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Abstract. Let Zn = 1, 2, 3, . . . denote a distinct non-negative n-order collection of numbers, and αω∗
n denote a star-like

transformation semigroup. The characterization of Pω∗
n star-like partial on the αω∗

n leads to the semigroup of linear operators.
The research produced a completely new classical metamorphosis that was divided into inner product and norm parts. The
study demonstrated that any specific star-like transformation λ∗

i , β
∗
j ∈ V ∗ is stable and uniformly continuous if there exists

Tϑ∗
: (V ∗, ⟨v − α∗u, u− α∗v⟩) −→ (V ∗, ⟨u− α∗v, v − α∗u⟩) with a star-like polygon ϑ∗ of ϑ∗V ∗ such that Tϑ∗

(v∗) =

ϑ∗V ∗. Every star-like composite vector space V ∗ ∈ Pω∗
n can be uniquely decomposed as the sum of subspaces w∗

i ≤ W ∗
i+1

and s∗j ≤ S∗
j+1 such that W ∗

i+1 + S∗
j+1 ⊆ V ∗ ∈ Pω∗

n. The study suggests that the research’s findings be used to address
issues in the mathematical disciplines of genetics, engineering, code theory, and telecommunications.

AMS Subject Classifications: 20M20, 20M20.
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1. Introduction and Background

The study of vector spaces and vector space functions is known as linear algebra. They form the fundamental
objects of study in this paper. Once a star-like vector space is defined, its properties will be investigated. A
non-empty star-like transformation αω∗

n on which a polygon

ϑ∗ : αω∗
n × αω∗

n −→ αω∗
n

is defined as a star-like groupoid (αω∗
n, ϑ

∗). Then, (αω∗
n, ϑ

∗) is a star-like semigroup if the operation ϑ∗ disk
associative.

∗Corresponding author. Email addresses: molakinkanju@gmail.com, sakinwunmi@fukashere.edu.ng (Sulaiman Awwal
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Similar to how sets play a vital role in mathematics, mapping also aids in understanding the relationships
between various algebraic structures. Instead of using the term mapping, which refers to the former,
transformation is utilized. The publications of [1] and [2] provide additional details on semigroup mappings.
According to the terminology employed by [3] the domain and image set of any given transformation λ∗

i ∈ αω∗
n

were indicated by D(λ∗
i ) and I(λ∗

i ) respectively.

Let (-) signify the empty set and
(
u v l

r s t

)
be depicted as

(
r s t

)
not

(
r, s, t

)
not making the cycle

notation more complex to the point that any transformation that contains an empty map is referred to as a star-like
reducible transformation Pω∗

n.

If a mapping Pω∗
n is a star-like linear vector in a semigroup such that any star-like vector can be metricized

using the Hamming distance function method for every i, j ∈ Zn; i ≤ j ⇒ ri ≤ jr, then it is said to be star-like
order-preserving. One of the most potential transformation families for the current and upcoming generations
of academics is created by the associative function composition [1]. Hence, the new classical finite αωn∗
transformation semigroups.

Assuming that λ∗
i ∈ Pω∗

n is a star-like transformation, under the composition of mapping it generates another
star-like transformation of its form with trace of any composed star-like matrix β∗

j ∈ M∗ ⊆ Bω∗
n where tr(βj∗)

stands for the sum of its star-like diagonal points consisting of a finitely star-like polygon ϑ∗ ∈ ϑ∗V ∗. Then the
star-like polygon (transformation) ϑ∗ : R∗

0 −→ Q is a rule f : A −→ Q for some A ̸= ∅, A ⊆ R∗
0, where R∗

0 is a
star-like disk operator and Pω∗

n(R
∗
0) denotes the set of all star-like reducible transformations whose domain and

rank are subsets of R∗
0, then β∗ × λ∗ of β∗, λ∗ ∈ Pω∗

n(R
∗
0) is the transformation with domain

Q = (I(β∗) ∩D(λ∗))β−1∗

so that for each r∗0 ∈ R∗
0,

r∗0(β
∗ × λ∗) = (r∗0β

∗)λ∗.

Given two associated star-like subspaces of V ∗, W ∗
i+1 and S∗

j+1 with the rule ϑ∗ : W ∗
i+1 −→ S∗

j+1; β∗
j ∈

Pω∗
n(V

∗). The domain and rank of β∗
j are subspaces of V ∗ vector space V ∗, and a subspace W ∗

i+1 of V ∗

whenever Pω∗
n(V

∗,W ∗
i+1 −→ S∗

j+1) = {β∗ ∈ Pω∗
n(V

∗) : α∗V ∗ ⊆ αω∗
n if the following conditions are satisfy

(i) the range space W ∗
i+1(β

∗) of β∗, which consists of all β∗u with u in V ∗

(ii) the null space S∗
j+1(β

∗) of β∗, which consists of all u in V ∗ such that uβ∗ = 0.

