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Abstract. Let Z,, = 1,2,3,... denote a distinct non-negative n-order collection of numbers, and cw;, denote a star-like
transformation semigroup. The characterization of Pwy, star-like partial on the awy; leads to the semigroup of linear operators.
The research produced a completely new classical metamorphosis that was divided into inner product and norm parts. The
study demonstrated that any specific star-like transformation A}, 37 € V'™ is stable and uniformly continuous if there exists
T (V¥ (v — & u,u — a*v)) — (V*, (u — v, v — a*u)) with a star-like polygon 9* of 9*V* such that T (v*) =
¥*V*. Every star-like composite vector space V* € Puw;, can be uniquely decomposed as the sum of subspaces w; < W/,
and s7 < S7.4 such that Wi, + 57, C V* € Puwy,. The study suggests that the research’s findings be used to address
issues in the mathematical disciplines of genetics, engineering, code theory, and telecommunications.
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1. Introduction and Background

The study of vector spaces and vector space functions is known as linear algebra. They form the fundamental
objects of study in this paper. Once a star-like vector space is defined, its properties will be investigated. A
non-empty star-like transformation cw;; on which a polygon

* * * *
9 aw) X ow,, — aw;,

is defined as a star-like groupoid (aw?, ¥*). Then, (aw?, ¥*) is a star-like semigroup if the operation ¥* disk
associative.
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Similar to how sets play a vital role in mathematics, mapping also aids in understanding the relationships
between various algebraic structures. Instead of using the term mapping, which refers to the former,
transformation is utilized. The publications of [1] and [2] provide additional details on semigroup mappings.
According to the terminology employed by [3] the domain and image set of any given transformation \} € aw};
were indicated by D(A}) and I(A}) respectively.
wvl
rst
notation more complex to the point that any transformation that contains an empty map is referred to as a star-like
reducible transformation Pw;;.

If a mapping Pw;, is a star-like linear vector in a semigroup such that any star-like vector can be metricized
using the Hamming distance function method for every ¢, j € Z,,;¢ < j = ri < jr, then it is said to be star-like
order-preserving. One of the most potential transformation families for the current and upcoming generations
of academics is created by the associative function composition [1]. Hence, the new classical finite aw,*
transformation semigroups.

Assuming that \} € Pw;, is a star-like transformation, under the composition of mapping it generates another
star-like transformation of its form with trace of any composed star-like matrix 35 € M* C Bw,, where tr(j;*)
stands for the sum of its star-like diagonal points consisting of a finitely star-like polygon ¥* € 9*V*. Then the
star-like polygon (transformation) ¥* : R — Qisarule f : A — Q for some A # (), A C R{, where Rf is a
star-like disk operator and Pw (R{;) denotes the set of all star-like reducible transformations whose domain and
rank are subsets of R, then §* x A* of 5%, \* € Pw (R}) is the transformation with domain

Q=(I(B)NDN))B~"

Let (-) signify the empty set and ( ) be depictedas (7 s ¢)not (7, s, t)notmaking the cycle

so that for each r§ € Ry,
o (87 X AT) = (rgB7)A".

Given two associated star-like subspaces of V*, W/, and S7,, with the rule 9* : W7, — 57,5 8] €

Pwy, (V*). The domain and rank of 3 are subspaces of V* vector space V*, and a subspace W/, ; of V*
whenever Pw; (V*, Wi | — S5, ) = {8* € Pw;,(V*) : o*V* C aw;, if the following conditions are satisfy

Jj+1
(i) the range space W, (5*) of 3*, which consists of all 3*u with u in V*
(ii) the null space ST, ;(8*) of 3, which consists of all u in V* such that u8* = 0.

