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Intuitionistic fuzzy unitary operator on intuitionistic
fuzzy Hilbert space
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Abstract

In this paper, we define Intuitionistic fuzzy unitary operator (IFU-operator) on an intuitionistic fuzzy Hilbert
space (IFH-space). An operator 4 € IFB(H) is intuitionistic fuzzy unitary operator if Yil* =7 =4(*{(i.e. it is an
isomorphism of H onto itself. By virtue of this definition, a few theorems on IFU-operator are introduced and
some of its properties are discussed.
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1. Introduction

Initially, Atanossov [9] in 1986, introduced the concept of
intuitionistic fuzzy set. In 2004, Park [6] defined the notion
of intuitionistic fuzzy metric space (X,M,N,*,¢) with the
help of continuous t-norm * and continuous t-conorm ¢ as
a generalization of fuzzy metric space. Later in 2005 Saa-
dati and Park [10], using the idea of intuitionistic fuzzy met-
ric spaces, introduced intuitionistic fuzzy normed spaces. In
2009, Goudarzi et al. [5] presented the new notion of intuition-
istic fuzzy normed spaces and introduced intuitionistic fuzzy
inner product space (IFIP-space) with the help of continuous
t-representable (7) as a 3-tuple (V,F v, 7). Majumdar and
Samanta [12] given the definition of IFIP (i, u*) in a linear
space, an IFIP-space (V, i, u*) and some of their properties.
In 2018, Radharamani et al. [1, 2] introduced the definition

and properties of IFH-space and also the concept of IFA and
IFSA operators in IFH-space. 8* € IFB(V) is an IF-adjoint of
an operator 8 € I[FB(V), if (Sx,y) = (x,8"y),Vx,y € V, where
IFB(V) means the set of all Intuitionistic Fuzzy Bounded (con-
tinuous) linear operators on V. Also, if § = 8%, then § is an
IFSA-operator. Radharamani et al. [3] defined the concept of
Intuitionistic Fuzzy Normal operator on IFH-space and their
properties. An operator 8 € [FB(V) is called an IFN-operator
iff 88* = &*8.

In this paper, we introduce definition of Intuitionistic Fuzzy
Unitary operator (IFU-operator) on H, if LL* =1 = $*$L.
Here we give some properties of IFU-operator in IFH-space
like, £l is an IFU-operator < Py v (Lhx, 1) = Py v (x,7),Vx € H.
Sum of two IFU-operators is IFU iff it is surjective and
Re(Ux,thx) = —1,x € H with Py, (4,¢) = 1. € IFB(H)
is IFU-operator iff it is an isometric isomorphism of H on to
itself. We will discuss these in detail.

2. Preliminaries

In this section, we recall some definitions and basic results
which will be used throughout the paper.

Definition 2.1. [IFIP-Space] [5] Let p1 : V? x (0,+o0) —
[0,1] and v : V2 x (0,4e0) — [0,1] be Fuzzy sets, such that
w(x,y,t)+v(x,y,t) < 1,Vx,y € V&t > 0. An Intuitionistic
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Fuzzy Inner Product Space (IFIP-Space) is a triplet (V,Fy, v, 7T),
where 'V is a real Vector Space, T is a continuous t - repre-
sentable and F,  is an Intuitionistic Fuzzy set on V2 x R satis-
fyving the following conditions for all x,y,z € V and s,r,t € R :

IFI-1: F, (x,x,0) =0 and v (x,x,t) > 0, for every t > 0.
IFI-2: Fp v (x,9,8) = Fpv(y,x,1).
IFI-3: J, v (x,x,t) # H(t) for somet € Riff x # 0,

where H(t) = { (1): Zi i 28

IF1-4: Forany o € R,

«rfu,v(xay»é)» o >0
?uﬁv(ax,y,t): H( )7 (XZO
Ns(gu,v(x7y?é))7 (X<0

IFI-S: Sup{“T(‘er,V (X,Z,S), S:IJN(y?Za I'))} = 5L.’/.l,V (X"—y,z,t).
IFI-6: J, v(x,y,.) : R — [0, 1] is Continuous on R\{0}.
IFI-7:

limJ, t)=1.
tg% u,v(x7Ya )

Definition 2.2. [IFH-space][2, 5] Let (V, 3 v,7T) be an IFIP-
Space with IP:(x,y) = sup{t € R: Fy v (x,y,1) <1},Vx,y € V.
If (V,Fyuv,T) is complete in the norm Py, thenV is an Intu-
itionistic Fuzzy Hilbert Space (IFH-Space).