If αω∗
n is considered to be star-like, then

|v − α∗u| ≤ |u− α∗v| (1.1)

for all u, v ∈ D(λ∗
i , β

∗
j ) and α∗u, α∗v ∈ I(β∗

j , λ
∗
i ) where

V ∗ =

(
u v . . . uvi,j

α∗u α∗v . . . α∗uvi,j

)
= (u, v, uvi,j , α

∗u, α∗v, α∗uvi,j). (1.2)

The inner product was characterized by star-like transformation semigroups αω∗
n such that for all β∗, λ∗ ∈ Pω∗

n

λ∗
i =

〈(
u v u . . . uvi,j
q1 q2 q3 . . . qi,j

)〉
, and β∗

j =

〈(
v u v . . . vuj,i

k1 k2 k3 . . . kj,i

)〉
equals to

⟨β∗⟩ = ⟨(β∗k1, β
∗k2, . . . β

∗ki,j)⟩ ,

⟨λ∗⟩ = ⟨(λ∗q1, λ
∗q2, . . . λ

∗qj,i)⟩ .
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Then Uj = β∗
j and Ui = λi such that

U∗
i = (q + 1, q + 1− i), U∗

j = (k + 1, k + 1− j)

which implies

⟨Ui, Uj⟩ =
{(

u1 u2 u3 . . . ui+1

k1 k2 k3 . . . ki+1

)
,

(
v1 v2 v3 . . . vj+1

q1 q2 q3 . . . qj+1

)}
(1.3)

with the star-like disk operator R∗
0 ≥ 0 on the inner product of a star-like vector space V ∗ : [0,∞) → [0,∞)

such that 0α∗ = 0, and β∗(R∗
0) ≤ R∗

0, in which

∥⟨R∗
0(k), (u)⟩∥ ≤ ∥⟨R∗

0(v), (q)⟩∥ , (1.4)

such that ki,j , and qi,j are lower diagonal elements and upper diagonal elements of λ∗
i , β

∗
j ∈ Pω∗

n star-like
reducible semigroup respectively.

Let Mω∗
n denote a star-like monoid semigroup with unique identity 1 ∈ Mω∗

n : 1λ∗ = λ∗ = λ∗1 for all
λ∗ ∈ Mω∗

n. Putting λ0∗ = 1 (index law) holds for all b, d in N ∪ ∅ then αω∗
n contains a unique element 0 (zero):

β∗λ∗ = λ∗β∗

0β∗ = 0

λ∗0 = 0

For all β∗, λ∗ in Pω∗
n is disk associative, by equation (1.1) Pω∗

n ∪ ∅ is a semigroup obtained from Pω∗
n by

adjoining zero where necessary. If a semigroup Pω∗
n has the property that for all β∗, λ∗ ∈ Pω∗

n:
λ0∗ = 1, for all b, d ∈ R. Then

λb∗λd∗ = λb+d∗ =⇒ (λb)d∗ = λbd∗.

Thus, equations (1.3) and equation give useful characterizations of inner product normed space on the star-like
vector of a star-like mapping such that the star-like vector of order n in equations (1.1) and (1.2) for any given
β∗
i ∈ Pω∗

n is given by

β∗
i, j =

{
β∗
i,n −D(λ∗

i,n)

V ∗
i,j − n

(1.5)

such that

V ∗
i,j =

(
β∗
i β∗

j . . . β∗
n

λ∗
i λ∗

i . . . λ∗
n

)
The star-like order reversing of V ∗

i, j in (1.5) generates elements of Pω∗
n. Hence, a star-like vector space is a triple

(V ∗, +,×) over Pω∗
n(n, F ) comprised of a set V ∗ and Fn along with the operation ′+′ and ′×′ by real integers

such that the operations most produce vectors in the space and the following statements must be true;

(i) if β∗, λ∗ are vectors in V ∗ then β∗ + λ∗ is a vector in V ∗

(ii) if β∗ is a vector in V ∗ and b is a star-like scalar in Pω∗
n(n, F ) ∈ R then bβ∗ is a vector in V ∗.

As a result, a star-like vector space is a triple (V ∗, +,×) over Pω∗
n(n, F ) consisting of a set V ∗ and Fn as well

as the operations ′+′ and ′×′ by real integer and star-like disk operator such that the operations most produce
star-like vectors in the space and the following must be true:

(i) if β∗, λ∗ are vectors in V ∗ then β∗ + λ∗ is a vector in V ∗
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(ii) if β∗ is a vector in V ∗ and b is a star-like scalar in Pω∗
n(n, F ) ∈ R then β∗ is a vector in V ∗.

That is, given two vectors β∗, λ∗ in V ∗
i, j of equation (1.5), it associates a new vector in V ∗

i,j denoted by
β∗ + λ∗:

(+) : V ∗
i, j × V ∗

i, j −→ V ∗
i, j

(β∗, λ∗) −→ β∗ + λ∗

and given a vector β∗ in V ∗
i, j and a star-like disk operator r∗0 ∈ R∗

0, it associate a new vector in r∗0β
∗ ∈ V ∗

i, j such
that

(×) : R× V ∗
i, j −→ V ∗

i, j

(r∗0 , v
∗) −→ r∗0v

∗.

