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Abstract. This article discusses fixed point iterations of some multiplicative contraction mappings with variations in b-
multiplicative metric space domains. A map that satisfies the multiplicative contraction condition has been proposed for an
increasing sequence of subsets of a b-multiplicative metric space, where one element of the sequence is mapped into the
following member of the sequence. Additionally, several fixed point conclusions are established for various multiplicative
contraction mappings with multiplicative closed graphs.
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1. Introduction

W. A. Kirk et al. [10] proposed using a cycle of domains to derive various fixed point theorems for metric

spaces. C. G. Moorthy and P. X. Raj considered an increasing sequence of subsets =; C =, C ... of a metric space
(o)

(E,d), and amap G : = — E satisfying a contraction condition such that G(Z;) C Z;41, Vi,and 2 = (J Z; in
j=1
[11]. Also, the fixed point results of [11] are generalized in some articles [14—16]. ’
A.E. Bashirov et al. introduced multiplicative metric space (also known as MMS) in [5]. M. Ozavsar and A.
C. Cevikel [13] developed topological features of multiplicative metric spaces (or MMSs) and established fixed
point findings in MMSs. There are numerous papers [1-3, 7-9, 12, 17] for fixed point theory in MMSs.
b-Metric space, a generalisation of a metric space, was first introduced by Czerwik [6]. b-MMS was
introduced by M. U. Ali et al in [4]. There are some topological properties and fixed point results in b-MMSs.
By variations in b-MMS domains, we prove some more fixed point theorems for different types of
multiplicative contraction mappings with multiplicative closed graphs. Also, we generalize a main result of [11]
and we derive that result by using exponential transformation.
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2. b-Multiplicative metric spaces

Let us give some preliminary and known results in this section. See [4] for further information.

Definition 2.1. [4] Assuming that Z # () is a set and s € R with s > 1. A multiplicative metric is a mapping
d:ExE — RT =0, 00) satisfying the next four axioms.

(i) d(k,0.)>1,Vk,LEZT

(K,1)
(ii) d(k, )
(K,0)
(Kyt) <

1 ifand only if(or, iff) k = tin Z,

(iii) d(k,t) =d(t,k), VK, L EZ,
[d(k, p)d(p, )], ¥V Kyt p € E.

The triple (Z,d, s) is then referred to as a b-MMS.

(iv) d(k,t

Definition 2.2. [4] Assuming that (Z,d, s) is a b-MMS, {k,,} is a sequence in Z, and k € Z. Then { Ky} is called
multiplicative converging to &, if for every multiplicative open ball B.(k) = {¢ : d(k,t) < €}, € > 1, there exists
N € Nsuch that k,, € B¢(k), Y n > N. It is denoted by r,, — K(n — o).

Lemma 2.3. [4] Assuming that (2, d, s) is a b-MMS, {k.,} is a sequence in = and k € Z. Then r,, — k(n — 00)
iff d(kn, k) = 1(n — c0).

Lemma 2.4. [4] Assuming that (Z,d, s) is a b-MMS, and {k,} is a sequence in =. Then every multiplicative
convergent sequence { Kk, } has an unique multiplicative limit point.

Definition 2.5. [4] Assuming that (2, d, s) is a b-MMS. The sequence {k,,} € Zis called a multiplicative Cauchy
sequence(or, MCS) if for every € > 1, there exists N € N such that d(ky,, km) < €,Vm,n > N.

Lemma 2.6. [4] Assuming that (Z,d, s) is a b-MMS and {k,} is a sequence in =. Then {k,} is a MCS iff
d(Kn, Km) — 1(m,n — o0).

Definition 2.7. [4] Assuming that (Z,d, s) is a b-MMS. Then (Z,d, s) is said to be multiplicative complete, if
every MCS is multiplicative convergent in E.

Theorem 2.8. [4] Assuming that (Z,d,s) is a b-MMS. Let {x,} and {1,} be two sequences in E such that
Kn = K by — L (0 — 00), Kyt € Z. Then d(Kn, ty) — d(K,1)(n — 00).