If aw; is considered to be star-like, then

v —a*u| < |u—a*v (1.1

forallu,v € D(A}, 87) and a*u,a*v € I(B5, A}) where

v . U
V= ) = (u, v, uv; g, @Fuy o, QFuw; ). (1.2)
* % * y Uy E) 9 9 »J

afu v ... atuv

The inner product was characterized by star-like transformation semigroups aw;; such that for all 3*, \* € Pw}
UV U... UV VU V... VU,
(R =G0 )
! <<Q1 42 q3--- Gij b ki ko k... kj;

(B%) = (B k1, BTka, ... BTk 5))
(A") = ((N"q1, N"q2, ... Aq54)) -

equals to
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Then U; = Bj’f and U; = \; such that
Uf=(@+1q+1-4), U =(k+1,k+1—)
which implies
Uy Uz U3 ... Uj41 U1 V2 V3...Vj41
Ui,Uj) = , 1.3
< j> {(k1k2k3k1+1> (qlng;g...qjqu)} ( )
with the star-like disk operator R > 0 on the inner product of a star-like vector space V* : [0, 00) — [0, 00)
such that 0Oa* = 0, and 8*(R{) < R{, in which

(RS (k), ()| < [{R5(v), (@)l (1.4)

such that k; ;, and g; ; are lower diagonal elements and upper diagonal elements of A}, 37 € Puw;, star-like
reducible semigroup respectively.

Let Mw; denote a star-like monoid semigroup with unique identity 1 € Mw; : 1A* = A* = A\*1 for all
\* € Mw?. Putting \°* = 1 (index law) holds for all b, d in N U () then aw;’ contains a unique element 0 (zero):

5*)\* — )\*IB*
08 =0
A0=0

For all 8*, \* in Pw}, is disk associative, by equation (1.1) Pw} U 0 is a semigroup obtained from Pw by
adjoining zero where necessary. If a semigroup Pw;; has the property that for all 8*, \* € Pw:
A0* =1, for all b,d € R. Then
)\b*/\d* _ /\b+d* — ()\b)d* _ )\bd*'

Thus, equations (1.3) and equation give useful characterizations of inner product normed space on the star-like
vector of a star-like mapping such that the star-like vector of order n in equations (1.1) and (1.2) for any given
B € Pw; is given by

« _ [ Bin—DAL)

such that

« _ (BB B,
Vij = <>\;* A LLAY

The star-like order reversing of V;* ; in (1.5) generates elements of Pwy,. Hence, a star-like vector space is a triple
(V*, 4+, X) over Pw(n, F) comprised of a set V* and F" along with the operation '+’ and ' x’ by real integers
such that the operations most produce vectors in the space and the following statements must be true;

@i) if p*, A" are vectors in V* then 8* + \* is a vector in V'*
(ii) if 5* is a vector in V* and b is a star-like scalar in Pw(n, F) € R then b3* is a vector in V*.

As aresult, a star-like vector space is a triple (V*, +, x) over Pw} (n, F’) consisting of a set V* and F'™ as well
as the operations '+’ and ' x’ by real integer and star-like disk operator such that the operations most produce
star-like vectors in the space and the following must be true:

@i) if 8*, \* are vectors in V* then 5* + \* is a vector in V*
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(ii) if 5* is a vector in V* and b is a star-like scalar in Pw(n, F) € R then 8* is a vector in V*.

That is, given two vectors 5%, A" in V;* ; of equation (1.5), it associates a new vector in V;*; denoted by
B 4 A ; ;
() : Vi x Vi, — Vi
(5*’)\*) — 6* +)\*
and given a vector 5* in V;* ; and a star-like disk operator i € R, it associate a new vector in rg8* € V;* ; such
that

(x) T RxVr, — V7,
(r§,v*) — riv*.