Let V ∗ ∈ Pω∗
n(n, F ) represent a star-like vector space. A mapping Tϑ∗

: V ∗ −→ V ∗ is a star-like mapping
if there exists a star-like disk operator (constant) r∗0 ⊆ V ∗ with 0 ≤ b ≤ 1 such that

V ∗(Tϑ∗
(β∗), λ∗) ≤ r∗0V

∗(Tϑ∗
(λ∗), β∗) (1.6)

As a result, a star-like map points closer diagonally together. For every β∗, λ∗ ∈ V ∗ and r ≤ 0, all points λ∗ in
the ball Br(β

∗) are mapped diagonally into a ball Bs(T
∗(β∗)) with s ≤ r. This is depicted in 1. It also follows

from equation (1.3) and (1.5) that a star-like mapping is uniformly continuous. If Tϑ∗
: V ∗ −→ V ∗ then a point

v∗ ∈ V ∗ such that ∣∣∣∣∣∣Tϑ∗
(v∗)

∣∣∣∣∣∣ = ||r∗0V ∗|| (1.7)

is called a star-like fixed point of Tϑ∗

The following is a partial list of papers and books:[4], [5], [6], [7], and [10] for basic and standard notions
in transformation semigroup theory. [8] factorized assertions about the relationships between metric spaces,
normed linear spaces, and inner product spaces. Refer to [9] for an introduction to functional analysis with
algebraic applications. The characterization relations of algebraic structure to linear operators have not been
investigated on Pω∗

n, hence the need for this research.
That exists between metric spaces, normed linear spaces, and inner product spaces.

2. Preliminary

There is a need to demonstrate the application of algebraic theory to other relevant pure mathematical topics.
The research study created mathematical relationships to connect some operator algebras with transformation
semigroups. Some fundamental concepts and preliminary information that would be required in the following
part were defined:

Definition 2.1. Star-like Mapping (−→∗): Consider the star-like sets of disk operators R∗
n and Q∗

n to be non-
empty. A star-like rule ϑ∗ : R∗

n −→∗ Q∗
n is a function ϑ∗ that transforms Q∗

n into R∗
n.

(i) D(ϑ∗) = R∗
n

(ii) for every r, n, k
′
, l

′ ∈ ρ∗ =⇒ r = k
′
, n = l

′
.

Definition 2.2. Star-like fixed point: A fixed point element m∗ ∈ I(β∗) of Pω∗
n is a function ϑ∗ : β∗ −→ β∗

such that f(β∗) = |m∗(β∗)|. It is read that β∗ fixes m∗.

Definition 2.3. Star-like vector space: A triple (V ∗,+,×) is a star-like space V ∗ ⊆ Pω∗
n containing a set of

mapping (vectors) and star-like operator + and × by real integer as follows:
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(i) Given two vectors β∗, λ∗ ∈ V ∗, a new star-like vector in V ∗ denoted by β∗ + λ∗ is obtained

(+) : V ∗ × V ∗ −→ V ∗

(β∗λ∗) −→ β∗ + λ∗

(ii) Given a star-like vector β∗ ∈ V ∗ and a real star-like disk operator r∗0 ∈ R∗
0, associates a new star-like

vector in V ∗ denoted by r∗0V
∗ and a real number b ∈ R so that

(×) : R× V ∗ −→V ∗

(r∗0 , V
∗) −→r∗0V

∗,

Then, (V ∗, +,×) is a (real) star-like vector space V ∗ if

(i) (β∗ + λ∗) + γ∗ = β∗ + (λ∗ + γ∗)

(ii) 0 ∈ V ∗ such that β∗ + 0 = 0 + β∗ = β∗

(iii) If β∗ ∈ V ∗ there exists −β∗ ⊆ V ∗ which satisfies β∗ + (−β∗) = 0

(iv) β∗ + λ∗ = λ∗ + β∗

(v) (r∗0 b)× λ∗ = r∗0 × (b× λ∗), for all r∗0 , b ∈ R

(vi) r∗0 × (β∗ + λ∗) = r∗0β
∗ + r∗0λ

∗, for every β∗, λ∗ ⊆ V ∗

(vii) (r∗0 b)× β∗ = r∗0 × (bβ∗)

(viii) 1β∗ = β∗ for every β∗, λ∗, γ∗ ⊆ V ∗

Definition 2.4. Supplementary subspaces: Let W ∗
i+1, S

∗
j+1 ∈ V ∗ be two subspaces of a star-like vector space

V ∗, Then W ∗
i+1 and S∗

j+1 are said to be supplementary subspaces if

W ∗
i+1 + S∗

j+1 = V ∗and W ∗
i+1

⋂
S∗
j+1 = ⟨0⟩ .

Definition 2.5. Star-like inner product space: Let (V ∗,+,×) represent a star-like vector space over the field
Pωn(n, F ). A star-like inner product is a space function ⟨×,×⟩ : V ∗ × V ∗ −→ R that assigns to each ordered
pair (γ∗, λ∗) in V ∗ and a scalar (real number) given that the following propositions are true.

