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1. Introduction

In 1999, Molodtsov [13] proposed a completely new con-
cept called soft set theory to model uncertainty, that is free
from the difficulties that have troubled the usual theoreti-
cal approaches. Maji et al [11] defined and studied several
operations on soft sets. After that, Shabir and Naz [15] in-
troduced and deeply studied the concept of soft topological
spaces. Hussain and Ahmad [8] continued investigating the
properties of the theory of soft topological spaces. Later,
C.G. Aras et al. [4] introduced the notion of soft continuous
functions using soft points. Since then, many researchers
[2, 3,9, 12, 14, 16, 17] initiated and studied some weaker
forms of soft continuous functions. They also discussed some
basic properties and characterizations of such functions.
Further, Xu et al. [18] introduced the concept of vague soft
sets by combining the notions of the vague sets and the soft
sets. This theory makes descriptions of the world more re-
alistic, practical and accurate. Chang Wang, Yaya li [6] in-

troduced the notion of vague soft topological spaces. They
also proposed several operations on vague soft sets and some
basic properties of these operations have been revealed so
far. In this work, we introduce some weaker forms of vague
soft continuous functions and some of their properties, char-
acterizations are studied. Also we provide a decomposition of
V oS- continuous functions. Finally, we introduce the notions
of vague soft irresolute functions, vague soft open (closed)
functions and show the concept of vague soft continuity and
vague soft irresoluteness are independent of each other.

2. Preliminaries

Definition 2.1. [7] A vague set A = {(x;, [ta(x;), 1 — fa(x:)])]
x; € X} in the universe X = {x1,xp,...,x,} is characterized
by a truth-membership function ty : X — [0,1], and a false-
membership function fs : X — [0,1], where ta(x;) is a lower
bound on the grade of membership of x; derived from the evi-
dence of xi, fa(x;) is the lower bound on the negation of x; de-
rived  from  the  evidence  against x; and
0 < ta(xi) + fa(xi) <1 for any x; € X. The grade of mem-
bership of x; in the vague set is bounded to a subinterval
[ta(xi), 1= fa(xi)] of [0,1]. The vague value [ta(xi), 1 — fa (x;)]
indicates that the exact grade of membership Ua(x;) of x; may
be unknown, but it is bounded by ta (x;) < ta(x;) < 1— fa(x;),
where 0 < t4(x;) + fa(x;) < 1.

Definition 2.2. [18] Let X be an initial universe set, V(X ) the
set of all vague sets on X, E a set of parameters, and A C E.



A pair (F,A) is called a vague soft set over X, where F is a
mapping given by F : A — V(X). The set of all vague soft sets
on X is denoted by VS(X ,E), called vague soft classes.

Definition 2.3. [18] A vague soft set (F,A) over X is said to
be a null vague soft set denoted by 0, if Ve € A,

tr(e)(x) = 0, 1 = fr(ey(x) =0, x € X.

Definition 2.4. [18] A vague soft set (F,A) over X is said
to be an absolute vague soft set denoted by X, if Ve € A,

tre)(®) = 1, 1 = fre(x) =1, x € X.

Definition 2.5. [6] Let X be an initial universe set, E be the
nonempty set of parameters and T be the collection of vague

soft sets over X, then 7T is said to be a vague soft topology on
X if

1. @E,XE belongs to t.

2. the union of any number of vague soft sets in T belongs
toT.

3. the intersection of any two vague soft sets in T belongs
toT.

The triplet (X, 7,E) is called a vague soft topological space
over X.

Definition 2.6. [10] Let (X,7,E) be a vague soft topological
space and (F,E) be a vague soft set over X. Then vague soft
interior of (F,E) is defined by,

v§int(F,E)=\J {(G,E) / (G,E) € T and (G,E) C (F,E)}.

Definition 2.7. [10] Let (X,7,E) be a vague soft topological
space and (F,E) be a vague soft set over X. Then vague soft
closure of (F,E) is defined by,

vscl(F,E)=N{(H,E) / (H,E) € t° and (F,E) C (H,E)}.

Definition 2.8. [10] A vague soft set (F,A) of a vague soft
topological space (X,7,E) is said to be

1. vague semi-soft open if (F,A) C vScl(vsint(F,A)).

2. vague pre-soft open if (F,A) C vSint(vicl(F,A)).

3. vague o-soft open if (F,A) C vint(vicl(vSint(F,A))).
4. vague regular-soft open if (F,A)= vSint(v3cl(F,A)).

The complement of vague semi-soft open (resp. vague
pre-soft open, vague o-soft open, vague regular-soft open) set
is called vague semi-soft closed (resp.vague pre-soft closed,
vague O-soft closed, vague regular-soft closed) set. And we
denote the family of all vague semi-soft open sets (resp.vague
pre-soft open, vague Q.-soft open sets, vague regular-soft open
sets) of a vague soft topological space (X, 7,E) by VSSO(X)
(resp. VPSO(X), VaSO(X),VRSO(X)).

Theorem 2.9. [10] A vague soft set (F,A) of a vague soft
topological space (X, T,E) is vague o.-soft open set iff (F,A)
is both vague semi-soft open and vague pre-soft open set.
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Definition 2.10. /5] Let VS(X,E) and VS(Y, K) be two vague
soft classes, and let u: X — Y and p : E — K be mappings.
Then avague soft function g, = (u, p) : VS(X,E) — VS(Y,K)
is defined as: for (F,A) € VS§(X,E), the image of (F,A) under
8pu denoted by g,,(F,A) = (u(F),p(A)), is a vague soft set
in VS(Y,K) given by

tu(r)(B) () =

sup tr(a) (%) if u”'(y) #0,
aep~H(B)NA, xeu~!(y)
0 otherwise,
and
1= furypy () =
sup L fr®)  ifu'(y)#0,
aep~H(B)NA, xeu~!(y)
0 otherwise.

forall B € p(A)andy €Y.