Let V* € Pw(n, F') represent a star-like vector space. A mapping TY : V* — V* is a star-like mapping
if there exists a star-like disk operator (constant) r5; C V* with 0 < b < 1 such that

VAT (B%), X)) < rgVEHTY (AF), BY) (1.6)

As a result, a star-like map points closer diagonally together. For every 8*, A* € V* and r < 0, all points \* in
the ball B,.(/5*) are mapped diagonally into a ball Bs(7™*(5*)) with s < r. This is depicted in 1. It also follows
from equation (1.3) and (1.5) that a star-like mapping is uniformly continuous. If 79" : V* — V* then a point
v* € V* such that

77" @)

| = lirgvI (1.7)
is called a star-like fixed point of 77"

The following is a partial list of papers and books:[4], [5], [6], [7], and [10] for basic and standard notions
in transformation semigroup theory. [8] factorized assertions about the relationships between metric spaces,
normed linear spaces, and inner product spaces. Refer to [9] for an introduction to functional analysis with
algebraic applications. The characterization relations of algebraic structure to linear operators have not been

*

investigated on Pw};, hence the need for this research.
That exists between metric spaces, normed linear spaces, and inner product spaces.

2. Preliminary

There is a need to demonstrate the application of algebraic theory to other relevant pure mathematical topics.
The research study created mathematical relationships to connect some operator algebras with transformation
semigroups. Some fundamental concepts and preliminary information that would be required in the following
part were defined:

Definition 2.1. Star-like Mapping (—*): Consider the star-like sets of disk operators R}, and Q}, to be non-
empty. A star-like rule 9* : R}, —* Q7 is a function V* that transforms Q) into R}

(i) D(¥*) = R},
(ii) for every r,n,k/J/ Epf=r= K,on=1.

Definition 2.2. Star-like fixed point: A fixed point element m* € I(f*) of Pw}, is a function 9* : p* — [*
such that f(B8*) = |m*(8*)|. It is read that 3* fixes m*.

Definition 2.3. Star-like vector space: A triple (V*,+, x) is a star-like space V* C Pw} containing a set of
mapping (vectors) and star-like operator 4+ and x by real integer as follows:
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(i) Given two vectors B*, \* € V'*, a new star-like vector in V* denoted by 3* + \* is obtained
(+): V' x V" —V*

(ii) Given a star-like vector 3* € V* and a real star-like disk operator v € Ry, associates a new star-like
vector in V* denoted by r5V* and a real number b € R so that

() : R x V* —sV*
(rg, V") —roV™,
Then, (V*, 4, X) is a (real) star-like vector space V* if
(i) B+ X))+ =p"+(\"+77)
(ii) 0 € V* such that 3* +0 =0+ B* = 8*
(iii) If 8* € V* there exists —3* C V* which satisfies 3* + (—3*) =0
(iv) B* + X* = A" 4 5*
(v) (1§ b) x X* = 1§ x (bx \*), forallr§, be R
(vi) 5 X (B* + X*) = r§B* + ri A", for every f*, A\* CV*
(vii) (g B) x B* = x (b5")

(viii) 15« = B* for every f*,\*,v* C V*

Definition 2.4. Supplementary subspaces: Let W 1,57 € V* be two subspaces of a star-like vector space
V*, Then W | and S, are said to be supplementary subspaces if

i1+ S5 =Viand Wi, ﬂ5;+1 = (0).
Definition 2.5. Star-like inner product space: Let (V*,+, X) represent a star-like vector space over the field

Pw,(n, F). A star-like inner product is a space function {x, x) : V* x V* — R that assigns to each ordered
pair (Y, \*) in V* and a scalar (real number) given that the following propositions are true.

(i) (v*, v*) > 0and (v*, v*) =0 ifand only if v* = 0 for all v* € V*

(ii) (rgy"s A) =15 (y" A7) forrg € R

(iii) (v*, X*) = (X*, v*) forallv*, \* € V*

(iv) (0, TGN+ B3%) = 15 (1°, A} + by, B°) for every 87, A", " € V.

Definition 2.6. In the case of any particular star-like transformation X} € Pw;, there exists a unique identity
star-like rule e} : N} — A defined by ex+*(u) = u for all u € \}.

e
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3. Main Results

The following results explain how particular operator algebras affect star-like Pw;, reducible transformation
semigroups.