(i) ⟨γ∗, γ∗⟩ ≥ 0 and ⟨γ∗, γ∗⟩ = 0 if and only if γ∗ = 0 for all γ∗ ∈ V ∗

(ii) ⟨r∗0γ∗, λ∗⟩ = r∗0 ⟨γ∗, λ∗⟩ for r∗0 ∈ R

(iii) ⟨γ∗, λ∗⟩ = ⟨λ∗, γ∗⟩ for all γ∗, λ∗ ∈ V ∗

(iv) ⟨γ∗, r∗0λ
∗ + bβ∗⟩ = r∗0 ⟨γ∗, λ∗⟩+ b ⟨γ∗, β∗⟩ for every β∗, λ∗, γ∗ ∈ V ∗.

Definition 2.6. In the case of any particular star-like transformation λ∗
i ∈ Pω∗

n, there exists a unique identity
star-like rule e∗λ∗

i
: λ∗

i −→ λ∗
i defined by eλ∗

i

∗(u) = u for all u ∈ λ∗
i .
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3. Main Results

The following results explain how particular operator algebras affect star-like Pω∗
n reducible transformation

semigroups.

Lemma 3.1. A R∗
0 ⊆ V ∗ in Pω∗

n element is a star-like disk operator if and only if R∗
0f(λ

∗
i ) ≤ I(R∗

0).

Proof. Suppose R∗
0f(λ

∗
i ) ≤ I(R∗

0), there exist λ∗
i s

∗
i ∈ I(R∗

0) such that λ∗
i s

∗
i (R

∗
0) = λ∗

i s
∗
i .

If
I(R∗

0) = {λ∗
i s

∗
iR

∗
0 : λ∗

i s
∗
i ∈ Pω∗

n} ,

Then
R∗

0 ∈ Pω∗
n ⇐⇒ |R∗

0(v)−R∗
0(λ

∗
iα

∗u)| ≤ |R∗
0(λ

∗
i u)−R∗

0(α
∗v)| ≤ R∗

0

Implies
λ∗
i v {|R∗

0(v)−R∗
0(λ

∗
iα

∗u)| ≤ |R∗
0(λ

∗
i u)−R∗

0(α
∗v)|} ≤ λ∗

i s
∗
iR

∗
0.

By (1.1)
|R∗

0(u)−R∗
0(λ

∗
iα

∗u)| ≤ |R∗
0(λ

∗
i v)−R∗

0(α
∗v)| ≤ KR∗

0

shows that
(λ∗

iα
∗vKR∗

0
)R∗

0 ≤ α∗uR∗
0

and
λ∗
i s

∗
iR

∗
0 ≤ λ∗

i s
∗
i .

Thus, R∗
0f(λ

∗
i ) ≤ I(R∗

0), for every λ∗
i s

∗
i ∈ I(R∗

0). ■

Theorem 3.2. Assume ϑ∗V ∗ is a star-like disknorm of V ∗ ∈ αω∗
n(n, F ) such that Pω∗

n ⊆ αω∗
n then the

following are true:

i Every element λ∗
n ∈ Pω∗

n is star-like reducible

ii Pω∗
n contains w+(ϑ∗V ∗) ≤ w−(ϑ∗V ∗)

iii There exists a unique r∗0 ∈ Pω∗
n(V

∗) : {r∗0 = ⟨Max(n,w+V ∗) × Min(n,w−V ∗)⟩} and

⟨(n,w+(V ∗), w−(V ∗))⟩ =
∑n

ϑ∗
i =1

(
2ϑ

∗−1

ϑ∗ + n− 1

)
such that r∗0 ⊆ R∗

0 is the star-like disk operator

degree of Pω∗
n.

Proof. (i) =⇒ (ii)

If r∗0 ∈ ϑ∗V ∗ is a star-like reducible degree order, then b ∈ Zn is in the range set d ∈ Zn : λ∗
n(b)d. Because

ϑ∗V ∗ is a star-like vector
(λ∗

n(b)ϑ
∗V ∗) = λ∗

n(b)ϑ
∗V ∗ (3.1)

Implies
λ∗
n(dϑ

∗V ∗) = dϑ∗V ∗. (3.2)

Then 〈
Max(n,w+ϑ∗V ∗)

〉
≤

〈
Min(n,w−ϑ∗V ∗)

〉
for some b, d ∈ D(λ∗

n) with a star-like disknorm

λ∗
n(bV

∗) = dv∗ : r∗0(λ
∗
n) ⩽ dV ∗. (3.3)
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(ii) −→ (iii)

Let ϑ∗ ∈ V ∗
n : ϑ∗ = w+(λ∗

n)× w−(λ∗
n).

By star-like folding principle and composition of star-like reducible transformation.

D
〈
Max(n,w+(V ∗))

〉
gives the star-like order-reversing of

I
〈
Min(n,w−((V ∗))

〉
.