Definition 2.9. Assuming that G : (2,d,s) — (2,d, s) is a self mapping on a b-MMS (Z,d, s). If whenever

Kn — ko and Gk, — 1o for some sequence {ky} in = and some kg, Lo in E, we have 1o = Gk, then G is said
to have a multiplicative closed graph(or, MCG).

3. Main results

Let’s prove some fixed point theorems for various multiplicative contractions on b-MMSs in this section.

Theorem 3.1. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 25 C ...

o0
be subsets of E such that = = |J Z;, G(E;) C Ei41, Vi, and d(Gt,Gz) < d(t,2)%, Vt,z € E;, Vi, where
j=1
o0
& € (0,00) are real positive constants such that », s"¢1€2..&, < oo. Then, for any fixed t; € =, {G"t1}
n=1

multiplicative converges to a fixed point.
Moreover, if §; € (0,1), Vi, then G has a unique fixed point(or, UFP) in E.
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Proof. Fixt; € =, and sett,41 = Gt,, = G"t1,Vn =1,2,3,.... Then we have,

d(G™ My, G"y) < d(G"ty, G M)
<d

(C:tl7 t1)§n+1fn§n_1n_§2 .

Further, for 1 < n < m, we have,

m—

d(G™ty, G"ty) < d(G™t, G™ 1) A(G™ e, G2 LG, G )

m—1

< d(Gt, tl)( 1,;n s 6253--<€z+1) .
Therefore, d(G™t1,G"t1) — 1 (m,n — o). Since Lemma 2.6, {G™t;}2_; isan MCS in Z. Let {G™¢1}2°_,
multiplicative converge to t* in =, which is multiplicative complete. Remember that {G™*1¢;}5°_, is also an
MCS and it multiplicative converges to t* in Z. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed
point t* of G.
These processes can be extended to the general case: t; € =, for some n.
Assuming additionally that §; € (0, 1), Vi.
If Gt* =t*, Gz* = z* in G, then let t*, z* € =,,, for some n, so we have

1 <d(t*,z*) = d(Gt*,Gz*) < d(t*, z*)5".

Then, d(t*, 2*) < d(t*, z*)(f"')m, V'm € N. Since (£,)™ — 0asm — oo, d(t*,z*) = 1 and t* = z*. Hence,
G has a UFP. [ |

Corollary 3.2. Assuming that (E, D) is a complete metric space, and G : £ — = have a closed graph. Let
o0

E1 C Ey C ... be subsets of E such that = = |J 2, G(E;) C Eijt1, Vi, and D(Gt,Gz) < §,D(t, 2), Vt,z € E;,
j=1
(o]

Vi, where &; € (0,00) are real positive constants such that ), £1&3...&, < o0.

Then, for any fixed t; € Z, {G"t1} converges to aﬁxedpoin; Also, if§; € (0,1), Vi, then G has a UFP in Z.
Proof. Letd = expD. Thatis d(¢,z) = exp D(t, z), Vt,z € Z. Then (E,d) is a complete b-MMS with
s = 1. Also, d(Gt,Gz) < (d(t,2))%, Vt,z € Z;, Vi, where & € (0, 00) are real positive constants such that
o0

> &1&5...&, < 00. Theorem 3.1 now leads to Corollary 3.2. ]
n=1

The above Corollary is Theorem 2.1 of [11]

Example 3.3. Let = = [i, oo). Assuming that d(t, z) = max{tz=!,2t71}, Vt, 2 € 2.

Then (2,d, s) is a complete b-MMS with s = 1.
o0

Assuming that 2, = [%,n], and &, = ﬁ €[1.1), forn=1,2,3,.... Then 21 s"¢165...6, < o0,
n=

Define G : = — = by Gt = t%, ift € =2, forn e N.