Theorem 2.3. [Riesz Theorem][2] Let (V,F, y,T) be an
IFH-Space. For any tg,,, — continuous linear functional
f» a unique vectory € V, such thatV x € V, we have f(x) =
sup{t e R: Ty v(x,y,1) < 1}

Definition 2.4. [IFA-operator][2] Let (V,J, v, T) be an IFH-
Space and let 8 € IFB(V). Then there exists unique 8* €
IFB(V) 3 (8x,y) = (x,8"y),Vx,y € V.

Definition 2.5. [IFSA-operator][2] Let (V,J, ,T) be an
IFH-Space with IP:(x,y) = sup{t € R: F, v (x,y,t) < 1},Vx,y
€Vandlet 8§ € IFB(V). Then 8 is Intuitionistic Fuzzy Self-
Adjoint Operator, if § = 8%, where 8* is Intuitionistic Fuzzy
Self-Adjoint of 8.

Theorem 2.6. [2] Let (V,F,y,T) be an IFH-Space with
IP:(x,y) =sup{t e R: Fy y(x,y,1) < 1},Vx,y € Vandlet §
IFB(V). Then 8 is Intuitionistic Fuzzy Self-Adjoint Operator.

Definition 2.7. [IFN-operator][3] Let (V,F v,T) be an IFH-
Space with IP:(u,v) = sup{t € R: Ty v (u,v,1) < 1},Vu,v €V
and let § € IFB(V). Then 8 is Intuitionistic Fuzzy Normal
Operator if it commutes with its IF-Adjoint. i.e. 88" = 8*8.

Theorem 2.8. [3] Let (V,F,y,7T) be an IFH-Space with
IP:(u,v) = sup{r € R : Fyy y(u,v,t) < 1},Yu,v € V and let
8 € IFB(V). Then § is Intuitionistic Fuzzy Normal iff
Puyv(8*u,t) =Py v(Su,t),Yu e V.
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Theorem 2.9. [3] Let (V,F,y,T) be an IFH-Space with
IP:(u,v) = sup{t € R : Fyy y(u,v,t) < 1},Yu,v € V and let
8 € IFB(V) be an Intuitionistic Fuzzy Normal Operator. Then
Puv(8u,r) = P5 , (Su,1).

Theorem 2.10. /3] Let (V,Fy v, T) be an IFH-Space with
IP:(u,v) = sup{t € R : Fyy y(u,v,t) < 1},Yu,v € V and let
8 € IFB(V). Then § is Intuitionistic Fuzzy Normal iff its real
and imaginary parts commute.

Example 2.11. /3] Let (V,Jv,7T) be an IFH-Space with
IP:(u,v) = sup{tr € R : Fyy y(u,v,t) < 1},Yu,v € V and let
8 € IFB(V) be an arbitrary (intuitionistic fuzzy) operator
and if y & & are scalars such that |'y| = |8|. Then show that
Y8 + 88* is intuitionistic fuzzy normal.

3. Main Results of Intuitionistic Fuzzy
Unitary Operator (IFU-Operator)

In this section we introduce the definition of Intuitionis-
tic Fuzzy Unitary operator (IFU-operator) in IFH-space and
presented some elementary properties of Intuitionistic Fuzzy
Unitary operator in IFH-space.

Definition 3.1. Let (H,F v, T) be an IFH-space with IP:(x,y)
=sup{t € R:Fy y(x,y,1) <1},Vx,y € Hand let § € IFB(H).
Then Al is Intuitionistic Fuzzy Unitary operator if it satisfies
L =1 = ¥l

Note 3.2. 1. In the triplet, (H,F, ,T) where H, a real
vector space, T , a continuous t-representable and ¥,
is an Intuitionistic Fuzzy set on H? x R.

2. It is obvious that, ”Every Intuitionistic Fuzzy Unitary
operator is Intuitionistic Fuzzy Normal”.

3. Another definition of Intuitionistic Fuzzy Unitary oper-
ator is as follows: ”An isomorphism of Intuitionistic
Fuzzy Hilbert space onto itself is called Intuitionistic
Fuzzy Unitary”.

Theorem 3.3. Let (H,F y,T) be an IFH-space with IP:(x,y)
=sup{t €R:Fy y(x,y,1) <1},Vx,y € Hand let § € IFB(H).
If M is Intuitionistic Fuzzy Unitary operator if and only if
Puy(hx,t) =Py v(x,t),Yx € H and U is surjective. In that
case, T”.v(u’lx,t) =Puyv(xt),x e H&Pyv(U) =1=Py
(.