The theorem follows from 2
Since ϑ∗V ∗ possesses a reducible order of F (r∗0) in V ∗ ⊆ Pω∗

n, then F (n;w+(λ∗
n), w

−(λ∗
n) generates a

finitely reducible recurrence star-like disknorm:

〈
(n,w+(V ∗), w−(V ∗))

〉
=

n∑
ϑ∗
i =1

(
2ϑ

∗−1

ϑ∗ + n− 1

)
(3.4)

(iii) −→ (i)

Assuming λ∗
n ∈ Pω∗

n is star-like reducible such that ϑ∗V ∗ is a star-like vector space with a star-like disknorm,
then for any given star-like transformation

λ∗ ∈ D(ϑ∗V ∗
n ) : r

∗
0(λ

∗
n) ≤ Zn

such that bi+1 − bi is the domain and dj+1 − dj is the image order of λ∗
n ⊆ ϑ∗V ∗

ϑ∗V ∗
n | bi+1 − bi |≤ ϑ∗V ∗

n | dj+1 − dj | (3.5)

then r∗0 ∈ R∗
n : ϑ∗V ∗

n × ϑ∗V ∗
n = ϑ∗V ∗

n which completes the proof. ■

Proposition 3.3. Given a star-like vector space (V ∗,+,×), the following statements are true:

(i) 0× λ∗ = 0 for any λ∗ ∈ V ∗

(ii) (−r∗0)× λ∗ = r∗0 × (λ∗) for any r∗0 ∈ R

(iii) r∗0 × 0 = 0 for any r∗0 ∈ R

(iv) If r∗0 × λ∗ = 0 then either r∗0 = 0 or λ∗ = 0.

Proof. (i) Suppose λ∗ ∈ V ∗ such that V ∗ ∈ λω∗
n(n, F ), by definition 2.5 using (viii), (v) and (ii) gives

λ∗ + 0× λ∗ = 1× λ∗ + 0× λ∗

= (1 + 0)× λ∗ = λ∗ + 0.

By adding (−λ∗) to both sides of the equality: −λ∗ + λ∗ + 0× λ∗ = −λ∗ + λ∗ + 0.
Thus, 0× λ∗ = 0.

(ii) Let −(r∗0 × λ∗) be an element in V ∗ that satisfies property (iii) in definition 2.5, replace λ∗ by r∗0 × λ∗.
Now r∗0 × 0 = 0 for any r∗0 ∈ R∗

0 holds if −(r∗0 × λ∗) = (−r∗0)× λ∗.
Using (−r∗0)× λ∗ = r∗0 × (−λ∗) and r∗0 × λ∗ = 0

where (−r∗0)× λ∗ + r∗0 × λ∗ = (−r∗0 + r∗0)× λ∗ = 0× λ∗ = 0.

Then, (−r∗0)× λ∗ = r∗0 × (−λ∗) = 0.

(iii) In general, if λ∗
j ∈ V ∗ we see that:

r∗0 × 0 = r∗0 × (λ∗
j − λ∗

j ) = r∗0 × λ∗
j + r∗0 × (−λ∗

j )

= r∗0 × λ∗
j + r∗0 ×

{
(−1)× λ∗

j

}
= r∗0 × λ∗

j + (−r∗0)× λ∗
j

= r∗0 × λ∗
j − r∗0λ

∗
j = 0
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Therefore, r∗0 × 0 = 0 for any λ∗
j ∈ αω∗

n(n, F ).

(iv) Suppose r∗0 ̸= 0, and r∗0λ
∗ = 0.

Consider 1
r∗0

, then,

λ∗ = 1λ∗ = (
1

r∗0
r∗0)λ

∗

=
1

r∗0
(r∗0λ

∗) =
1

r∗0
0 = 0

Thus, if r∗0 = 0, then λ∗ = 0 or r∗0 . A reducible star-like transformation of Pω∗
n is the subset K∗ ⊂ αω∗

n, which
is closed by the same operation on Pω∗

n. If K∗ ⊂ αω∗
n, then it is a legitimate star-like sub-vector of V ∗

n that is
not equivalent to |Pω∗

n|. Then

∩j∈JK
∗
j ̸= ∅ =⇒ ∩j∈JK

∗
j ⊆ Pω∗

n.

Similarly, S∗
j+1 ⊆ V ∗ ∈ αω∗

n(n, F ) is a star-like vector addition and scalar multiplication closed subspace of
V ∗.
Therefore a star-like subspace S∗

j+1 ⊆ V ∗ in any given star-like triple (V ∗, +, ×) is a vector subspace of V ∗ if
it is a vector space with the induced operation and still satisfies properties (i) - (vii) of definition 2.5. ■

Proposition 3.4. Any star-like subset S∗
i+j of V ∗ is a star-like subspace if and only if the following requirements

are met:

(i) w∗
i + s∗j ∈ V ∗

i,j , for any w∗
i , s

∗
j ∈ V ∗

(ii) b s∗i+j ∈ Pω∗ for any b ∈ R.

Proof. (i) Given any Si+j ∈ V ∗ such that w∗
i + s∗j ⊆ S∗

i+j and any star-like real number b ∈ R such that
w∗

i + s∗j ≤ S∗
i+j . As a result of the limited vectors being well defined on S∗

i+j , the outcome vector is still in
S∗
i+j .

