x F1 x ) with kg =1
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Theorem 4.3. LetR=R; x--- xRy xFy x --- x Fybe aring
with identity, where eacfR ,m;) is a finite local ring, F is a
finite field and mn > 1. Then IAR) is planar if and only if

1
n=ki=1m=2orm=n=1andk =3. .

Proof. Case 1. n> 2 with k; = 1 for alli.
LetA={1,2,...6} where 1=0x0x F; x0...x0,2=my x
0x...x0,3=0xmpyx0x...x0,4=my x0x Fy x0x
L. X05=RyxmyxF x0x...x0,6=m1 xmy x Fy x
0x...x 0. Then the subgrapfA) containskz 3 . Then by
Theoreml.1, g(In(R)) is non- planar.

Hencen= 1.

Case2. m>3withkg=1.
LetB={1,2,...6} where 1=m3 x Fy x F, x Fg x 0x ... x
0,2=Ri xF1 xFHx0...x0,3=0xF x0x...x0,4=
OxO0OxFx...x0,5=m;x0x0x...x0,6=mq x F x
F,x0x...x0. Thenthe subgraph ¢B) containKsz 3. Then
by Theoremt.1, g(In(R)) is non- planar.

Hencem< 2.

ThenR=R; xFp or Ry x Fy x F».

SupposdR=R; x F1 x F.

Suppose; > 2. Lettheideals bd, C ...13 C my. LetD =
{1,2,...6} where 1=0xFy x...x0,2=Ry xFy x0x...X
0,3=mp x0x...x04=my xF x0x...x05=11 %
0x...x0,6=11xF x0x...x0. Then(D) hasKz 3z as a
subgraph. Then by Theoreinl, we receive a contradiction. [19
Hencek; = 1 and the converse follows from figure. 5.
SupposdR =Ry x Fp andk; > 4. Lettheideals bk, C ... C
IsClyClyCmy. LetG={1,2,...6} where 1=1; x 0 x
...x0,2=13x0...x0,3=0xF; x0x...x0,4=mg x
Fix0x...x0,5=11xFx0x...x0,6=12xF; x0x
...x 0. Then a subgraph df5) containsKz 3. By Theorem
1.1, we have a contradiction.
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