Definition 2.11. [5] Let VS(X,E) and VS(Y,K) be two vague
soft classes, and let g, = (u,p) : VS(X,E) — VS(Y,K) be a
vague soft function and (G, B) be a vague soft setin VS(Y,K).
Then the inverse image of (G,B) under g,,, denoted by
gpu (G,B) = (u”'(G), p~'(B)) is a vague soft set in VS(X ,E)
given by

L 1(6) (@) (%) = 16 (p(ay) (u(x))

and 11— fi1(6)(a)(X) = 1 = fG(p(a)) (u(x))

forallow € p~'(B) and x € X.

Theorem 2.12. [5] Let VS(X,E) and VS(Y,K) be two vague
soft classes. For the vague soft function g,,:VS(X,E) —
VS(Y,K), the following statements hold,

1. g, (0x) = 0.
2. gpu (k) = Xg
3. (& (G,B)) = g, ((G,B)°)

4. If (G1,B) C (G2,B), then g,,1 (G1,B) C g, (G2,B),
Vv (G1,B),(G»,B) € VS(Y,K).
Theorem 2.13. [5] Let VS(X,E) and VS(Y,K) be two vague

soft classes. For the vague soft function
gpu - VS(X,E)— VS(Y,K), the following statements hold:

1. gpu(0g) C Ok and if p is surjective, the equality holds.
2. gpu(Xg) C Yk and if gpu is surjective the equality holds.

3. (gpu(F,A))C C gpu((F,A)°) if gpu is surjective. And if
gpu 18 bijective then its equality holds.

4. If (F1,A) C (F2,A), then gpu(F1,A) C gpu(F2,A),
v (FlaA)v (F27A) € VS(XaE)

Theorem 2.14. [5] Let (F,A),(G,B) be two vague soft sets
inVS(X,E) and VS(Y,K) respectively, and
gpu: VS(X,E) — VS(Y,K) be a vague soft function. Then



1. (F,A)C g;ul (gpu(F,A)) and if gy is injective, the equal-
ity holds.

2. gpu(8pu (G,B)) C (G,B) and if gp, is surjective, the
equality holds.

Theorem 2.15. [5] Let (X,7,E) and (Y,0,K) be two vague
soft topological spaces. The vague soft function
gpu: VS(X,E) — VS(Y,K) is called vague soft continuous, if
and only if for all (G,K) € o, g;ul(G,K) €T

Throughout this paper (X,1,E), (Y,0,K) are denote the
vague soft topological spaces on X, Y respectively.

3. Characterizations of Vague «-soft
continuous functions

Definition 3.1. Let (X,7,E) and (Y,0,K) be two vague soft
topological spaces and let gp, : (X,7,E) — (Y,0,K) be a
vague soft function. Then gp, is called;

1. vague semi-soft continuous (VSS-continuous in short)
if gu (G,K) € VSSO(X) for all (G,K) € ©.

2. vague pre-soft continuous (V PS-continuous in short) if
8pu (G,K) € VPSO(X) for all (G,K) € ©.

3. vague a-soft continuous (V aS-continuous in short) if
&pu (G, K) € VaSO(X) for all (G,K) € o.

4. vague regular-soft continuous (V RS-continuous in short)

if gpu (G,K) € VRSO(X) for all (G,K) € G.

Theorem 3.2. Let (X, 1,E) and (Y,0,K) be two vague soft
topological spaces and let g,, : (X,T,E) = (Y,0,K) be a
vague soft function. Then the following conditions are
equivalent:

1. gpuis V SS-continuous function.

2. For each vague soft closed set (G,K) over (Y,0,K),
8o (G,E) € VSSC(X).

3. For each vague soft set (F,E) over (X,7,E),
gpu(vVSint(vicl(F,E))) Cvscl(gpu(F,E)).

4. For each vague soft set (S,K) over (Y,0,K),

vint(vscl(gp (S,K))) S gpu (v3cl(S,K)).

Proof. 1< 2 : Let (G,K) be a vague soft closed set over
(Y,0,K). Then (G,K)° € 6. By 1, we have g, ((G,K)°) €
VSSO(X). Now from the Theorem 2.12 (3) we have

&pu ((G.K)°) = (8 (G.,K))" € VSSO(X).

And hence g, (G,K) € VSSC(X).

u

Conversely, let (H, K) be vague soft open set in (Y, 0,K).
Then (H,K)‘ be vague soft closed set in (¥, 0,K) and
8pu ((H,K)) €VSSC(X). Butg,,, (H,K)) = (g, (H.K)) €
VSSC(X), g, (H,K) € VSSO(X).
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Hence, gpy is V SS-continuous function.

2= 3: Let (F,E) be a vague soft set over (X, 7,E). Then
vicl(g,u(F,E)) is vague soft closed set over (¥,0,K). By
using by 2, g, (vicl(gpu(F,E))) is vague semi-soft closed in
(X,7,E).Thus,
8pu (Vl(gpu(F. E))) 2vsint(vicl(g,, (vsel(gpu(F,E)))))
OV3int(vicl(g,, (gpu(F,E))))) 2vsint(vicl(F, E)).
That is, g;ul (v3cl(gpu(F,E))) DvSint(vicl((F,E))).
= vscl(gpu(F,E)) 2 gpu(g;ul (vscl(gpu(F,E)))
D gpu(VBInt(V3cl(F, E))).
Hence, g, (v8int(v3cl(F,E)))) Cvicl(gpu(F,E)).