Proof. For x € H we have

Py (Wr,1) — Pp (8, 1) = (8, 1hx) — (x,x)
=sup{t € R:F, v(Ux,Ux,t) < 1}
—sup{r €R:Fp v(x,x,1) < 1}
=sup{t € R:F, v(U"Ux,x,1) < 1}
—sup{t € R:Fy v(x,x,1) <1}
=(U" e, x) — (x,x)
=((U U —I)x,x)
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Since L* — I is Intuitionistic Fuzzy self-adjoint operator
it follows from that {*$( = I if and only if P, (x,1) =
Puv(x,1),Vx € H and if L is surjective, then "4 = I and 4
is bijective, so that

UL = (4007 1 = (U7) - (U7 = L) - 47 = !

[Since 4l is Intuitionistic Fuzzy Unitary, S8(* =1 = ${*4L.]
i.e. YWU* = 1. Therefore,  is Intuitionistic Fuzzy Unitary.

Conversely, if 41 is Intuitionistic Fuzzy Unitary, then LL[* =
land ${~! = $(*. In that Py y (4hx,1) = Py v (x,1),Vx € H and
4 is surjective, in that case it follows that Py (U~ x,1) =
Puv(x,t),Vx € H taking the supremum over all x € H with
Puv(x,t) <1, weget Ppy(U) =1="2P,, (). O

Theorem 3.4. If il and 3\, are Intuitionistic Fuzzy Unitary
operators on (H,F ,,T), then t 8 is Intuitionistic Fuzzy
Unitary. 31 + 31, is Intuitionistic Fuzzy Unitary if and only if it
is surjective and Re (8l x,8hx) = —§,x € Hwith Py (81) = L.

Proof. Given 4, and [, are Intuitionistic Fuzzy Unitary op-
erators on (H,Fy y,T). To prove that {(;4l; is Intuitionistic
Fuzzy Unitary.

Let (ﬂlﬂz)*ﬂlﬂz = ﬂ; (ﬂlﬂ]k )ﬂz = ﬂ;ﬂz

(ﬂ]ﬂz)*ﬂluz =1
Similarly, £(; [, (111112)* =il (uzil;)ﬂ’f = ﬂlﬂ’{
ﬂ1ﬂ2(ﬂ1ﬂ2)* =1

Therefore, (;4(; is Intuitionistic Fuzzy Unitary.

Assume that 41} + 1L, is surjective and Re (4 x,4hx) = — %,x S
H with P, v (4) = 1.

From theorem (3.3), Ll; + I, is Intuitionistic Fuzzy Unitary.
Conversely,

Py (W +8h)x,1) = (81 + L )x, (8 + L )x)
Py (L, 1) = (Ux, yx) + (8l x, £ox)
+ (Lhx, $hyx) 4 (Lhox, Lo x)
(2, x) = (x,x) + (L x, o)
+ (Lhhx, $hyx) + (x,x)
(x,x) =2{x,x) +2Re({{x,Lhx))
Hence by the theorem (3.3), il; + &I, is Intuitionistic Fuzzy

Unitary if and only if it is surjective and (x,x) +2Re(4l;x +
$hhx) = 0 implies that Re(tl1x,{hx) = —F,x € HL. O

Theorem 3.5. If il € IFB(H) is Intuitionistic Fuzzy Unitary
operator on H, then the following conditions are all equivalent
to one another.

(i) Y =1
(i) (Lx,Lly) = (x,y)
(iit) Puv(e,r) =Py v(x,1),Vx € H
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Proof. Let 4 € IFB(H) be an Intuitionistic Fuzzy Unitary
operator on H.

(i) = (ii) :
If (i) is true then
(Ux, Uy) = sup{r € R: Fy, v (Lhx,8hy,1) < 1}
=sup{r € R: Fy (UL, y,1) < 1}
=sup{t € R:Fy v(x,y,1) <1}

(8 hy) = (x, y)for allx,y € H.
Thus (i) = (ii).
(i) = (iii) :
If (if) is true then by taking y = x we get
(L, 8x) = sup{r € R : Fpy v (Lhx, Lhx, 1) < 1}
=sup{t € R:Fy v(Ur,x,1) <1}
=sup{r € R:Fy v(x,x,1) < 1}