Fort,z € B, we get

{ONEN

d(Gt,Gz)

I
g
&

Theorem 3.1’s hypotheses are then fulfilled. Moreover, the UFP is 1.

e
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Theorem 3.4. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 25 C ...
be subsets of E such that = = |J Z;, G(Z;) C i1, Vi, and d(Gt, Gz) < (d(Gt,t)d(Gz, 2))%, Vt, z € Z,;,Y4,

Jj=1 B

o0
where &; € (0,1) are real positive constants such that »_, s"Vs...0, < oo, where ¥; = 1575’ Vi. Then G has
n=1 !
a UFP in Z.
Moreover, for any fixed t, € E, {G™t1 } multiplicative converges to the UFP.

Proof. Fixt; € =1, and sett,,41 = Gt, = G"t1,Vn =1,2,.... Then we have

A(G™ 1y, G ) < (d(G™ ey, G (G, G ) S
= (G, GG, G S

Now, we get

n+1

3
dG™ 111, G ) < d(GM, G M) T
(G 1, Gy )i,
é d(Gth tl)ﬁ’“rlﬂnﬂn—l...ﬂz )

Further, for 1 < n < m, we have

™ m

d(G™ty,G"ty) < d(G™t, G™ 1) d(G™ e, G2 (G e, G )

m—1
S s'92093...9; )
< d(Gt17t1)< Sy,

Therefore, d(G™t1,G"t1) — 1(m,n — oo). By Lemma 2.6, {G™¢t;}3°_; is an MCS in E. Let {G™t;}°_,

multiplicative converge to w* in =, which is multiplicative complete. Remember that {G™ 11 }°°_, is also an
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed

point t* of G.
These processes can be extended to the general case: ¢; € Z,,, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, z* € =,,, for some n, so we have

1 <d(t",2%) =d(Gt*,Gz") < (d(Gt*,t*)d(Gz*,z*))g" =
Therefore t* = z*. Hence, G has a UFP. |

Corollary 3.5. Assuming that (E, D) be a complete metric space, and G : 2= — Z have a closed graph. Let =1 C
Eo C ... be subsets of Z such that 2 = |J E;, G(E;) C E;41, Vi, and D(Gt, Gz) < &(D(Gt,t) + D(Gz, 2)),

Jj=1

oo
Vi, z € E;, Vi, where &; € (0, 1) are real positive constants such that »_, 9105...9,, < 0o, where ¥; = 12,, Vi.

n=1
Then G has a UFP in Z. Moreover, for any fixed t1 € =, {G™t1} converges to the UFP.

Proof. Letd = exp D. Thatis d(t, z) = exp D(t, z), Vt, z € Z. Then (Z, d) is a complete b-MMS with s = 1.
Also, d(Gt,Gz) < (d(Gt,t)d(Gz,2))%, Vt, z € =, Vi, where &; € (0, 00) are real positive constants such that

> 9195...9, < oo, where ¥; = %, Vi. Theorem 3.4 now leads to Corollary 3.5. [ |
n=1 ‘

Theorem 3.6. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 23 C ...
oo

be subsets of E such that = = |J Z;, G(Z;) C i1, Vi, and d(Gt, Gz) < (d(Gt, 2)d(Gz,t))%, Vt, z € Z;,V4,

=1
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oo
where & € (0, 3) are real positive constants such that 'y, s"9195...9,, < oo, where ¥; = 1f555 Vi. Then G
n=1 ‘

has a UFP in =.
Moreover; for any fixed t1 € E, {G™t1} multiplicative converges to the UFP.

Proof. Fixt; € =1, and sett,,41 = Gt,, = G"t1,Vn =1,2,3,.... Then we have
d(G™ 1, G™y) < (d(G™ e, G ) (G, GTy)) o
Since d(G™t1, G™t1) = 1, we get

< d(GM Ty, Gn Tty )
< (d(G" Yy, G d(G™ty, GM T )) S5
= d(GnJrltl, Gntl)sé'“rld(Gntl, Gniltl)sé'”rl .

d(G™ 1y, G"ty)

Now, we get

5€n+1 )
d(GnJ’_ltl’ Gntl) S d(Gntl7 Gn_lt]_) < 1—s&p41
d(G™ty, anltl)ﬁn-u,
S d(th, tl)ﬂn“’lﬂnﬁn—l...ﬂz )