Furthermore, w∗
i + s∗j ∈ V ∗ : 0 = 0(w∗

i + s∗j ) ∈ S∗
i+j and −S∗

i+j = (−1)w∗
i + s∗jV

∗.

(ii) Suppose V ∗ ∈ αω∗
n(n, F ) and S∗

i+j ∈ V ∗ with i, j ∈ Zi ∪ ∅; Zi(i = {0, 1, 2,×}) : ∅ ∈ R, by the
properties of V ∗ ∈ Pω∗

n it is obvious that S∗
i+j is star-like subspace.

Therefore, by properties (i) - (iv) of definition 2.6, the proof is complete. ■

Remark 3.5. A star-like subset containing only zero vector, z∗ ∈ V ∗ = ∅, and the whole space V ∗ are trivial
subspaces, in which z∗ is the smallest possible star-like subspace and V ∗ ⊆ Pω∗ is the largest one.

Proposition 3.6. Let (V ∗, +, ×) represent a star-like vector space and W ∗
i+1, S∗

j+1 represent two star-like
subspaces. The following are interchangeable:

(i) W ∗
i+1

⋂
S∗
j+1 = ⟨1⟩

(ii) There exists a unique couple (w∗
i , s

∗
j ) ∈ W ∗

i+1×S∗
j+1 for each r∗0 ∈ W ∗

i+1+S∗
j+1 such that r∗0 = w∗

i +s∗j .

Proof. (i) =⇒ (ii) Assume a star-like vector operator r∗0 ∈ W ∗
i+1 + S∗

j+1 n be expressed in two paths: r∗0 =

u∗
i,j + v∗j,i and r∗0 = v∗i,j + u∗

j,i with uv∗i,j ∈ W ∗
i+1, and vu∗

j,i ∈ S∗
j+1.

Take note that
u∗
i,j − v∗i,j ≤ v∗j,i − u∗

j,i ∈ W ∗
i+1

⋂
S∗
j+1 = ⟨1⟩ .

As a result, r∗0v ≤ α∗u and r∗0u ≤ α∗v are equal
(ii) =⇒ (i) suppose by contradiction, there exists 0 ̸= r∗0 ∈ W ∗

i+1

⋂
S∗
j+1.

Therefore,
r∗0 = 0 + r∗0 ≤ r∗0 + 0 ∈ W ∗

i+1

⋂
S∗
j+1.
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This contradict the initial proposed statement, because any star-like vector in the same transformation can be
expressed uniquely as the combination of vectors in W ∗

i+1 and S∗
j+1, this means that r∗0V

∗ can be decomposed
in two different ways as a vector of W ∗

i+1 + S∗
j+1 ∈ V ∗ ⊆ Pω∗

n. ■

Remark 3.7. Every vector of equation (1.5) can be uniquely decomposed in proposition ?? as the combination
of a star-like vector in W ∗

i+1 and S∗
j+1.

Theorem 3.8. Let ∥V ∗∥ denote a star-like norm vector space with the disk operator r∗0 and let u∗ and v∗ be any
two star-like vectors in V ∗ then 2d(u∗, v∗) = ∥E∗(u∗)− F ∗(v∗)∥+ 2ϕr∗0 .

Proof. By a star-like operator

r∗0(u
∗) = r∗0(u

∗ − v∗ + v∗) ≤ r∗0(u
∗ − u∗ + v∗) + r∗0(V

∗)

which is equivalent to
E∗ − F ∗

2
+ ϕr∗0(u

∗)− r∗0(v
∗) ≤ 1

2
V ∗r∗0(v

∗ − u∗)

Then,

r∗0(v
∗)− r∗0(u

∗) ≤ r∗0(u
∗ − v∗) =

1

2
V ∗r∗0(v

∗u∗) (3.6)

It was deduced in equation (1.6) that r∗0 is a continuous star-like disk when using it as a norm on the star-like
vector space r∗0V

∗, using the absolute value as a norm on the real star-like space,

−2r∗0(v
∗ − u∗) ≤ E∗r∗0(v

∗)− F ∗r∗0(u
∗)

Gives
|r∗0(u∗)− v∗| ≤ 1

2
V ∗r∗0(u

∗ − v∗).

Given a star-like mapping

Tϑ∗
: (r∗0V

∗, ∥×∥) −→ (r∗0V
∗,

1

2
V ∗ ∥×∥)

such that a star-like operator r∗0 < b ≤ 1. Then

1

2
V ∗

∥∥∥E∗(Tϑ∗
(v∗), F ∗(u∗))

∥∥∥ ≤ 1

2
V ∗b

∥∥∥(Tϑ∗
(u∗), Tϑ∗

(v∗))
∥∥∥ (3.7)

As a result, the diagonal distance between two star-like vectors in a star-like disknorm space ϑ∗V ∗ is provided
by

2d(u∗, v∗) = ∥E∗(u∗)− F ∗(v∗)∥+ 2ϕr∗0 .