S ) = (x,x), Vx,y € HL.
Ph (1) = P (x,1) = Py (W, 1) = Py (x,1)
for all x in H.
Thus (ii) = (iif).
(iii) = (i) :
If (iii) is true then
Puyv(Ebx,t) =Py v(x,1)
=P (8, 1) =Py (x,1)
= (L, 4x) = (x,x)
=sup{t € R: Fy v (L, 1) < 1}
=sup{t € R:Fy v(x,x,1) <1}
=sup{r € R: I (U Ly, Lha,1) < 1}
=sup{r €R:Fyv(x,x,1) <1}
= (U, x) = (x,x)
=((WU—-Dx,x) =0
=4UU-1=0
=>UU=1T

Thus (iii) = (i).
Hence the proof is complete. O

Definition 3.6. [Intuitionistic Fuzzy Isometric Isomorphism]
Let Hy and H be two IFH-spaces. An Intuitionistic Fuzzy iso-
metric isomorphism of H into Hj is a one to one linear trans-
formation 3\ of Hy into Hy such that Py (4hx,1) = Py v(x,1)
for every x € Hj.

Theorem 3.7. Let (H,F y,T) be an IFH-space with IP:(x,y)
=sup{r € R:Fy y(x,y,1) <1},Vx,y € Hand let € IF B(H).
If L is Intuitionistic Fuzzy Unitary operator if and only if it is
an isometric isomorphism of H onto itself.
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Proof. Let U be Intuitionistic Fuzzy Unitary operator. Then
by the definition of IFU-operator, it is onto.

By theorem (3.1) it preserves Intuitionistic Fuzzy Norms,
it is an isometric isomorphism of H on to itself.

Conversely, if 4l is an isometric isomorphism of H on to
itself, then 4! exists.

By theorem (3.1), {*$f = 1.
Multiplying both sides by {1, we get

(WUt =141
==y

= U* =1 =", which implies that 4 is Intuitionistic Fuzzy
Unitary. O

Note 3.8. Let U € IFB(H). Since (Llx,y) = (x,U*y),Vx,y €
H, we see that il is

(a) Intuitionistic Fuzzy Normal if and only if (Lx,4ly) =
(L x, 40 y).

(b) Intuitionistic Fuzzy Unitary if and only if (4x,ily) =
(x,y) = (tx, ).

(c) Intuitionistic Fuzzy Self-Adjoint operator if and only if
(e, y) = (x,4y).

We know that Intuitionistic Fuzzy Inner Product (,) on H
characterize the geometry of H. Hence an operator A\ is Intu-
itionistic Fuzzy Normal if 31 and 3\* transforms the geometry
of H in the same fashion. Ll is Intuitionistic Fuzzy Unitary
if neither 3 nor \I* change the geometry of H. For this rea-
son, an Intuitionistic Fuzzy Unitary operator is known as an
Intuitionistic Fuzzy Hilbert space isomorphism.

Theorem 3.9. Let K = C and il € IFB(H). Then there are
unique Intuitionistic Fuzzy Self-Adjoint operators B and C
on H such that \{ = B+ iC. Further, l is Intuitionistic Fuzzy
Normal if and only if BC = CB, Intuitionistic Fuzzy Unitary if
and only if BC = CB and B> + C? = I and $\ is Intuitionistic
Fuzzy Self-Adjoint operator if and only if C = 0.

Proof. Let B = u%w and C = M*Tu* Then B and C are
Intuitionistic Fuzzy Self-Adjoint operators and 4 = B+ iC.
If we also have U = By + iC| where By and C; Intuitionistic
Fuzzy Self-Adjoint operators, then {* = B; —iC} so that

RTEnTY T

By 5

C.

=BandC; =

Thus, B and C are unique. Now 4l is Intuitionistic Fuzzy
Normal if and only if (B —iC)(B+iC) = 4*U = $8* = (B+
iC)(B—iC). i.e. BC = CB.
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Similarly, & is Intuitionistic Fuzzy Unitary if and only if
M =1 = 3"

(B+iC)(B—iC) = I = (B—iC)(B+iC)

(B*+C?)+i(CB—BC) =1= (B*+C*) —i(CB—BC)

It can be easily seen that it is equivalent to B> +C? = I and
CB—BC =0.

Finally, 4l is Intuitionistic Fuzzy Self-Adjoint operator if and
only if B+iC =B—iC,ie. C=0. O

4. Conclusion

The idea of Intuitionistic fuzzy unitary operator in IFH-
space is totally new and very old form of theorems play the
role a prototype in our discussion of this paper. Some concepts
and lemmas have been presented about Intuitionistic fuzzy
unitary operator in Intuitionistic fuzzy Hilbert space. The
results of this paper will be helpful for researchers to go next
step in fuzzy functional analysis.
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