Further, for 1 < n < m, we have

m m—2 v

d(G™ty, G"ty) < d(G™t, G™ 1) A(GT ey, G2 LG, G )

m—1
ST st92093...09; 1)
< d(th, tl)( i=n o i .
Therefore, d(G™t1,G™t1) — 1 (m,n — 00). By Lemma 2.6, {G™t,}°_, is an MCS in =. Let {G™t1}50_,
multiplicative converge to w* in =, which is multiplicative complete. Remember that {G™1t;}°°_, is also a
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed

point t* of G.
These processes can be extended to the general case: t; € =, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, z* € Z,,, for some n, so we have

1< d(t*,2) = d(Gt*, G=*) < (d(Gt*, 2*)d(G =", 7))
d(t*, %)%

Then, d(t*,2*) < d(t*,2*)¢)™, ¥V m € N. Since (2£,)™ — 0asm — oo, d(t*,2*) = 1 and t* = 2*.
Hence, G has a UFP. [ |
Corollary 3.7. Assuming that (2, D) be a complete metric space, and G : 2= — = have a closed graph. Let =1 C

Eo C ... be subsets of Z such that 2 = |J E;, G(E;) C Z;41, Vi, and D(Gt, Gz) < &(D(Gt, z) + D(Gz, 1)),

Jj=1

oo
Vi, z € B, Vi, where &; € (0, 1) are real positive constants such that »_, 9105...9, < oo, where ¥; = 152,, Vi.
n=1 *
Then G has a UFP in Z. Moreover, for any fixed t, € =, {G™t1} converges to the UFP.

Proof. Letd = exp D. Thatis d(t, z) = exp D(t, z), Vt, z € Z. Then (Z, d) is a complete b-MMS with s = 1.
Also, d(Gt,Gz) < (d(Gt, 2)d(Gz,t))%, Vt, z € =;, Vi, where &; € (0, 00) are real positive constants such that

Y195...9,, < 0o, where ¥; = f—, Vi. Theorem 3.6 now leads to Corollary 3.7.
= 1-&

|
#
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Theorem 3.8. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 25 C ...

be subsets of = such that E = |J =;, G(Z;) C Zi41, Vi, and d(Gt, Gz) < d(t,2)%d(z, Gt)Hi, Vt, z € Z,;,Y4,
j=1

o0
where &;, 1; € (0,1) are real positive constants such that & + p; < 1, Vi, and Y, s"195...9, < oo, where

n=1
9; = %, Vi. Then G has a UFP in =.
Moreover, for any fixed t1 € 2, {G™t1} multiplicative converges to the UFP.

Proof. Fixt; € =1, andsett, 41 = Gt, = G"t1,Vn =1,2,3,.... Then we have
A(G™ My, G ) < d(GMy, G ) A(GT T ey, G )P

< d(GMty, G ) S (G ey, G ) (G, G L ) e
= d(G™t, Gn_ltl)(fn+1+sltn+l)d(G"t17 Gn+1t1)sun+1

Now, we get

A(G™ 1, G < d(Gy, G M) T
d(Gntl, Gn—ltl)ﬂnJrl)
< d(th,t1)19"+119"19n—1~»-192.

Further, for 1 < n < m, we have

n—1 m—2

d(G™ 1, G y) < d(G™ 1, G M) d(G™ My, GRS (G e, G )

m—1
S st92093...09; 1)
< d(Gthtl)( i=n o * .

Therefore, d(G™t1, G"t1) — 1(m,n — o0). By Lemma 2.6, {G™t1}55_ is an MCS in E. Let {G™t1}°_,
multiplicative converge to ¢* in =, which is multiplicative complete. Remember that {G™*1¢;}%°_, is also an
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed
point t* of G.

These processes can be extended to the general case: ¢; € 5, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, 2* € =,,, for some n, so we have

(t*,2%) (", Gt* )

1<d(t", z%) =d(Gt*",Gz*) < d(t",
< d(t, z7)En e

Then, d(t*, 2*) < d(t*, z*)En+ra)™ Y m € N. Since (&, 4 pn)™ — 0asm — oo, d(t*, 2*) = 1 and t* = 2*.