3= 4: Let (S,K) be a vague soft set over (¥,0,K)
and let g, (S,K) = (F,E).
By 3, we have g, (v3int(vicl(F,E))) C vicl(gpu(F,E)).
gpu(VSint(vicl(g,,, ($,K)))) C viel(gpu(g, (. K))) ©
vicl(S,K))).
= gpu(VEint(vicl(g,,, (S, K))) Svacl(S,K)).
v8int(vacl(g,,, (S,K))) C g, (8pu(vSint(vacl(g,, (S,K)))) €
8pu (VSCI(S,K))).
Hence, v3int(vicl(g,,1 (G,K))) C g, (V3cl(G,K))).

4 = 1: Let (G,K) be a vague soft closed set in (¥, 0,K).
Using part 4 for (G, K) we obtain,
vaint(vicl(g,, (G, K)) C g, (V3cl(G,K)) = g, (G,K).
Therefore g,,! (G,K) € VSSC(X). Hence g, is VSS-continuous

pu
function. O

Theorem 3.3. A vague soft function gp, : (X,7,E) = (Y,0,K)

is VSS-continuous iff g, (vsscl(F,E)) Cvicl(gyu(F,E)) for
every vague soft set (F,E) over (X,T,E).

Proof. Let g,, be a VSS-continuous function. Now
vicl(gpu(F,E)) is a vague soft closed set of (Y,0,K), by VSS-
continuity of gpu, g;ul (v3cl(g,u(F,E))) is vague semi-soft
closed and (F,E) C g, (v&cl(g,u(F,E))). But vs3cl(F, E) is
the smallest vague semi-soft closed set containing (F,E), we
have vs3cl(F,E) C g;,}(vgcl(g,m(F,E))).

= gpu(ngd(FvE)) - gpu(g;J(ng(gpu(FaE)))) -
vicl(gpu(F,E)).

Conversely, let (G, K) be vague soft closed set of (Y, 0, K).
Since g, (G,K) € VS(X,E), we have
gpu(vsicl(g,,! (G,K))) Svacl(gpu(g,p, (G,K))) SVacl(G,K) =
(G,K).
ie.. gpu(vsicl(g,, (G,K)))) € (G.K)
Thus, vssel(g,, (G, K)) C 8 (8pu(VsSel(g,, (G.K)))) €
g;ul(G,K). This implies that gljul (G,K):vs§cl(g;u1 (G,K)).
Therefore, g;ul (G,K) is vague semi-soft closed set. Hence
&pu 18 V §S-continuous function. O

Theorem 3.4. A vague soft function gpy : (X,7,E) = (¥,0,K)
is VSS-continuous iff g, (vsint(G,K)) Cvssint(g,, (G,K))
for every vague soft set (G,K) over (Y,0,K).



Proof. Let g,, be a V SS-continuous function. Now
vsint((G,K) is a vague soft open set of (¥,0,K), by vague
semi-soft continuity of gy, g;u (v8int((G, K)) is vague semi-
soft open in (X, 7, E) and g} (v8int(G,K)) € g,.} (G, K). But
vsSint(g ,, (G K)) is the largest vague semi-soft open set con-
tained in g;u (G,K),

hence g’1 (v8int(G,K)) gvs§int(g;ul (G,K)).

Conversely, let (G, K) be vague soft open set of (Y, 0,K).
Eu (V§int(G, K))Cvssint(g,, (G,K)).
= & (G,K)= g, (vint(G,K)) C vs§int(glm (G, K))
8pu }(G,K). This implies that vssmt(gpu (G,K)) = 8pu 1(G,K).
Therefore, g, !(G,K) is vague semi-soft open. Hence 8pu 1S
V §S-continuous function. O

Theorem 3.5. A vague soft function g, : (X,7,E) = (Y,0,K)
is VSS-continuous iﬁfvsS'cl(g;u1 (G,K)) C g;ul (vscl(G,K)) for
every vague soft set (G,K) over (Y,0,K).

Proof. The proof is follows from the Theorem 3.3. O

Theorem 3.6. If g, : (X,7,E) — (Y,0,K) is bijective VSS-
continuous function then v§int(gpu(F,E)) C gpu(vssint(F,E))
Sfor every vague soft set (F,E) over (X, t,E).

Proof. Let gy, bea V SS-continuous function. Now
viint(g,(F, E)) is a vague soft open set of (¥, 0,K), by VSS-
continuity of gpu, g;,}(v'ﬁint(g,m (F,E))) is vague semi-soft
openin (X,7,E). Since g, is injective and vsint(g,,(F,E)) C
gpu(F, E) then the result 1 of Theorem 2.14,
g;zul(vgint(gpu(F7E))) - g;ul (glm((F7E))) = (FvE)' But
vsSint(F, E) is the largest vague semi-soft open set contained
in (F,E), hence gpll(vsmt(gpu(EE))) C vssint(F,E). Also,
since g, is surjective,

VS8 (F, E)) = 8pu (g (int(gpu(F.E)))) C
gpu(vs3int(F,E))) by 2 of Theorem 2.14.

Hence, v8int(g,u(F,E)) C gpu(vsSint(F,E)). O

Theorem 3.7. Every VS-continuous function in vague soft
topological spaces is VSS-continuous.

Proof. 1t follows from the fact that every vague soft open
set is vague semi-soft open [10] in vague soft topological
spaces. O

Definition 3.8. Let (F,E) be a vague soft set over (X,T,E).
Then its vague pre-soft interior and vague pre-soft closure are
defined as:

vpsint(F,E) = U {(G,
and (G,E) C (F,E)}.
vpscl(F,E) = (N {(S,E) / (S,E) is vague pre-soft closed
and (F,E) C (S,E)}.