■

Example 3.9. Consider a star-like 3- dimensional real space R3 ∈ V ∗
i,j such that

V ∗
i,j =

(
β∗
i β∗

j . . . β∗
n

λ∗
i λ∗

i . . . λ∗
n

)
Then

R3 =


 β∗

1

β∗
2

β∗
3

 : β∗
1 , β

∗
2 , β

∗
3 ∈ R


with the usual operation + and × where

β∗ =

 β∗
1

β∗
2

β∗
3

 ,
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λ∗ =

λ∗
1

λ∗
2

λ∗
3

 .

Then

 β∗
1

β∗
2

β∗
3

+

λ∗
1

λ∗
2

λ∗
3

 =

 β∗
1 + λ∗

1

β∗
2 + λ∗

2

β∗
3 + λ∗

3

 such that

b

 β∗
1

β∗
2

α∗
3

 =

 bβ∗
1

bβ∗
2

bβ∗
3


for every β∗, λ∗ ∈ V ∗

i,j and b ∈ R.

Example 3.10. : Let V ∗
i,j = R be the star-like space of real number with usual star-like norm: Tϑ∗

: R −→ R
be defined by

Tϑ∗
(β∗) = 2β∗

given that α∗, β∗ ∈ V ∗
i,j ∥∥∥Tϑ∗

(β∗) ≤ V ∗
i,j − λ∗

∥∥∥ = ∥2β∗ − 2λ∗∥ = 2
∥∥V ∗

i,j − 1
∥∥

So Tϑ∗
is a star-like mapping shown in 1.

Lemma 3.11. Suppose ϑ∗ ⊆ R∗
0 is a star-like polygon with star-like inner angles of Area(R∗

0) = (
∑∞

n=1 λn)−
(n− 2)π. Then the star-like norm ∥ϑ∗∥ : ϑ∗V ∗ −→ R is then continuous.

Proof. Let ξ and δ be any star-like elements such that ξ > 0 and δ = ξ. The star-like convex polygon in ϑ∗

of R∗
0 can be strictly accomplished by arranging ϑ∗ so that the origin is in the interior of R∗

0 and projecting the
boundary of ϑ∗ on T ∗2 using

ϑ∗(i, j, k) =
(i, j, k)√

i2 + j2 + k2
. (3.8)

The vertices of ϑ∗
n correspond to a portion of T ∗2, the edges correspond to a portion of great circles of (ϑ∗

n),
and the faces correspond to the star-like polygon. The union of ϑ∗

0,+ · · · ϑ∗
n forms a star-like polygon on T ∗2.

U(R∗
0) + U(R∗

1) + · · ·+ U(R∗
n) = Area(T ∗2) (3.9)

For each β∗, and λ∗ in ϑ∗V ∗

ϑ∗(λ∗, β∗) = ϑ∗|λ∗ − β∗|.

generates
1

2
V ∗ =

E∗ − F ∗

2
+ ϑ∗

Such that every star-like edge is shared by two star-like polygons and ∥|v − α∗u| ≤ |u− α∗v|∥ : V ∗ −→ R
gives

n⋃
i=1

n⋃
j=1

v − α∗uij −
n⋃

i=1

u− α∗v +

n⋃
i=1

2T ∗2 = 4π (3.10)
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which shows that

ϑ∗T ∗2(∥λ∗∥ , ∥β∗∥) = ϑ∗T ∗2| ∥λ∗∥ − ϑ∗T ∗2 ∥β∗∥ |.
≤ ϑ∗T ∗2 ∥λ∗ − β∗∥ < ξ = δ

and since the sum of star-like polygons at each vertex is 2π we obtain

2πV ∗ − 2πE∗ + 2πF ∗ = 4π

As a result, ∥ϑ∗∥ is continuous on ϑ∗V ∗. ■

Theorem 3.12. Let V ∗
i,j ∈ Pω∗

n be a star-like symmetric reducible vector space, then for any ϑ∗ ∈ V ∗
i,j then

⟨ab⟩ ∥ ⟨cd⟩ such that ⟨abc⟩ ≤ ⟨bcd⟩ for any a, b, c, d of ϑ∗ ∈ V ∗
i,j .

Proof. Given that a and d are on the star-like opposite side of the line bc in a star-like symmetric reducible vector
space shown in 3 below,

Then, by using the folding principle of a star-like reducible transformation

⟨abc⟩ ≤|< abc |−→ ⟨bcd⟩ ≤|< bcd | . (3.11)

Then
⟨ab⟩ ≤ ⟨cd⟩ = ⟨v − α∗u⟩ ≤ ⟨u− α∗v⟩ (3.12)

Therefore, for any given reducible star-like vector space, the transverse of each V ∗
i,j ∈ Pω∗

n makes an equal
alternative angle on two sides because the lines of any reducible star-like vector space V ∗

i,j are always reducible.
■

Theorem 3.13. Assume V ∗ is a vector norm space with a star-like disknorm. Then, on V ∗, every star-like
mapping Tϑ∗

is uniformly continuous.