Hence, G has a UFP. |

Remark 3.9. In Theorem 3.8, replacement of the condition d(Gt,Gz) < d(t,z)%d(z, Gt)"i, Vt,z € =,;,V4,

where &;, u; € (0,1) are real positive constants such that & + p; < 1, Vi, and " s"9102...9, < oo, where
n=1

Y = ﬁ%}i Vi by the condition d(Gt,Gz) < d(Gt,Gz)%d(z, Gt)*, Vt, z € Z;,Vi, where &;, j1; € (0,1) are

Sphiq1

m, Vi gwes

o0
real positive constants such that & + p; < 1, Vi, and )" s"%10s...9, < oo, where ¥; =
n=1
a UFP.
Theorem 3.10. Assuming that (E,d, s) is a complete b-MMS, and G : E — = have a MCG. Let 21 C 25 C ...
oo

be subsets of Z such that = = U =5 G(E) - Zitl Vi, and
i=1

e
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d(Gt, Gz) < d(t, 2)% (d(Gt, t)d(Gz, 2))" (d(Gt, 2)d(Gz, )", Vi, z € B, Vi, where &, pi, v; € (0, %) are real
positive constants such that & + 2v; < 1, Vi, and " s"9195...9,, < 0o, where ¥; = Stmitsvi i Thep G

1—p;—sv;’
n=1
has a UFP in =Z.

Moreover, for any fixed t, € 2, {G™t, } multiplicative converges to the UFP.
Proof. Fixt; € =1, andsett, 41 = Gt, = G"t1,Vn =1,2,3,.... Then we have
d(G" T, G™"ty) < d(G™y, G M) (d(G T, G )d (G, G ) )R
(d(Gn+1t17 Gniltl)d(Gntl, Gntl))V"Jrl .
Since d(G™t1,G™t1) = 1, we get
d(Gn+1t1, Gntl) < d(Gntl, Gn—1t1)§n+1 (d(Gn+1t1, Gntl)d(Gntl, G7l—1t1))un,+1
(d(Gn+1t1, Gntl)d(Gnﬁl, Gn_ltl))sy""'l .
Now, we get

d(Gn+1t1,G”t1) < d(GnthGn—ltl)( T m——
d(Gy, Gy )
d(Gthtl)’z9n+119n19n,1m192'

Further, for 1 < n < m, we have

m—1 m—

d(G™ty, G"ty) < d(G™t, G 1) A(G™ ey, G2 LG e, G )

m—1
< d(Gt, tl)( = 192193"'191“).
Therefore, d(G™t1, G"t1) — 1(m,n — o0). By Lemma 2.6, {G™t;}°_; is an MCS in E. Let {G™t1}5°_,
multiplicative converge to t* in =, which is multiplicative complete. Remember that {G™T1¢;}°°_, is also an
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed
point t* of G.
These processes can be extended to the general case: ¢; € Z,,, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, z* € =,,, for some n, so we have

1< d(*,2%) = d(G, G=*) < d(t*, )6 (d(GE, £9)d(G2", =) )P (d(GE*, 2 )d(G, )
S d(t*’ Z*)(fvz+2l/n)_

Then, d(t*,2*) < d(t*,z*)E+2)" 'V m € N, Since (£, + 2v,)™ — 0as m — oo, d(t*,2*) = 1 and
t* = z*. Hence, G has a UFP. [ |

Theorem 3.11. Assuming that (Z,d, s) is a complete b-MMS. Let G :

Vi, such that for 1 < n < m, %72715% — 0asn — oo, and let =1 C

G(Zi) C Zit1, Vi, and d(Gt,Gz) < d(t,2)%, Vt € E;, V2 € EVi. Suppose t1 € |J ;. Then {G"t1}
j=1

— E have a MCG. Let &; € (0,1),
29 C ... be subsets of E such that

(oo}
multiplicative converges to the fixed point of G in 2. If = = |J E;, then G has a UFP in =.
j=1