Remark 3.9. Let (F,E) be a vague soft set over (X,7,E).
Then,

1. vpsint(F,E) =
2. vpScl(F,E) =

E) / (G,E) is vague pre-soft open

(F,E) Nvsint(vicl(F,E))
(F,E) U vsint(v3cl(F,E)).
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Theorem 3.10. Let (F,E) and (G,E) be two vague soft sets
over (X,7,E). Then the following properties are hold:

~

vpsint(0g) = O and vpsint(Xg) = Xg.

vpscl(Og) = O and vpscl(Xg) = Xg.

0
vpSint(F,E) C (F,E) C vp3cl(F,E).

N

(F,E) is a vague pre-soft open set iff
vpSint(F,E) = (F,E).

5. (F,E) is a vague pre-soft closed set iff
vpScl(F,E) = (F,E).

6. vpsint(vpsint(F,E)) = vpSint(F,E) and
vpScl(vpscl(F,E)) = vpScl(F,E).

7. (F,E) C(G,E) implies vpsint(F,E) C vpSint(G,E) and
vpScl(F,E) C vpscl(G,E).

Theorem 3.11. Let (X, T,E) and (Y,0,K) be two vague soft
topological spaces, gpu : (X,7,E) = (Y,0,K) be a vague soft
function. Then the following conditions are equivalent:

1. gpuis V PS-continuous function.

2. For each vague soft closed set (G,K) over (Y,0,K),
2,1(G,E) € VPSC(X).

3. For each vague soft set (F,E) over (X,7,E),
gpu(vscl(vsint(F,E))) Cvscl(gpu(F,E)).

4. For each vague soft set (S,K) over (Y,0,K),
vfcl(vfint(g;,} (S,K))) C g;ul(vfcl(S,K)).

Proof. 1 < 2 : Let (G,K) be a vague soft closed set over
(Y 0,K). Then~ (GK) € o. By 1, we have
gpu ((G,K)°) € VPSO(X). Now from the Theorem 2.12 (3)
we haveglm ((G,K)*) = (8,4 (G,K))* € VPSO(X). And hence
g (G,K) € VPSC(X).

Conversely, let (H, K) be vague soft open set in (Y, 0,K).
Then (H,K)¢ be vague soft closed set in (¥,0,K) and
gpu ((H, K) ) € VPSC(X).
Since g,; ((H,K)") = (8, (H,K))* € VPSC(X),
&pu (H,K) € VPSO(X). Hence, g, is VPS-continuous func-
tion.

2 = 3: Let (F,E) be a vague soft set over (X,7,E).
Then v3cl(g,.(F,E)) is vague soft closed set over (Y,0,K).
By using by 2, g;ul (v3cl(gpu(F,E))) is vague pre-soft closed
in (X,7,E). Thus,
¢y (vSCl(gu(F. E))) Dsel(vsint(gy,} (viel (g,u( F. )
2vicl(vint(g,,, (gpu(F, E)))))

Dvicl(vsint(F,E)).

That is, &pu (V3Cl(gpu(F, E))) 2viel(vint((F,E))).
= vicl(gpu(F.E)) 2 8pu(8;ul (vacl(gpu(FLE))) 2
gpu(VScl(VBint(F,E))).



Hence, g,,(vScl(vSint(F,E)))) Cvscl(g,u(F,E)).

3 :> 4 : Let (S,K) be a vague soft set over (¥,0,K) and let
8pu (S,K) = (FE).

By 3, we have g, (v3cl(v3int(F,E))) C vicl(gpu(F,E))
8pu(V§C1(V§int(8;ul (8,K)))) € V§Cl(8pu(8;ul (8,K))) €
vicl(S,K))).

= g,,,,(v§cl(v§int(g1;u1 (S,K))) Cvscl(S,K)).
V3el(vsint(g,,, (S,K))) C &pu (8pu(V3Cl(VBint(g,, (S,K)))) €
&pu (V3CI(S,K))).

Hence, V§cl(v§int(g;u1 (S,K))) C g;ul (v8cl(S,K))).

4 =1 :Let (G,K) be a vague soft closed set in (Y,0,K).
Using part 4 for (G, K) we obtain,
V§C1(V§int(gpu (G.K))) € gpu (Vl(G,K)) = g, (G,K).
Therefore g, N(G,K) € VPSC (X). Hence g, is a vague pre-
soft continuous function. O

Theorem 312. A vague soft function
gpu : (X,7,E) — (Y,0,K) is VPS-continuous iff
gpu(vpScl(F,E)) Cvicl(gpu(F,E)) for every vague soft set
(F.E) in (X, 7,E).

Proof. Let (X,1,E) and (Y,0,K) be vague soft topologi-
cal spaces, g : (X,7,E) — (Y,0,K) be a VPS-continuous
function and (F,E) be a vague soft set in (X, 7,E). Then
v3cl(g,u(F,E)) is a vague soft closed set in Y. Since gp, is
V PS-continuous, we have 8pu (vscl(gpM(F E))) is vague pre-
soft closed in (X, 7,E). Since g, (F,E) Cvicl(gpu(F,E)),
8ot (&pu(F,E)) C ;ul (vgcl(g,,u(F E))). This implies that,
(F,E) C g;ul (gpu(FaE)) C & (VSCl(gpu(F E))). But
vpscl(F, E) is the smallest vague pre-soft closed set contain-
ing (F,E), we have vpscl(F,E) C gpl(vscl(g,m(F,E))).
Then, gpu (vPSCI(F, E)) C gpu(8, (viel(gpu(F.E)))) ©
vicl(gpu(F,E))

= gpu(Vp3cl(F, E)) Cvscl(gpu(F,E)).