Lemma 3.1. A R C V* in Pw}, element is a star-like disk operator if and only if RS f(\f) < I(R}).

Proof. Suppose R f(AF) < I(R§), there exist Afs} € I(Ry) such that A\fsf(Rf) = Afs).

If
I(RG) = {\/si Ry : Ajs; € Pwy},
Then
Rj € Pw;, <= |Ri(v) — Ry(Nja"u)| < [RG(Aju) — Rj(a™v)| < Rj
Implies
ARy (v) — Ro(Aa*u)| < [Ry(Aju) — Rj(a™v)[} < AjsiRg.
By (1.1)
|RG(u) — Ro(Aja™u)| < |RG(Ajv) — Ry(a™v)| < Kgy
shows that
(Aja"vKRs )Ry < o uRy
and
ATSTRG < Afsi.
Thus, RS f(A}) < I(RY), forevery \isf € I(RY). |

Theorem 3.2. Assume 9*V* is a star-like disknorm of V* € awy(n, F) such that Pw}

n C owy, then the
following are true:

i Every element X}, € Pw; is star-like reducible

ii Pwi contains wt (9*V*) < w™(9*V*)

iii. There exists a unique v € Pw:(V*) : {rf = (Maz(n,wtV*) x Min(n,w"V*))} and
9*—1
((nywt(V*),w= (V")) = Y5, <19*2+ - 1) such that r§ C Rj is the star-like disk operator

degree of Pw;,.

Proof. (i) = (i7)
If rj € ¥*V* is a star-like reducible degree order, then b € Z, is in the range set d € Z,, : A} (b)d. Because
9*V* is a star-like vector

(N5 (D)9* V™) = A% ()0 V™ G.1)

Implies
A (d9*V*) = dyrVr. (3.2)

Then
(Maz(n,wtd*V*)) < (Min(n,w"9*V*))

for some b, d € D(A}) with a star-like disknorm

AE(BV*) = do*  ri(A5) < dV*. 3.3)

e
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Letd9* € VF : 9% = wT(\5) x w™(A%).

By star-like folding principle and composition of star-like reducible transformation.
D (Maz(n,wt (V"))

gives the star-like order-reversing of
I{(Min(n,w=((V*))).

The theorem follows from 2
Since ¥*V* possesses a reducible order of F(r§) in V* C Pw}, then F(n;wt(\5),w™ () generates a
finitely reducible recurrence star-like disknorm:

n 9" —1
((nw (V) w™ (V) = > (ﬂ*in ~ 1) (3.4)

9r=1
Assuming A} € Pwy is star-like reducible such that ¥*V* is a star-like vector space with a star-like disknorm,
then for any given star-like transformation

N e DWV) (X)) < Z,
such that b;11 — b; is the domain and d; 1 — d; is the image order of A}, C ¥*V*

OV | big1 — b [ OV | djpr —dy | (3.5)
then r§ € R}, : 9"V, x 9*V* = ¥*V* which completes the proof. [ |
Proposition 3.3. Given a star-like vector space (V*,+, X), the following statements are true:

(i) O x X* =0 forany \* € V*
(ii) (=r3) x X =7rf x (\*) forany r§ € R
(iii) v x 0 =0 foranyrj € R
(iv) If rg x X* = O then either rj = 0 or \* = 0.
Proof. (i) Suppose \* € V* such that V* € A\w(n, F), by definition 2.5 using (viii), (v) and (ii) gives
A'HFOX AT =1TX A" 4+0x A"
=(140)x A" =X"+40.