Proof. Fixt, € =, and sett,,41 = Gt, = G™t1,V n € N. Then for each n, we have

d(GnJrltl,Gntl) d(Gntl,Gniltl)gn

<
< d(th, tl)gngnfl sy

e
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Therefore, d(t,11,tn) < d(Gty,t;)5n—18—2-81 Further, for 1 < n < m, we have

n ntl m
(tvutn-i—l)s d(tn+1,tm+1)s d(tm;tm-i,-l)s
(Gty, tl)sn&&...{nq d(tn, tm)s7L+1§"'+1d(Gt1, t1)81’L€1§2--<£m,—1

d(tmtm) <d
<d
so that,

(sT€1€62. €n_1)+(sME162- Em—1)

d(tn7tm) < d(th,tl) (—smtle, 1)

Therefore, d(t,,,tm) — 1 (n,m — o0). Since Lemma 2.6, {¢,} is a MCS. By E is multiplicative complete,
{tn} — w*, for some ¢* in Z. Then {Gt,,} — t* and Gt* = ¢*, because G has a MCG. Hence, we obtained a
fixed point t* of G.

These processes can be extended to the general case: t; € =, for some n.
oo

Assuming now = = |J E;. If Gt* =t*, Gz* = 2" in G, then let t*, 2* € £, for some n, so we have
j=1

1< d(t*,2) = d(Gt*, G=*)

Therefore, d(t*, z*) = 1, because (£,)™ — 0 as m — oo. Hence, G has a UFP, when = =
J

. |

e
(1]

1
Theorem 3.12. Assuming that (2, d, s) is a complete b-MMS, and G : = — = have a MCG. Suppose d(t, z) <
a,Vt,z € 2 and for some o € [1,00). Let & € (0,1), Vi, be such that £1€5...5, — 0 as n — oco. Suppose

o0
Z1 C Zy C ... be subsets of Z such that G(Z;) C Zi41, Vi, and d(Gt,Gz) < d(t,2)%, YVt € =, Vz € | =5
j=1

o0
Vi. Lett; € |J E;. Then the sequence {G"t1} multiplicative converges to a unique fixed point G in Z. If
j=1

(o)
E= U E,, then G has a UFP in E.
j=1

Proof. Fixti,z € 2. Sett, 11 = Gt, = G"t1, and z, 11 = Gz, = G"z1,V n € N. For m < n, we have

d(tna Zm) = d(thfla szfl)

A
.

(tn71, Zm71)£m71
d(tnfm«f]_, Zl)f""*lgm—z...ngl
afm-1&m—2...&28& ’

ININ

because d(t, z) < a,Vt,z € E. Hence, d(ty, zm) — 1asm,n — oco. Also d(ty,tn) — 1, and d(zp, 2m) — 1
as m,n — 0o. So, {t,} and {z, } are multiplicative Cauchy sequences in Z, because of Lemma 2.6. By (E,d)
is multiplicative complete, {¢, } and {z, } multiplicative converges to a unique point t* in =, because of Lemma
2.8. Since {t,} — t*, we have {Gt,,} — t*. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed point
t* of G.

These processes can be extended to the general case: ¢y, 2; € =, for some n.
oo

Assuming now = = |J E;. If Gt* =t*, Gz* = 2" in G, then let t*, z* € E,,, for some n, so we have
=1

1 <d(t,2*) = d(Gt*, Gz*) < d(t*, 2*)5 < d(t*,z9) )" ¥m > 1.

So, d(t*, z*) = 1, because (&,)™ — 0 as m — oo. Therefore, G has a UFP, when = = |J E;.

e
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4. Conclusion

If s = 1 in a b-multiplicative metric space (Z,d, s), then it becomes a multiplicative metric space. All
fixed point results can be converted from b-multiplicative metric spaces to metric spaces through exponential
transformation. It has been illustrated in Corollary 3.2, Corollary 3.5, and Corollary 3.7. As a result, studies of
fixed points of multiplicative contractions in b-multiplicative metric spaces are important.
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