Conversely, we assume that
gpu(VPSCl(F,E)) Cvicl(gpu(F,E)) for every vague soft set
(F,E) in (X,7,E). Let (G,K) be a vague soft closed set in
(Y,0,K) . Then g;ul (G,K) is a vague soft set over (X, 7,E).
By our assumption,
8pu(vP3cl(g,, (G,K))) CvSel(gpu(gpu (GKNC viel(G,K)
=(G,K).
= gPM(Vpgd(g;u] (G’K))) g (G7K)'
8pu (gpu(Vpﬁcl(g;u (G, K))) 8pu (G.K)
vpsel(g,4 (G,K)) € g, (gpu(v3el(g, (G
This implies that, vpicl(g,, (G,K))=(g,,
8pu (G, K) is vague pre-soft closed.

K))) <
1(G,K)). Therefore,

Hence g,, is V PS-continuous function. O

Theorem 3.13. A vague soft function gp, : (X,7T,E) —
is V PS-continuous iff g, (v§int(G,K)) Cvpsint(g,, (G,K))
for every vague soft set (G,K) in (Y,0,K).

Theorem 3.14. A vague soft function g, : (X,7,E) —
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is V PS-continuous lﬁvpscl((gf1 (G,K)) C g;ml (vscl(G,K)) for
every vague soft set (G,K) in (Y,0,K).

Theorem 3.15. Every VS-continuous function in vague soft
topological spaces is V PS-continuous.

Proof. 1t is obvious from the fact that, every vague soft open
set is vague pre-soft open [10] in a vague soft topological
space. O

Definition 3.16. Let (F,E) be a vague soft set over (X,7,E).
Then its vague o.-soft interior and vague o-soft closure are
defined as:

vosint(F,E)= | {(G,
and (G,E) C (F,E)}.

vascl(F,E)= N {(S,
and (F.E) C (S.E)}.

Remark 3.17. Let (F,E) be a vague soft set over (X,T,E).
Then,

1. vosint(F,E) =
2. vascl(FE) =

E) / (G,E) is vague «-soft open

E) / (S,E) is vague o-soft closed

(F,E) Nvscl(viint(vicl(F,E))).
(F,E) Uvscl(vsint(vicl(F,E))).

Theorem 3.18. Let (F,E) and (G,E) be two vague soft sets
over (X,7,E). Then the following properties are hold:

1. vosint(0g) = O and vasint(Xg) = Xg.
2. vasel(Dg) = O and vascl(Xg) = X.
3. vasint(F,E) C (F,E) Cvascl(F,E).

4. (F,E) is a vague o-soft open set if and
only if vasint(F,E) = (F,E).

5. (F,E) is a vague a-soft closed set if and
only ifvaiscl(F,E) = (F,E).

6. vasint(vasint(F,E)) = vasint(F,E) and
vascl(vascl(F,E)) = vascl(F,E).

7. (F,E) C (G,E) implies vasint(F,E) C vasint(G,E)
and voiscl(F,E) C vascl(G,E).

Theorem 3.19. Let g, : (X,7,E) — (Y,0,K) be a vague
soft function. Then the following conditions are equivalent:

1. gpyis V aS-continuous function.

2. For each vague soft closed set (G,K) over (Y,0,K),
¢, (G,E) € VasSC(X).

3. For each vague soft set (F,E) over (X,7,E),
gpu(VScl(vSint(v3cl(F,E)))) Cvscl(gpu(F,E)).

4. For each vague soft set (S,K) over (Y,0,K),
vicl(vfint(vEcl(gpu (S,K)))) C g’l(vscl(S K)).



Proof. 1 < 2 : Let (G,K) be a vague soft closed set over
(Y, G ,K). Then (G,K)° € o. By 1, we have
&pu (G, K) ) € VaSO(X). Now from the Theorem 2.12 (3)
we have g,,, '(G,K)%) = (gpu (G,K))¢ € VaSO(X). And hence
g (G,K) € VaSC(X).

Conversely, let (H,K) be vague soft open set in (Y, 0,K).
Then (H,K)* is vague soft closed set in (¥, 0,K) and
g (H,K)") € VaSC(x). N
Since g, (. K)°) = (g5, (H.K))° € VaSC(X). gyl (H.K) €
VaSO(X). Hence, g,y is V oS-continuous function.

2 = 3: Let (F,E) be a vague soft set over X.
Then v3cl(g,.(F,E)) is vague soft closed set over (Y,0,K).
By part 2, g;ul (v3cl(gpu(F,E))) is vague o-soft closed in
(X,7,E).Thus,
8pu (V3CI(gpu(F,E))) DvEel(vSint(vacl(g,, (viel(gpu(F, E))))))
2v§cl(v§int(v§cl(gpu (gpu(F,E))))),
DvScl(vsint(vicl(F, E)))).
Thatis, g, (v3cl(gpu(F,E))) 2vacl(vaint(vicl((F,E)))).
= Vicl(gpu(F.E)) 2 8pu(gpu (vVsel(gpu(F,E))) 2
gpu(Vel(vSint(V3cl(F,E)))).
Hence, g (v3cl(vSint(vScl(F,E))))) Cvicl(gpu(F,E)).

3=4: Let (S,K) be a vague soft set over (¥Y,0,K) and
let g‘l(S K) = (F,E). By 3, we have
8pu (Vscl(Vsmt(vscl(F,E))) C vicl(gpu(FLE))
pu(VACI(VBInt(vicl(g,,, (S, K))))) € v3el(gpu(g, (S,K))) €
vicl(S,K))).
= gpu(V§cl(v§int(v§c1(g;,u1 (S,K)))) Cvicl(S,K)).
vael(vsint(vicl(g,, (S,K)))) C
g;ul (&pu (V§cl(Vsmt(vscl(glm ($,K))))) C
Hence, V§cl(v§int(V§cl(gpu (S,K)))) <

8pu (VCL(S,K)).
g’1 (vscl(S,K)).