By adding (—\*) to both sides of the equality: —A\* + A\* + 0 X A* = —A* + A* + 0.
Thus, 0 x A* = 0.
(ii) Let —(r§ x A*) be an element in V* that satisfies property (iii) in definition 2.5, replace \* by 7§ x A\*.
Now 7§ x 0 = 0 for any € R holds if —(r§ x A*) = (—rf) x A*.
Using (—rd) X X* =rf x (=A*)andri x \* =0
where (—78) X A* + 17§ x A = (—=rf +75) x A* =0x A* =0.
Then, (—r§) x A* =r§ x (=A*) = 0.
(iii) In general, if A7 € V* we see that:

ro X 0 =15 x (A} = A7) =715 X A + 75 X (=A])

=715 X A +rg x {(=1) x Aj} =715 X Xf 4 (=rg) X A}

ok * kY k
=71y X A; —1oA; =0

e
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Therefore, 5 x 0 = 0 for any A} € aw;; (n, F).
(iv) Suppose ry # 0, and rgA*™ = 0.
Consider - Tk then,

1
A*:l)\*—(—* o)A
To
1 1
— (5N = = 0 =0
0 To

Thus, if 5 = 0, then A* = 0 or r. A reducible star-like transformation of Pw;, is the subset K* C aw;;, which
is closed by the same operation on Pw;;. If K* C aw;;, then it is a legitimate star-like sub-vector of V" that is
not equivalent to | Pw;’|. Then

NjesK; # 0 = Nje K C Puw,.

Similarly, S¥,; C V* € aw;(n, F) is a star-like vector addition and scalar multiplication closed subspace of

|7
Therefore a star-like subspace S7,; C V* in any given star-like triple (V*, 4, X) is a vector subspace of V* if
it is a vector space with the induced operation and still satisfies properties (i) - (vii) of definition 2.5. |

Proposition 3.4. Any star-like subset S}, ; of V* is a star-like subspace if and only if the following requirements
are met:

(i) w; +s; € V)Y, forany wf,s; € V*

z_]’
(ii) bsi,; € Pw” foranyb € R.

Proof. (i) Given any S;1; € V™ such that w + s7 C S, ; and any star-like real number b € R such that
wi + s7 < S As aresult of the limited vectors being well defined on S7', ;, the outcome vector is still in
Sty
Furthermore, w; + s7 € V* : 0 = 0(w] + s7) € Sf,; and =S ; = (=Lw; + sjV™.

(ii) Suppose V* € aw;(n, F)and S}, ; € V* withi,j € Z; U; Z;(i = {0,1,2,x}) : € R, by the
properties of V* € Puwy, it is obvious that S}, ; is star-like subspace.
Therefore, by properties (i) - (iv) of definition 2.6, the proof is complete. |

Remark 3.5. A star-like subset containing only zero vector, z* € V* = (), and the whole space V* are trivial
subspaces, in which z* is the smallest possible star-like subspace and V* C Pw* is the largest one.

Proposition 3.6. Let (V*, +, x) represent a star-like vector space and W _,, 5741 represent two star-like
subspaces. The following are interchangeable:

(i) W+1 ﬂ i1 = < >
(ii) There exists a unique couple (w}, s) € W x S, foreachrg € W 1+ 575, suchthatrg = w} +s7.

Proof. (i) = (ii) Assume a star-like vector operator r; € W7 ; 4+ S7,; n be expressed in two paths: 75 =
uj ;+vi;and 7§ = of ; +uj,; withwo?; € Wi, and vuj, € ST,
Take note that

uj; — v S —ugs € Wiy nS}kH =(1)
As aresult, rjv < a*uand rju < o*v are equal
(ii) == (i) suppose by contradiction, there exists 0 # r5 € W;* ;[ S},
Therefore,

ro =041 §r0+OEW+1ﬂ 41
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This contradict the initial proposed statement, because any star-like vector in the same transformation can be
expressed uniquely as the combination of vectors in W', ; and S7, ,, this means that 75V* can be decomposed
in two different ways as a vector of W, + 57, € V* C Pwy. [