Proof. Given the fact that (V ∗, ∥×∥) denotes a star-like vector normed space and
Tϑ∗

: (V ∗, ∥×∥) −→ (V ∗, ∥×∥) represents a star-like map, so, by equation (1.3) a star-like disknorm ϑ∗ ∈ R is
defined, with 0 < ϑ∗ < 2. Where ξ > 0 denotes an arbitrary element and δ = ξ

β∗ > 0, then Then∥∥Tϑ∗
(β∗), (λ∗)

∥∥ < δ such that ∥∥∥Tϑ∗
(β∗), (λ∗)

∥∥∥ < ϑ∗ × ξ

α∗ = ξ

Then, according to equations (1.5) and (1.7), every star-like mapping is continuous, implying that Tϑ∗
is

uniformly continuous on ϑ∗V ∗. As a result, a star-like inner product space (V ∗, ⟨ϑ∗, ϑ∗⟩) is a normed vector
space with the disknorm ||ϑ∗|| =

√
⟨v − α∗u, u− α∗v⟩. ■

Theorem 3.14. Let β∗, λ∗ ∈ V ∗ then ⟨β∗, λ∗⟩ =
〈(

q − k

k − 1

)
=

(
q − (k − 1)

q − k

)〉
.

Proof. ;
Suppose D(β∗, λ∗) ⊆ Zn.If

F (q, k) = ⟨β∗, λ∗ ∈ V ∗ ⊆ Pω∗
n : r(β∗, λ∗)⟩ = ⟨I(β∗, λ∗)⟩ = k

Consider uijvji ∈ D(β∗, λ∗) such that

uij ⟨β∗, λ∗⟩ ≤ ⟨λ∗, β∗⟩ vji (3.13)
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Implies
⟨uijvji⟩ = 0

So, uijvji ⊆ V ∗ has a q − 0 + 1 disknorm degree of freedom with star-like order〈(
q − k

q − 1

)
=

(
q − (k − 1)

q − k

)〉
= 1.

Therefore, since for star-like reducible transformation, ϑ∗V ∗ is a star-like subspace of all star-like vector space
and that if ⟨uijvji⟩ ∈ V ∗ : r(β∗, λ∗) = k, irrespective of the value of q ≥ 2 whenever q = (q − 1), there are
exactly two star-like disknorm of rank such that

⟨β∗, λ∗⟩ =
〈(

q − (k − 1)

q − k

)〉
. ■

Theorem 3.15. If Tϑ∗
: (V ∗, ⟨v − α∗u, u− α∗v⟩) −→ (V ∗, ⟨u− α∗v, v − α∗u⟩) is a star-like map, then for

each positive integer n ∈ Zn , Tϑ∗
n∗ : (V ∗, ⟨ϑ∗, ϑ∗⟩) −→ (V ∗, ⟨ϑ∗, ϑ∗⟩) is also a star-like map.

Proof. Assume Tϑ∗
: (V ∗, ⟨v − α∗u, u− α∗v⟩) −→ (V ∗, ⟨u− α∗v, v − α∗u⟩). Because Tϑ∗

is a star-like
map, there exists a positive real integer b ∈ R that satisfies〈
Tϑ∗

ϑ∗(uijvji), ϑ
∗(vjiuij)

〉
≤ b

〈
Tϑ∗

ϑ∗(uij), (vji)
〉
. Then〈

T 2ϑ∗(uij), (vji)
〉
=

〈
Tϑ∗

(Tϑ∗
(ϑ∗(uij))), T

ϑ∗
(ϑ∗(vji))

〉
≤ b

〈
Tϑ∗

(Tϑ∗
(ϑ∗(vji))), T

ϑ∗
(ϑ∗(uij))

〉
≤ b2

〈
Tϑ∗

(ϑ∗(uij)), (ϑ
∗(vji))

〉
= d

〈
Tϑ∗

(λ∗), (β∗)
〉
.

Where d = b2 ≤ 2. So, for n = 2, see that

T 2ϑ∗ : (V ∗, ⟨v − α∗u, u− α∗v⟩) −→ (V ∗, ⟨u− α∗v, v − α∗u⟩)

is a star-like map. Now, for n = ϑ∗

Tn : (V ∗, ⟨v − α∗u, u− α∗v⟩) −→ (V ∗, ⟨u− α∗v, v − α∗u⟩)

is a star-like map:
⟨Tn(vji), (uij)⟩ ≤ bn ⟨Tn((uij), (vji))⟩

for every β∗, λ∗ ∈ V ∗. Then,〈
Tϑ∗+1(uij), (vji)

〉
=

〈
Tϑ∗+1(vji), T

ϑ∗
(Tϑ∗

(uij))
〉

≤ b
〈
Tϑ∗+1(uij), T

ϑ∗
(vji)

〉
≤ bϑ

∗+1
〈
Tϑ∗

(vji), (uij)
〉
.

Hence, by mathematical induction, we deduced that

Tϑ∗
: (V ∗, ⟨v − α∗u, u− α∗v⟩) −→ (V ∗, ⟨u− α∗v, v − α∗u⟩)

is a star-like map for all positive integers Zn = 1, 2, 3, · · · . ■
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Figure 1: A star-like map Tϑ∗ : Tϑ∗(v∗) = ϑ∗V ∗

Figure 2:

Figure 3:
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