4 = 1:Let (G,K) be a vague soft closed set in (¥, 0,K).
Using part 4 for (G,K) we obtain,
v3cl(vaint(vicl(g,, (G,K))) C g, (V3cl(G,K)) = g, (G.K).
Therefore g} (G, K) € V(XSC( ) Hence g, is vague o-soft
continuous fU.IlCthIl. O

Theorem 3.20. A vague soft function gp, : (X,7,E) — (Y,0,K)
is V auS-continuous iff g pu(vatScl(F,E)) C vicl(gpu(F,E)) for
every vague soft set (F,E) in (X, 1,E).

Theorem 3.21. A vague soft function gy : (X,7,E) = (Y,0,K)
is VaS-continuous lﬁfg;u1 (vsint(G,K)) Qvasmt(gpu (G,K))
for every vague soft set (G,K) in (Y,0,K).

Theorem 3.22. A vague soft function gp, : (X,7,E) — (Y,0,K)
is VaS-continuous lﬁvascl(g_l(G K)) C gpl(vscl(G K))
Sor every vague soft set (G,K) in (Y,0,K).

Theorem 3.23. Every VS-continuous function in vague soft
topological spaces is V oS-continuous.
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Proof. 1t is obvious from the fact that, every vague soft open
set is vague ¢-soft open [10] in a vague soft topological
space. O

Theorem 3.24. Every VaS-continuous function is a VSS-
continuous and V PS-continuous function.

Proof. 1t is obvious from the Theorem 2.9. O

Remark 3.25. The notion of VSS-continuous and
V PS-continuous functions are independent of each other.

Remark 3.26. The converse of the above Theorem 3.24 need
not be true and the independency of the above Remark 3.25
are shown by the following examples.

Example 3.27. Let X={x1,x,}, E={e,ea,e3}, Y={y1,¥2,y3}
K={ki,ks} and Let (X,7,E) and (Y,0,K) be two vague soft
topological spaces with © ={0g,(G,E),Xg} and

c ={@K,(F1,K),(F2,K),I7K} where,

0.1,0.2] [0.1,0.3]
e
1y x1 ) x )
0,0.1] [0,0.5]
E =
(G7 ) <eZa X 3 x s (o
.. [0.02] [0.2,04]
3, X ) X
<k 0.2,0.7] [0.1,0.9] [0.3,0.6]>
1’ ) b b
Y1 Y2 y3
Fi,K) =
(Fi. K) <k 0.2,0.8] [0.4,0.5] [o,o.7]>
27 y] b) yz b) y3
and
<k 0.5,0.9] [0.6,0.9] [0.4,0.8]>
15 ) ) )
Vi 2 ¥3
F,K) =
(F2. K) <k 0.8,0.8] [0.5,0.8] [0.3,0.7]>
v wm s

Consider vague soft function gpy : (X, T,E) —
u: X—Y and p: E—K are defined as follows:

u(xy) =y, u(x2) = ys.
pler) =ki, ple2) =ka, p(e3)

Then the vague soft function 8pu s VSS- continuous but
neither V PS- continuous nor V aS- continuous.

(Y,0,K) where

=kj.

Example 3.28. Ler X={x,x2,x3}, E={e1,e2}, Y={y1,y2}
K={ki,kp,k3} and Let (X,7,E) and (Y,0,K) be two vague
soft topological spaces with © ={0g,(G1,E),(G2,E),Xg}
and ¢ ={0k, (F,K),Yx}, where

<ela

0.2,0.8] [0.2,0.6] [0.4,0.6]

) )

X1 X2 X3
G 7E‘ = )
(G1,E) ., [0.1,04] [0.3,0.5] [0.3,06]

27 x] b xz b) x3



7 )

< [0.4,0.8] [0.7,0.8] [0.6,0.7]>
€1, )

X1 X2 X3
Gy ,E) =
(G2,E) ,, [0:9.1] 08,0.9) [0.6,08]
2 X1 ’ X ’ X3
and
<k [0.5,0.7) [0.4,0.6]>
I Vi ) V2 ’
(F,K) = <kz, 07,08 (038,09 > ,
3 y2
< 0.7,0.8] [O.6,0.8]>
k37 ’
n y2

Consider vague soft function g, : (X,7,E) — (Y,0,K) where
u:X =Y andp :E — K are defined as follows:

u(x1) = y2, u(x2) = y2, u(x3) = y2.
pler) = ki, p(e2) = ka.
Then the vague soft function gp, is VPS- continuous but
neither VSS- continuous nor VaS- continuous.

Theorem 3.29. A vague soft function gp, : (X,7,E) — (Y,0,K)

is VoS- continuous iff it is both V SS- continuous and vague
V PS-continuous.

Proof. : Necessity It follows from the Theorem 3.24.

Sufficiency: Let (G,K) € 0. Since g, is both VSS- con-
tinuous and vague V PS-continuous, g;,}(G,K) € VSSo(X)
and g;ul (G,K) € VPSO(X). Now from the Theorem 2.9 we
can have g,/ (G,K) € VaSO(X). Hence g, is V aS- contin-
uous. O

Definition 3.30. Let g,, : (X,7,E) — (Y,0,K) be a vague
soft function. Then gp, is called;
1. vague soft irresolute (VS-irresolute in short) if
g;u' (G,K) € VSSO(X) for all (G,K) € VSSO(Y).

2. vague pre-soft ii:resolute (VPS-irresolute in short) if
& (G,K) € VPSO(X) for all (G,K) € VPSO(Y).