Remark 3.7. Every vector of equation (1.5) can be uniquely decomposed in proposition ?? as the combination
of a star-like vector in W, and S} ;.
Theorem 3.8. Let ||V*|| denote a star-like norm vector space with the disk operator v and let w* and v* be any
two star-like vectors in V* then 2d(u*,v*) = ||[E*(u*) — F*(v*)|| + 2¢r¢.
Proof. By a star-like operator
ro(u) =ry(u” —v* +0%) < rf(u* —u* +0*) +r§(V)

which is equivalent to

E* - F* [k K[ % 1 k k(% *

S () () < SV — )
Then,

1
ro(*) —ri(u) <rju” —o*) = §V*r6‘(v*u*) (3.6)

It was deduced in equation (1.6) that r( is a continuous star-like disk when using it as a norm on the star-like
vector space r; V¥, using the absolute value as a norm on the real star-like space,
=2r5(v* —u*) < E*r{(v*) — Frri(u®)
Gives 1
Iro(u”) — v < SV rg(u” —v7).
Given a star-like mapping
. 1
9* kY % kY% *
T = (V7 Iy — (g Ve, SV
such that a star-like operator 7§ < b < 1. Then
1
Zy*
2

As a result, the diagonal distance between two star-like vectors in a star-like disknorm space ¥*V ™ is provided
by

BT (v*),F*(u*))H < %V*b

|7 @), 77 ()| 37

2d(u”,07) = [|[ET(u”) = F*(07)]| + 2¢r5.

Example 3.9. Consider a star-like 3- dimensional real space R? € V¥, such that

« _ (BB B,
Vij = (A;‘ AF LAY

Then

*

1
R=¢ | 85 | 67,5505 €R
B3
with the usual operation + and x where

*
1

gr=15 |,
*

3
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Al
A= AS
A3
it Al B+ AT
Then | B5 | + | A5 | = | B5 + A5 | such that
1)\ \sren
Br bBY
bl B | =1 05
a3 b3

for every *,\* € V", and b € R.

Example 3.10. : Let V;*; = R be the star-like space of real number with usual star-like norm: T " R—R
be defined by

TV (57) = 28"

given that o*, 3* € V*;

oy < v -

=[128" — 23| = 2|[v;}; - 1]]

So T is a star-like mapping shown in 1.

Lemma 3.11. Suppose 9* C R}, is a star-like polygon with star-like inner angles of Area(Ry) = (3001 An) —
(n — 2)7. Then the star-like norm ||9*|| : 9*V* — R is then continuous.

Proof. Let £ and § be any star-like elements such that £ > 0 and § = &. The star-like convex polygon in 9*
of R can be strictly accomplished by arranging ¥* so that the origin is in the interior of Rf; and projecting the
boundary of ¥* on T*2 using

(i, 5, k)
/i2 +,]2 _|_k2

The vertices of 97 correspond to a portion of 7*2, the edges correspond to a portion of great circles of (1},
and the faces correspond to the star-like polygon. The union of 95, + - - - 997 forms a star-like polygon on 7T*2.

(i, 5, k) = (3.8)

U(R;) +U(R;) + -+ U(R}) = Area(T*?) (3.9)
For each £*, and \* in 9*V*

PN, ) = AT = 7.

generates
1 E* — F*
V=4
2 2 *
Such that every star-like edge is shared by two star-like polygons and |||v — o*u| < |[u —a*0]|| : V¥ — R

gives

n n n

U Uv—a*uij—Uu—a*v+O2T*2:47r (3.10)

i=1j=1 i=1 i=1
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which shows that

ST 18°]) = 9 T2 A — 9° T2 187
SOTZN - <¢=3

and since the sum of star-like polygons at each vertex is 27 we obtain

27V* —2nE* + 2nF* = 47

As aresult, ||¥*]| is continuous on J*V*. [

Theorem 3.12. Let V;'; € Pwy, be a star-like symmetric reducible vector space, then for any 9* € V;*; then
(ab) || (cd) such that (abc) < (bed) for any a,b,c,d of 9* € V5.