3. vague a-soft irresolute (VaS-irresolute in short) if
&pu (G, K) € VaSO(X) for all (G,K) € VaSO(Y).

Remark 3.31. The following examples shows that V S-irresolute

functions are not VS-continuous. Neither are VS-continuous
functions necessarily V S-irresolute.

Example 3.32. Let X = {x|,x2}, E = {e1,e2}, Y = {y1,32}
and K = {ky,k2}. Let us consider © = {0, (F,E),Xg} and
o = {0k, (G,K),Yx} be two vague soft topological spaces on
X and Y respectively where,

<e1, (0.4,0.5] [0.4,0.5] >

)

X1 X2
F.E)=
(F.E) < 0.4,0.5] [0.4,0.5]>
€2, )
X1 X2
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and

)

< o, [0.11,0.5] [o.yaio.s] >

<k1, [0.5,0.6] [0.3,0.4] > 7
(GvK) =

)

Vi y2
Consider vague soft function gp, : (X,7,E) — (Y,0,K) where
u:X —Y andp :E — K are defined as follows:

u(xp) =y, u(x2) =y2.  pler) =plea) = ka.

Then g, is V S-continuous function but not V S-irresolute func-

tion. For
<k [0.6,0.7] [0.5,0.6]>
1’ ) )
Y1 2 ~
H.,K) = eVSSo(Y),
( ) <k [0.9,1] [0.7,0.8]> ()
Ty w,

gljul (H,K) ¢ VSSO(X). Clearly, gy is not VS irresolute func-
tion.

Example 3.33. Let X = {x|,x2}, E ={ey, e} and consider
the following two vague soft topologies | = {0, (F,E),Xg}
and ©v = {0g,(G,E),Xg} on X where,

o 6.6)= (0407 308 (105 0201}

Consider vague soft function gp, : (X,71,E) = (X, ,E)
where u :X — X and p :E — E are defined as follows:

u(xy) =x1,ulxp) =x2; pler) =e1,pler) = en.

Then gpy is VS-irresolute function, since vicl(G,E) = Xe
and any vague semi-soft open set (H,E) in (X,m,E), we
have (G,E) C (H,E). Hence g, (H,E) = (H,E) 2 (G,E) 2
(F,E). Also vicl(F,E) = Xg which implies that g;ul (H,E) is
vague semi-soft open in (X,T1,E). Hence gp,, is VS irresolute

function. Clearly, gp, is not VS-continuous function.

Theorem 3.34. For a vague soft function
gpu: VS(X,E) = VS(Y,K), we have the followings:

1. Every VS-irresolute function is V SS-continuous.

2. Every V PS-irresolute function is V PS-continuous.

3. Every VaS-irresolute function is V aS-continuous.
Proof. The proof is obvious. O

Remark 3.35. The converse of the above Theorem 3.34 need
not be true as shown in the following examples.

Example 3.36. Let us consider the vague semi-soft contin-
uous function gp, as in Example 3.27. Clearly it is not VS-
irresolute. Because for the vague semi-soft open set

_ 0.8,1] [1,1] [0.7,1] L1 [0.909] [11]
(F.K) = {<k1’ yio0oy s >’ <k2’ yiooy 0y >}
in (Y,0,K), 8, (F,K) is not vague semi-soft open in (X, 7, E).



Example 3.37. Let X={x|,x2}, E={e1,e2}, Y={y1,72},
K={ki,kr} and Let (X, 1,E) and (Y,0,K) be two vague soft
topological spaces with © ={0g, (F,E),Xg} and
o ={0x, (G,K),Px}, where
(F,E)={{e, [0.7,049]7 [0.8,0.9] > 7< 7 [0.9,1]’ [0.8,0.9] 7

X1 X X1 X2
(G,K) = {<k1, [0.2,0.7]7 [0.4,0.5] > : <k2, [0.2,0.2]’ [0.3,0.4] >}

v 2 ¥ »
Consider vague soft function gp, : (X,7,E) — (Y,0,K) where

u:X —Y andp :E — K are defined as follows:

u(x1) = y1, u(xz) pler) =ki, p(ez) =ka.

Then this vague soft function gp, is vague pre-soft contin-
uous but not VPS-irresolute. Because for the vague pre-soft

pens 6,0 = | (o, 2 B85y, i
in(Y,0,K), 8, Y(G1,K) is not vague pre-soft open in (X, 7,E).

Example 3.38. Let X={x|,x2}, E={e1,e2}, Y={y1,y2},
K={ki,ky} and let (X,7,E) and (Y,0,K) be two vague soft
topological spaces with © ={0g, (Fi,E),(F»,E),Xg} and

o ={0x, (G,K),¥x}, where

(F17E) _ {<€1, [0.2,0.4]’ [0'1’0'4]>,<e2, [0203], [0.1 04]>}
X1 X2 X1
(F,E) = 7[0~5x~,0~7}’ [0~t~,0.8} e, 0506 , 0407]
(G2 K)= {{<<: [0-5;17] [0-4,(2JA8]>> <<ke22 0506 0407 >>}}
’ oyt 0 » ’ ) s

Consider vague soft function gp, : (X,7,E ) (Y G K) where
u:X —Y andp :E — K are defined as follows:

u(xy) =y, u(x2) ple1) = ki, p(ez) = ka.

Then this vague soft function g, is vague O.-soft continuous
but not VaS-irresolute. Because for the vague Q-soft open

_ 0.6,0.8] [0.6,0.9] 0.7,0.8] [0.8,0.9]
set (G1,K) = {<k1, 0608 0609 (k,, L7108 080931
in (Y,0,K), g '(G1,K) is not vague a-soft open in (X,T,E).

=Y2;

=Y2;

Remark 3.39. The following figure illustrate the implications
we discussed as above.

Vas -Continuity
— t
VS-Trresoluteness | /[ 174, §-Irresoluteness V PS-Irresoluteness

V 5§5-Continuity } V PS-Continuity

Figure 1

Definition 3.40. Let g,, : (X,7,E) — (Y,0,K) be a vague
soft function. Then, the function g,, is said to be

1. vague soft open if g,u(F,E) is vague soft open of
VS(Y,K), for each (F,E) vague soft open set of (X, T,E).

2. vague soft closed if g,u(F,E) is vague soft closed of
VS(Y,K), for each (F,E) vague soft closed set of
(X,1,E).
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Theorem 3.41. Let g, : (X,7,E) = (Y,0,K) be a vague
soft function. Then the following statements are equivalent:

1. gpu is a vague soft open map.

2. gpu(vsint(F,E)) Cvint(gpu(F,E)) for each vague soft
set (F,E) of (X,7,E).

3. vfint(g;ul(G,K)) C g;ul(vsﬁ'nt(G,K)) for each vague
soft set (G,K) of (Y,0,K).

Proof. 1=-2: Let (F,E) be any vague soft set over (X, 7,E).
Clearly vSint(F,E) is a vague soft open set over (X, 7,E).
Since g, is vague soft open map, g,,(vSint(FE)) is a vague
soft open set of (Y, 0,K). Thus

gpu(VSint(F, E))=vsint(g ,, (VSint(F,E))) Cviint(g,.(F,E)).

2 = 3: Let (G,K) be any vague soft set of (¥,0,K).
Then g;ul (G,K) is a vague soft set of (X, 7,E). By (2),
gpu(V8int(g,,,} (G, K)))Cvint(g (g, (G, K))C vsint(G,K).
Thus we have,
vsint<g,;} (G,K))Cg
&pu (V8INt(G, K)).

(gpu (VSlnt(gpu (G, K)C

3 =1: Let (S,E) be any vague soft open set in (X, 7,E).
Then vsint(S,E) = (S, E) and g, (S, E) is a vague soft set of
(Y,0,K). By 3),

(S.E)=v3int(S, E) Cv3int(g,, (¢pu(S,E))) C

g;ul (v8int(g (S, E))). Hence we have,

gpu(SaE) C gpu(gpu (Vsmt(gpu(s E)))) gvﬁint(gpu(S,E)) C
gpu(S,E). Thus g,,(S, E)=v3int(g,.(S, E) and hence g,, (S, E)
is vague soft open set of (¥, o, K). Therefore g, is vague soft
open map. O

Theorem 3.42. A vague soft function gy : (X,7T,E) — (¥,0,K)
is vague soft closed map iff v3cl(gpu(F,E)) C gpu(vScl(F,E))
for each vague soft set (F,E) of (X,T,E).

Proof. Let (F,E) be any vague soft set of (X, 7,E). Clearly
v3cl(F,E) is a vague soft closed set of (X, 7,E). Since g, is
vague soft closed map, g,,(VScl(F,E)) is a vague soft closed
set over (Y, 0,K). Thus,

vicl(gpu(F,E)) Cvscl(gpu(V3cl(F, E)))= gpu(V3cl(F,E)).

Conversely, let (F,E) be any vague soft closed set of
(X,7,E). Then vicl(F,E) = (F,E). By hypothesis,
v3cl(gpu(F,E)) C gpu(V3cl(F, E))=gu(FE)C v3cl(gpu(F,E)).
Thus, gpu(F,E) = v3cl(gpu(F,E)) and hence gp,(F,E) is a
vague soft closed set over (Y, 0,K). Therefore g,, is a vague
soft closed map. O

Theorem 3.43. Let g, : (X,7,E) = (Y,0,K) be a vague
soft bijection mapping. Then the following statements are
equivalent:

1. gpu is a vague soft closed map.

2. vicl(gpu(F,E)) C gpu(vicl(EE)) for each vague soft set
(F,E) over (X,7,E).



3. gpu(vicl(G,K)) Cvicl(g,, (G,K)) for each vague soft
set (G,K) over (Y,0,K).

Proof. By the Theorem 3.42, it suffices to show that (2) is
equivalent to (3).

Let (G, K) be any vague soft set of (Y, 0,K). Then
g;ul(G7K) is a vague soft set of (X, 7,E). Since g, is onto,
v3el(G, K)=vsel (gu(gy (G.K))) € gpu(viel (g, (G, K)))
= gl0AC(G.K)) C gy (gpulvRel(g) (G.K)))).
Since gpy is one-to-one,
8pu (V3el(G,K)) C gt (8pu(v3el(gi (G, K))))
=v§c1(g;u1 (G,K)).

Conversely, let (F,E) be any vague soft set of (X, 7,E).
Then g, (F,E) is a vague soft set of (Y,0,K). Since g,, is
one-to-one,

8 (VECl(gpu(F, E))) CVEel(g,,, (gpu(F,E)))=Vicl(F, E).
= 2pu(gpu (V3l(gpu(FEEN)C gpu(V3Cl(F, E)).
Since gpy is onto,

ng(gpu(FvE)) = gpu(g;;ul(vgd(gpu(F;E)))) - gpu(ng(EE))-

O

4. Conclusion

In this paper, we have introduced and characterized some
weaker forms of vague soft continuous functions. We have
presented their basic properties with the help of some coun-
terexamples. Also, we have obtained a decomposition of
Vague o-soft continuity and have proved that the indepen-
dency of vague soft continuity & vague soft irresoluteness.
We hope that results in this paper will be helpful for further
research in vague soft topological spaces.
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