Proof. Given that a and d are on the star-like opposite side of the line bc in a star-like symmetric reducible vector
space shown in 3 below,
Then, by using the folding principle of a star-like reducible transformation

(abe)y <|< abc |— (bed) <|< bed | . (3.11)

Then
(ab) < {ed) = (v — @™ u) < (u— a™v) (3.12)

Therefore, for any given reducible star-like vector space, the transverse of each V;*; € Pwy, makes an equal

alternative angle on two sides because the lines of any reducible star-like vector space V*; are always reducible.
|

Theorem 3.13. Assume V* is a vector norm space with a star-like disknorm. Then, on V*, every star-like
mapping TV is uniformly continuous.

Proof. Given the fact that (V* |x||) denotes a star-like vector normed space and
T - (V*, || x||) — (V*,||x]|) represents a star-like map, so, by equation (1.3) a star-like disknorm 9* € R is
defined, with 0 < ¥* < 2. Where £ > 0 denotes an arbitrary element and § = % > 0,then Then
HTW(B*), (A*)|| < 6 such that

<19*><£:§

a*

|77 8, 00)

Then, according to equations (1.5) and (1.7), every star-like mapping is continuous, implying that 77" is
uniformly continuous on ¥*V*. As a result, a star-like inner product space (V*, (¢0*,9*)) is a normed vector

space with the disknorm ||9*|| = /(v — a*u, u — a*v). [ |
Theorem 3.14. Let 8*,\* € V* then (5*, \*) = q—k _ (9~ (k—1) .

k—1 q—k
Proof. ;

Suppose D(5*, \*) C Z,,.If
F(g, k)= (B",\* € V" C Puw,, : (8", X)) = I(B",\")) =k
Consider u;;v;; € D(B*, \*) such that

wi (B, A7) < (N, B%) vy (3.13)
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Implies
(uijvji) =0

So, u;jv5; € V* has a g — 0 + 1 disknorm degree of freedom with star-like order

()= (0071

Therefore, since for star-like reducible transformation, ¥*V* is a star-like subspace of all star-like vector space
and that if (u;;v;;) € V* : r(8*, \*) = k, irrespective of the value of ¢ > 2 whenever ¢ = (¢ — 1), there are
exactly two star-like disknorm of rank such that

= (")

Theorem 3.15. If TV : (V*, (v — a*u,u — a*v)) — (V*, (u — a*v,v — o*u)) is a star-like map, then for
each positive integer n € Z,, , T nx : (V* (0%, 9%)) — (V*, (0*,9%)) is also a star-like map.

Proof. Assume 77 : (V* (v — a*u,u — a*v)) — (V*, (u— a*v,v — a*u)). Because T? is a star-like
map, there exists a positive real integer b € R that satisfies
<T19 0 (us5v45), 9 (vjiuig) > < b<T19 V" (ui5), (vﬂ)> Then

(129" (i), (v2)) = (T (@7 (0 (i), T (9" (032)))
<b(T7 (@ (0 () T (9" ()
< 02 (T (0" (i), (0" (032)))
= d (17 (\),(8").
Where d = b < 2. So, for n = 2, see that
T%9* . (V*, (v — a*u,u — a*v)) — (V*, (u — a*v,v — a*u))
is a star-like map. Now, for n = *
(VS (v = afuyu — afoy) — (VE (u— afo,v — o))
is a star-like map:
(T™(v4), (uig)) < 0" (T ((uiz), (v2)))
for every 5*, \* € V*. Then,
(17 i), () = (77 (030), T (17 (i)
<b <Tﬁ*+1(uij)7Tﬂ* (Uji)>
< 07T (v), (i) )
Hence, by mathematical induction, we deduced that
T (V¥ (0 — o u,u — a*v)) — (V*, (u— a*v,v — o*u))

is a star-like map for all positive integers Z,, = 1,2,3,--- .

i
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Figure 1: A star-like map 77 : TYx(v*) = 9*V*

Figure 2:

Figure 3:
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